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We present a detailed comparative study of two important theoretical approaches: atomistic sp’d>s* tight-
binding and continuum eight-band k- p methods, for modeling the spin and optical properties of quantum dots
(QDs). Our investigation spans key physical observables, including single-particle energy levels, g factors,
exciton radiative lifetimes, and hyperfine-induced Overhauser field fluctuations. We perform our calculations
for self-assembled InGaAs/GaAs QD systems as representative case studies. While both methods yield qual-
itatively consistent trends, quantitative discrepancies arise due to the different treatment of atomistic details,
strain effects, and confinement. We introduce targeted corrections to the eight-band k- p framework, including
a modified deformation potential scheme and adjusted remote-band contributions. Furthermore, we validate
the eight-band implementation of hyperfine interactions by benchmarking it against the tight-binding model,
showing reasonable convergence for both electrons and holes.

DOL: 10.1103/vjrj-jc3c

I. INTRODUCTION

Semiconductor quantum dots (QDs) have attracted sig-
nificant attention due to their exceptional optical properties.
Among them, GaAs/AlGaAs and InGaAs/GaAs QDs have
been established as highly efficient single-photon sources,
often outperforming alternative platforms in terms of emission
brightness and purity [1-3]. Moreover, coupled QD systems
have been proposed as a viable route to the generation of
highly entangled photonic cluster states [4], which are es-
sential resources for memory-free quantum computation and
quantum communication.

Accurate theoretical modeling plays a crucial role in
guiding the design and optimization of QD-based photonic
and spintronic devices. Two primary frameworks are widely
employed for simulating the electronic, spin, and optical
properties of QDs: the multiband k - p method and atom-
istic tight-binding (TB) models. While both approaches have
demonstrated considerable predictive power, they are based
on fundamentally different assumptions, leading to distinct
advantages, limitations, and domains of applicability.

The Landé g factor is a fundamental parameter governing
the spin response of charge carriers in a magnetic field. Precise
knowledge of the electron and hole g factors is critical for
the design of spin-based quantum devices. For instance, a
near-zero electron g factor, which suppresses Zeeman splitting
between spin-up and spin-down states, enables the realiza-
tion of quantum repeaters [5], while a large hole g factor,
lifting the valence band degeneracy, is advantageous for spin
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initialization and the transfer of quantum information [6].
Furthermore, mismatches in g factors between coupled QDs
introduce a pure spin-dephasing channel [7], and pose chal-
lenges for the deterministic generation of photonic cluster
states [4].

Importantly, g factors in QDs can deviate substantially
from their bulk counterparts [8] due to quantum confinement
and strain, both of which are strongly influenced by the QD’s
geometry and material composition [9-12]. This makes accu-
rate modeling indispensable. The g factors in self-assembled
QDs have been extensively investigated in both experimental
[11,13-17] and theoretical studies, using either multiband k -
p models [11,12,18-20] or tight-binding approaches [21,22].
However, these methods often yield quantitatively different
results due to their distinct physical assumptions and approx-
imations.

The neutral excitons and excitonic complexes in QD sys-
tems were extensively studied in many works [13,23-27]. The
exciton lifetime is a key parameter that governs the optical re-
sponse of quantum dots, influencing both emission dynamics
and coherence properties. Accurately determining this quan-
tity is therefore essential for understanding and optimizing
QD-based light sources. Within the dipole approximation, one
can calculate the optical spectra [27-32] and exciton decay
rates [25,33-35], providing insight into radiative recombina-
tion mechanisms.

The oscillator strength and optical transitions in QDs have
been modeled using both the eight-band k- p framework
[27,28,34,35] and tight-binding approaches [29-32]. These
calculations typically rely on evaluating either momentum
or position matrix elements, each of which involves spe-
cific assumptions regarding wavefunction representations and
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boundary conditions. Given the methodological differences
between these two classes of models, a systematic comparison
of their predictions is highly desirable.

Electron and hole spins in quantum dots interact with the
surrounding nuclear spin bath via the hyperfine interaction,
which constitutes a primary source of decoherence and poses
a fundamental limitation for utilizing InGaAs QDs in quan-
tum information processing. Due to their negligible s-orbital
character, hole states couple more weakly to nuclear spins
[36], enabling significantly longer coherence times compared
to their electron counterparts [37,38].

Theoretical modeling of hyperfine coupling in QDs of-
ten relies on simplified descriptions of carrier wavefunctions
[39]. One of the more refined approaches was introduced in
Ref. [40], where the hyperfine Hamiltonian was formulated
within the eight-band k - p framework. However, since the
k - p method is inherently a continuum model, approximating
atomistic interactions requires a series of assumptions. In this
scheme, Bloch functions were expanded in terms of hydrogen-
like atomic orbitals, with wavefunction localization on cation
and anion sites inferred from empirical considerations. More-
over, d-orbital contributions, which play a crucial role for
holes [41], were included through a constant weighting factor,
the accuracy of which is subject to considerable uncertainty.
In contrast, the sp’d’s* tight-binding model offers a natural
platform for atomistic simulations. It inherently accounts for
the orbital composition and spatial distribution of the wave-
function across atomic sites, including d-orbital admixture.
As a result, the TB-based description of hyperfine interaction
is more direct and less dependent on empirical parameters,
making it a suitable benchmark for evaluating the approxi-
mations introduced in the k - p framework as implemented
in Ref. [40]. We also note, that the tight-binding model has
been utilized in the description of hyperfine interaction for
transition metal dichalcogenides [42].

In this work, we present a systematic comparison of mod-
eling approaches used to describe the spectral and spin-related
properties of quantum dots. Specifically, we calculate en-
ergy levels, exciton lifetimes, electron and hole g factors,
and hyperfine-induced Overhauser fields for InGaAs/GaAs
QDs using both eight-band k - p and sp’d’s* tight-binding
models. In addition, we propose targeted refinements to the
eight-band k - p framework that improve its predictive perfor-
mance, particularly for energy levels and g factor values. With
these enhancements, we achieve close agreement between
the carrier energies obtained from the atomistic and contin-
uum approaches. We also demonstrate that both modeling
techniques yield consistent trends for g factors and Over-
hauser field fluctuations, with reasonably good quantitative
agreement. However, for exciton lifetimes, we observe some
discrepancies between the two methods, depending on the
indium composition and structural parameters of the quantum
dot.

The paper is organized as follows. In Sec. II, we describe
the morphology of the quantum dots under investigation
and outline the model used to account for strain effects.
Sections III and IV present the sp’d’s* tight-binding and
eight-band k - p models, respectively. The theoretical frame-
work for exciton states and radiative lifetimes is detailed
in Sec. V, while the hyperfine interaction and Overhauser
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FIG. 1. Composition distribution for the InGaAs/GaAs QD.

field fluctuations are addressed in Sec. VI. The results of our
numerical simulations, along with a comparative discussion,
are presented in Sec. VII. A summary of the main findings is
provided in Sec. VIII, and additional computational details are
given in the Appendix.

II. STRUCTURE GEOMETRY AND STRAIN MODEL

The calculations are performed for a single self-assembled
InGaAs/GaAs QD. We represent the QD geometry by the
dome shape of height /4 (if not stated otherwise, it is 8 lattice
constants @) and the radius (at the base) » = 21a. We assume a
circular shape of the QD, which is subjected to the underlying
atomic lattice breaking the exact axial symmetry. The dot is
placed on a wetting layer of thickness a (the single lattice
constant). The material distribution is presented in Fig. 1. For
simplicity, we assume a constant In, Ga;_,As distribution (de-
noted as xgp) in the QD and in the wetting layer. To take into
account the material intermixing at the interfaces, the initial
composition is processed by the Gaussian blur with a standard
deviation of a. As can be seen in Fig. 1, this intermixing leads
to a pronounced reduction of the In content in the wetting
layer (by “leaking” In atoms to the barrier).

The strain arising due to the lattice mismatch between InAs
and GaAs is found within Martin’s valence force field (VFF)
model [43,44]. The optimal atomic positions that minimize
the elastic energy of the system are found numerically. The
model and calculation details are described in Appendix 1.

We also include the effect of the piezoelectric field with
the polarization taken up to the second order in strain tensor
elements [45]. The parameters are taken from Ref. [46].

III. THE TIGHT-BINDING MODEL

To calculate the electron and hole states in the atomistic
way, we performed simulations within the sp*d>s* TB model
[47] in the nearest neighbor approximation. The second quan-
tization Hamiltonian can be written as

(TB) _ gy (TB) (TB) (TB) (TB) (TB)
H dlag + H, + H, +H —i—HLB,

where

TB
Hyg = ZZEW M
Na NA

ZZZZ(U) z®,ja JAjps )

i i ap

H(TB)
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where N, is the number of atoms in the system, E{" is the
on-site energy for the orbital « (the index includes also spin)
localized at the ith atom; al a; o are the electron creation and

i,
(1)

annihilation operators, respectively; ¢ 3’ are hopping integrals

for a given pair of atoms and orbitals; Afx’;} is a matrix element
of the spin-orbit coupling; “c.p.” denotes cyclic permutations
of x, y, z indices.

The magnetic field B enters the model, in a gauge-
invariant form, via Peierls substitution and the Zeeman
terms [48-50]. The Peierls substitution introduces the mag-
netic vector potential via a phase shift of the tight-binding
nearest-neighbor-hopping parameters in Ht(TB). For a constant
magnetic field and the symmetric gauge [50]

e
9,']' = ﬁB . (R, X Rj),

where R; is the position of the ith atom.

When spin is incorporated into the modeling, intra-atomic
matrix elements should be augmented by the spin Zeeman
terms [48], along with the atomic orbital angular momentum
Zeeman terms that—in principle—should be accounted for on
equal footing [51]. The spin Zeeman term is represented by
the HS ;3), where p is the Bohr magneton, go = 2, and (S, )
are the matrix elements of the spin operator. The interaction
with atomic-orbital angular momentum is also included in the
Hamiltonian via HL(’T}; , where (L,),p are the orbital angular
momentum matrix elements. Here, the following approxima-
tions were made: we keep the on-site terms only, neglecting
the interatomic elements, which should already be accounted
for by the Peierls term. We also assume that atomic orbitals
transform like spherical harmonics, although in a crystal, the
symmetry of orthogonalized orbitals is reduced [52]. The ra-
tionale behind this approach is to avoid any fitting parameters
or introduction of an ad hoc basis, and aim for a better de-
scription of an isolated atom where both Zeeman terms due
to spin and atomic-orbital angular momentum should not be
neglected. The explicit expressions for (L,).p are given in
Appendix 2.

Following Ref. [53], the impact of strain enters the model
threefold ways: by altering the bond angles, via the scaling
factors (the generalized Harrison law), and by diagonal cor-
rections to the d shell on-site energies. We note that more
advanced schemes have been proposed [54,55], but their im-
plementation is outside the scope of our paper.

We transform the Hamiltonian of Ref. [47] to the angular
momentum basis {s, p_1, po, p1,d—2,d_1, dy, dy, do, s*} with
two spin configurations (20 basis states in total). In this basis,

the single-particle states are expressed as

¥3) = Z Z wi) |Ri; ) (6)

where w;’, are complex coefficients, i denotes the atomic site,
and « is the orbital.

The material parameters for InAs and GaAs are taken from
Ref. [53]. The more technical details related to the model
implementation are given in Ref. [56] and in Appendix of
Ref. [32].

< )

IV. EIGHT-BAND K - P MODEL

A. Bulk Hamiltonian

We performed simulations within the eight-band k-p
model, which is a well-established theoretical description.
The model takes into account the lowest conduction band
block T, the valence band block containing the heavy/light-
hole (HH/LH) subbands (I'gy), and the spin-orbit split-off
band block I'7,. The kinetic part of the Hamiltonian in the
invariant expansion form is given by [57,58]

h2
(k) /
HY = (Eg + 2_moA k2> I,
K2 R 1
k ’ ’
HE = ~om i YT + - {2;/2 (Jf - §JZ>/<§

+ AU ke, Ky} + C.p.}

2 2 2
+ ﬁck[{‘]xv Iy = I Y+ cp.],
K i
H7(V;V Ao + 2—y1k2 L
) .
Hgy = S ATk + 20T ke ko) + e ]

- iﬁck(Tyikx + c.p.),
Hgig, = V3Pn(Toke + c.p.),

HY = —%Pn(oxkx +c.p.), 7
where E, is the band gap, Gy is the parameter related to
the inversion asymmetry, A" and y|_ (the modified Luttinger
parameters) account for the remote band contributions, mj is
the free electron mass, Ay is the splitting between I'g, and I'7,
bands due to the spin-orbit coupling. P is a parameter pro-
portional to the interband momentum matrix element, which

is related to the Kane energy (Ep) by P = Ep hz/(Zmo).
Here we introduce n—a dimensionless scaling factor, whose

meaning will be explained further in the text. The I is the unit
matrix (of the proper size), J; are the total angular momentum
matrices (4 x 4) for j =3/2,J> =J> + Jf +J2, T; are (2 x
4) matrices connecting I'¢c and I'g, blocks, and T;; = T;J; +
T;J;. We also take into account perturbative SO terms (the
Dresselhaus spin-orbit coupling) described in Refs. [12,57].
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As the Ep values for InAs and GaAs break the ellipticity
of the resulting differential equations [59], we use the reduced
values of Eéred) (see Appendix 3).

B. Effect of strain

When a crystal undergoes deformation, its properties
change, and symmetry may be reduced. A common approach
to address this involves introducing “deformed” coordinates,
which restore the periodicity of the crystal potential [60].
This includes transformations: x; — > (8 + €j)x;, ki —
Zj(5ij — €;)kj, and p; — Zj(&j — €;;)p; in the initial k-p
equation, where € is the strain tensor. Consequently, it leads
to the appearance of multiple new terms in the Hamilto-
nian. The most important ones are proportional to ¢;; and
weighted by the deformation potentials. They appear in the
standard Bir-Pikus Hamiltonian, which contains strain tensor
elements in linear order. However, in this paper, we utilize the
second-order scheme [61,62], which was proven successful in
InAs/GaAs systems [62]. Another category of strain-related
terms exhibits proportional dependence on both k; and €.
We incorporate such terms as described in Refs. [57,63]. The
important contributions of this kind to the Hamiltonian are

Hi" = =2V3Py [ 1) ek +cp. |.
J

2
Foosn —Pylo E ik +c.p.
6¢7v x XJ™
«/§ 7

These terms affect the g factor value [64] and spin-flip relax-
ation in quantum dots [65-69].

C. Envelope function approximation

To simulate the QD system, the envelope function approx-
imation (EFA) is applied. The Hamiltonian is transformed
into real space via the substitution k; = —id/dx;. These are
discretized according to the finite difference scheme. The de-
tails related to the implementation (e.g., the operator ordering)
are given in Ref. [12]. Since in the present paper, strain is
calculated in the atomistic way (Martin’s VFF model), the
strain tensor field is computed by interpolation into a regular
mesh. Also, the piezoelectric field is implemented in this way.

Although the EFA k-p model is based on the continuous
medium approximation, it is beneficial to use a mesh that
matches the underlying atomic lattice. In particular, when
the hyperfine interaction (a truly atomistic effect) is studied
within the k-p theory [40], which is the case in the present
paper. Consequently, we perform calculations on the uniform,
rectangular grid with the size of a x a x a/2, where a is the
barrier (GaAs) lattice constant.

However, the described approach has some limitations.
Although initially (at the beginning of the strain calculations)
the QD material is matched to the barrier, the strain relaxation
leads to displacements that modify the QD shape. In the TB
calculations, this effect is inherently taken into account, as the
model relies on the positions of individual atoms. In contrast,
in the k- p calculations, the numerical lattice is fixed (matched
to the unstrained barrier material), and all displacements are

represented via a strain tensor field. To improve the accuracy,
while keeping the model simple, we introduce a scaling factor
into the most important terms He.gy, Hg7y containing k; in the
linear order. The scaling factor is

n(r) =1—[a(r) —al/a, ®

where a(r) is the lattice constant (in the sense of the virtual
crystal approximation) of the material at a given point.

D. Magnetic field dependence

The effect of the magnetic field is taken into account using
a gauge-invariant scheme [70], which is a rigorous imple-
mentation of the k — k + (e/h)A substitution for the discrete
numerical grid. Here A is the vector potential. In the presence
of the magnetic field B, different components of k do not
commute, giving

e
[knv km] = _lﬁ Z €mi Bl
I=x,y,z

where €, is the Levi-Civita symbol. The Hamiltonian part
associated with the magnetic field is

H® — gU;;B Zsz‘(kP)Bi L H®D,

1

The first term corresponds to the spin Zeeman part. In the
eight-band k- p, this enters with the block matrix [57]

K O 0 0
Si(kp) — E 0 %Jz _27’;1‘
0 —ZT, —lUi

3

The orbital Zeeman part (for the VB) and the remote-band
contributions are represented by [57]

H%D = Lupglo.B. + c.p.,

Higlvgéy = —2up[k'J.B, + 4'J}B, + c.p.],
H%Y = —2pupk'[0,B, + c.p.],

HwY = —3upk'[TB, + c.p.],

B,r) _ B0
H7V8V _H8V7V ’

where ¢’ is an anisotropy parameter,

o 2E o
8§ =880 3Eg(Eg+A0)’
E(red)
—/ 80 p
= _— - 10
=Rt T ek, (10

here g, k are the target parameters for the conduction and
valence band g factors, respectively.

While the above Hamiltonian is valid for a uniform mate-
rial system, for a nanostructure composed of two (or more)
different materials (such as self-assembled QDs), all the ma-
terial constants are position dependent, and proper operator
ordering must be taken into account [71,72]. For example,
ZB, — ih/e(kgk, — k& k).

The drawback of the described model is the fact that
Egs. (9) and (10) contain the reduced value of Esre‘l). Con-
sequently, the impact of the bulk values of g and « on the
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results is still considerable. As these bulk values do not con-
tain the strain and confinement effects, they reduce the overall
accuracy. The problem is particularly important for g, as the
formula contains o<Eg2 in the denominator. To improve the
model, we propose the following modification of Eq. (9)

, 2E,80  2(Ep — EV) A
g=g—g+ P S A ., (1)
3Ey(Eg + Ao) 3E,(E; + Ao)

where Eg is the modified energy gap with the major hy-
drostatic strain contribution, i.e., Eg =E; + (ac — ay)(€xy +
€yy + €;). To avoid introducing anisotropic corrections, we
do not consider here the HH-LH splitting due to strain. An-
other reasonable approach would be to take E, as the energy
difference between the lowest electron and hole states in the
QD. In such a case, the simulations would be performed in
a self-consistent manner, but this will not be the case in the
present paper.

V. EXCITON STATES AND LIFETIMES

We calculate the neutral exciton states within the
configuration-interaction (CI) approach. The standard Hamil-
tonian expressed in the second quantization manner is [31,73]

H©D =ZE(e)aka + ZE(h)hkh — ZV,H/,/a hih yap,
i’ ]]

(12)
where are the electron/hole single-particle energies; aiT
(a;) and h} (h;) are the electron and hole creation (annihila-
tion) operators; V;; are the electron-hole Coulomb matrix
elements. The details of the calculations for the Coulomb
matrix elements V;;;; are given in Appendix 4. As we are
interested here in the lifetimes of the neutral exciton states, we
neglect the exchange terms and multielectron (and multihole)
interactions. The nth exciton state can be written as

e/h)
Ei

Ne Ny

Z Z c(”)aTh |vac.),

(n)

where ¢;;” are complex coefficients resulting from the diago-

nalization of H®Y; n,, n;, are the numbers of electron and hole
states in the single-particle basis; and |vac.) is the vacuum
state.

The interaction with light is introduced in terms of the
dipole approximation [31,74]. For deeper insight and further
comparison, we consider two formulations based on the posi-
tion and momentum operators, namely,

(1) the oscillator strength of the exciton state |X,,) is cal-
culated from

2m0
fo = WE'EX) Z |(vac.|D,, |X,)|%,
e HU=X,y,Z

where

D = Zd,‘j h,»aj,
iJ

giving
2
2m0 X
fo= 3B S0 D Py (13)
U=xX,y,2 | i,j
where d;; = —ex;; with the matrix elements of the position
operator

Xi; = Z Z w(’)* (J)

nm o,p

R, ol xR, B).

Here, the indices n, m go over atoms and «, B over the orbitals.
The x;; elements are calculated directly, neglecting the orbital-
dependent (the basis-dependent) terms, i.e.,

<Rn;a|x|Rm;ﬂ) ~ Rn8aﬂ8mn~ (14)

We note here that this approach neglects contributions from
local, interatomic terms. This is due to enlarging a model with
position parameters may lead to errors due to incompleteness
[49].

(2) The oscillator strength of |X,) is calculated from
[34,75]

2
fn_ E(X) Z Zc(”)(Pu)l/ ’ (15)

H=X.3,2 | 1, ]

The p;; momentum matrix elements are calculated using the
Hellman-Feynman theorem [56,76,77], which gives

_ ’mO Z Z wrw (n

nm a,p

—R,) z("’"). (16)

In the calculation of x;; and p, 7o the valence-band states are
represented in the electron picture—not in the hole picture as
in the other parts of the paper.

Finally, the exciton lifetime is given by [34,78]

67 eomoc i
3 s
n, (B0 /1) (EY) fue?
where n,(w) is the frequency-dependent refractive index of

the barrier material (here GaAs) [79], explicitly given in Ap-
pendix 4.

VI. THE HYPERFINE INTERACTION

The interaction of the carrier (electron or hole) with nuclei
is given by the Hamiltonian [40,41,80]

ZA("_ n) anv

where the index n goes over all nuclei, u,, = ¢,unl, is the
magnetic moment for a given nucleus, ¢, is a dimensionless
parameter, py is the nuclear magneton, and the nuclear spin
is fil,. The (pseudo)vector quantity A is given by

MOMB(_S()S L 3(?-5)?—5)7

HOO —

Alr) =
"= 2 h r

where (g is the vacuum permeability, S is the spin operator,

L is the angular momentum operator, and # is the unit vector.

The first term in the bracket is the contact term, the second
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FIG. 2. The electron and hole energy dependence on the QD height (a), (b) and the QD composition (c), (d). For the height dependence

[(a) and (b)], the QD composition is fixed to xop =

one describes the coupling between the nuclear spin and the
orbital angular momentum, and finally, the last term describes
the hyperfine dipole interaction.

To calculate the Overhauser field & for the lowest Zeeman
doublet of the electron or hole states, one needs to project the
Hamiltonian H® into the two-dimensional subspace of these
states

H = 1p. 5

where o is the vector of the Pauli matrices (related to the
subspace of the considered states). This leads to the form [40]

Z Tr{H(ht)U 1o

— ZZ H(n)lnz ij

noij

HOD —

where

HE}” = un& Tr{A;(r — R,)G;}.

The fluctuations of the Overhauser field are then given by the
mean square components [40]

Zl(l +1)Z (M)

where we assume that nuclei are in an unpolarized thermal
state.

The implementation for the eight-band k-p Hamiltonian
is described in detail in Ref. [40]. In such a case, the wave
functions need to be adapted for atomic-oriented hyperfine
calculations. This is done by expressing the Bloch functions
in terms of the hydrogenlike orbitals. Owing to its initial

a7)

1.0. In the composition dependence [(c) and (d)], the height is fixed to & = 8a.

continuous, nonatomic design, the model relies on several
fundamental assumptions. In particular, the coefficients de-
scribing the spread of the wave functions on anions (As) and
cations (In, Ga) were introduced. Also, the admixture of the
d-type orbitals is described in terms of the external parameter.

In contrast to the k-p formulation, the tight-binding
binding approach provides information about the wave func-
tion localization on individual atomic nodes. Furthermore,
the tight-binding model in its sp’d’s* version inherently
describes also the d orbitals, which are crucial for the hole-
nucleus coupling. The details of our TB implementation are
given in Appendix 5.

VII. RESULTS

This section provides a systematic analysis of the outcomes
produced by various models, each utilizing a distinct level of
approximation. We focus on the results of the single-particle
energies, electron and hole g factors, exciton lifetimes, and the
Overhauser field.

A. Energy levels

We calculated the electron and hole single-particle energy
levels within the tight-binding and k-p models. The energy
dependence on the QD height is shown in Figs. 2(a) and
2(b). As can be expected, the electron energy decreases with
increasing QD size. We can also see that the results of both
classes of models are in good agreement. However, there is
a systematic shift in the electron energy between the TB and
the k- p, where the latter gives higher energy on the order of a
dozen meV. The reason can be related to the barrier-matched
numerical grid, as described in Sec. IV C, which can be refined
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FIG. 3. The electron and hole g factor dependence on the QD height [(a) and (b)] and the QD composition [(c) and (d)]. For the height
dependence [(a) and (b)], the QD composition is fixed to xqp = 1.0. In the composition dependence [(c) and (d)], the height is fixed to & = 8a.

by introducing the 5 factor. As shown in Fig. 2(a), in such a
case, the accuracy of the k- p model is improved.

In the case of the hole [Fig. 2(b)], the energy dependence
is more complicated, which results from the overall sensitivity
of the hole states on the strain distribution. The latter strongly
depends on the QD aspect ratio [81], which is affected by the
changing height. In contrast to the electron, the 1 correction
introduces only a minor shift. This is due to the difference
between the electron and hole effective masses (which govern
their sensibilities on the confinement). Therefore the energy
shift between the k- p and TB models for hole has a different
origin, and it is likely that it is related to the shear strain [62].

In principle, for growing QD size, the results should tend to
the bulk case, where the two methods are consistent. However,
even for the tallest QD (the height of the 11 lattice constants),
we are far from this limit. In addition, increasing the QD dome
aspect ratio leads to stronger shear strain, in which regime the
agreement between the methods decreases [62].

We also studied the energies as a function of the QD
composition In,Ga;_,As. The results are shown in Figs. 2(c)
and 2(d). As in the previous case, we observe an overall good
agreement between the models. Both models consistently treat
nonlinearities in the energy dependence, which was achieved
by tuning the bowing parameter of the band gap in the k- p.
Also here, the n correction considerably improves the accu-
racy of the k- p model for the electron energy levels.

B. Electron and hole g factors

The electron and hole g factors were calculated using the
tight-binding and the k- p approaches. The absolute value of
a g factor results from the Zeeman energy splitting, while its

sign is determined from the spin orientations of states

(c/v) (c/v)

|E;"" — E{7)

. = —S9n B J 5
gc/v MB|B| g E 1( 1)2

i=x,y,z

where E(/" and E{/" are the energies of the two lowest
states (the ¢ and v means the conduction-band and valence-
band states, respectively), sgn() is the signum function,
(Ji)2 = (W, |J;|W,) is the average of the ith component of the
total angular momentum in the excited state of the Zeeman
doublet. We consider here the magnetic field oriented along
the z direction (the Faraday orientation). Note that there are
various sign conventions for the hole g factor [72]. Here we
take g, = —g,, consistently to Ref. [12].

The numerical results for the g factors are shown in Fig. 3.
They differ significantly from the bulk TB values, which for
the electron g factor are —14.18 in InAs, and —0.066 in
GaAs; and for the hole g factor: —44.17 in InAs and —9.51
in GaAs. This difference is the effect of strain and quan-
tum confinement [82,83]. The value of the electron g factor
[Fig. 3(a)] gets slightly closer to the bulk value with increasing
QD height, which is related to decreasing energy gap (due
to a weaker confinement) in the Roth formula [8,82]. For the
hole, the situation becomes more complicated, and we can see
nonmonotonic dependence [Fig. 3(b)]. One should note that
hole properties are very sensitive to the strain distribution,
which governs the degree of heavy-light-hole mixing and
opens some channels of the spin-orbit coupling [12,57]. In
fact, the biaxial and shear strain crucially depend on the QD
aspect ratio, which changes with the QD height.

The dependence of the electron and hole g factors on the
QD composition [Figs. 3(c) and 3(d)] is monotonic up to some
deviations which can result from random alloying. The abso-
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FIG. 4. The radiative lifetime dependence on the QD height (a), (b) and the QD composition [(c) and (d)]. For the blue points, the oscillator
strength is calculated using the position matrix elements [Eq. (13)], and for the red points we used the momentum matrix elements [Eq. (15)].
The results in (a) and (c) are obtained for the CI basis of 2 electron and 2 hole states; and (b) and (d) present the ones for 12 states of each type.

lute value of the electron g factor is strongly reduced for small
In content, which results from small bulk GaAs value (—0.066
predicted by the TB, which deviates from the experimental
value of —0.44). In the case of the hole, the g factor changes
its sign for the QD material of about Ing 4Gag gAs.

One can see that the contribution from the orbital angular
momentum significantly changes the values (see the TB re-
sults) of the hole g factor. The effect for the electron is small,
which can be expected owing to its (mainly) s-type atomic
orbital character.

While the TB and k- p models consistently predict trends,
the values from the latter are typically larger (in their absolute
value). This can be partially related to the limited size of the
basis in the eight-band k-p model compared to the sp*ds*
tight-binding model. The other reason can be related to the
impact of the remote band contributions, which are calculated
from the bulk values (hence, do not account for the effect of
strain and confinement). As shown in Figs. 3(a) and 3(c), this
can be improved to some degree via the correction introduced
in Eq. (11).

C. Exciton lifetimes

The exciton lifetimes calculated as a function of the QD
height and the In content are shown in Figs. 4(a), 4(b)
and 4(c), 4(d), respectively. One can see that increasing
the height of the dot leads to longer lifetimes (hence the
smaller oscillator strengths) [33]. This can be related to a
decreasing overlap between the electron and hole wave func-
tions. On the other hand, the lifetime dependence on the
QD material composition is nonmonotonic. In the regime of
low In content, the lifetime decreases, which can be again

attributed to changes in the electron-hole wave function over-
lap. However, the further increase of the In content results in
longer lifetimes. This behavior is mainly because the inter-
band momentum matrix element is smaller in InAs than in
GaAs.

We show the results for the CI containing 12 electron
and 12 hole states [Figs. 4(b) and 4(d)] and the ones from
the Hartree approximation (which corresponds to the CI ba-
sis truncated to 2 states) [Figs. 4(a) and 4(c)]. As expected
[84], the correlations strongly enhance the oscillator strength;
hence, the lifetime is reduced.

We compared the tight-binding results for two cases. In the
first one, the oscillator strength is obtained using the position
operator [Eq. (13)]. In the second one, it is calculated from
the momentum matrix elements [Eq. (15)] via the Hellmann-
Feynman theorem [Eq. (16)]. Although these models are very
different, the results are in good agreement, with a few percent
of difference. Here, the lifetimes obtained from the Hellmann-
Feynman theorem are systematically shorter.

Finally, we compared the tight-binding and the k- p results.
While the obtained dependencies are consistent qualitatively,
the discrepancy is considerably larger. Here, the lifetimes
coming from the k-p model are systematically smaller, up to
about 30% for high In contents.

D. Overhauser field

The coupling between the carriers and the nuclear spins
can be studied in terms of the fluctuations of the Overhauser
field. We consider the longitudinal and the transverse com-
ponents of this field (with respect to the growth axis) in
terms of the root-mean-square (rms) averages: (hf)l/ 2 and
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FIG. 5. The fluctuations of the longitudinal and the transverse Overhauser field components calculated for the ground Zeeman doublet, for
electron and hole, the dependence on the QD height [(a) and (b)] and the QD composition [(c) and (d)]. For the height dependence [(a) and
(b)], the QD composition is fixed to xop = 1.0. In the composition dependence [(c) and (d)], the height is fixed to & = 8a.

(hi)l/2 = ((h)zc + hﬁ)/2)1/2, respectively. As in the previous
calculations, we assume the magnetic field B = 0.1 T along
the growth direction.

The results for the electron are shown in Figs. 5(a) and
5(c). Owing to the dominant s-type orbital composition of the
electron states, the field is highly isotropic (i.e. (h2) ~ (h%)).
In Fig. 5(a), the rms of the Overhauser field components are
calculated as a function of the QD height (while the other pa-
rameters are kept constant). The values are decreasing, which
is attributed to the increasing volume of the QD (with an
approximate scaling oc1/+/V), hence the increasing partici-
pation number [40,85]. As demonstrated in Fig. 5(c), the rms
of the Overhauser field fluctuations strongly increases with
the increasing In content. This is attributed to larger nuclear
magnetic moments of In atoms (as compared to Ga) and the
decreasing wave function participation number, which is due
to stronger confinement [40].

The Overhauser field for a hole is presented in Figs. 5(b)
and 5(d). The values are several times smaller as compared
to the electron ones. This is expected behavior, as the hole
wave function is composed mainly of the p- and d-type or-
bitals, which have zeros at the nuclei. This, in turn, leads
to the vanishing of the contact term in the hyperfine inter-
action Hamiltonian. In contrast to the electron case, there
is considerable anisotropy between the longitudinal and the
transverse field components. The latter is strongly enhanced
by the d-type admixtures in the wave function [40,41].

The results obtained from the k- p and tight-binding models
agree reasonably well, especially for holes. However, there is
a systematic difference of about 200 neV in the results for
electron in the dependence on the QD height [Fig. 5(a)]. This
holds at high In concentrations [see Fig. 5(c)], but vanishes

for the In content xqp < 0.5. This behavior is attributed to the
larger spread of the electron wave function predicted by the
TB than by the k- p model. As can be seen in Figs. 5(b) and
5(d), the agreement for the holes is generally better.

VIII. CONCLUSIONS

We have presented a comprehensive comparative analy-
sis of two major theoretical frameworks—atomistic sp>d>s*
tight-binding and continuum eight-band & - p models—for de-
scribing the spin and optical properties of InGaAs/GaAs
quantum dots. Our study spans critical physical observables
including single-particle energy levels, g factors for electrons
and holes, radiative exciton lifetimes, and the Overhauser field
fluctuations arising from hyperfine interactions.

The tight-binding model, with its atomistic resolution, nat-
urally incorporates strain, atomic-scale interface, and material
heterogeneity, i.e., alloying. On the other hand, the eight-band
k-p approach is more computationally efficient and relies
directly on empirical quantities (like the band gap, effec-
tive masses, etc.). While both models predict qualitatively
consistent trends, we find notable quantitative differences at-
tributable to their intrinsic methodological assumptions.

We introduce and validate several improvements to the
k-p framework, including second-order deformation poten-
tials, modified remote-band corrections for g-factor modeling,
and an effective grid-scaling scheme. These refinements sig-
nificantly improve the agreement with tight-binding results,
particularly for the electron g factors and single-particle ener-
gies. For hole states, discrepancies are more persistent, likely
due to their stronger sensitivity to shear strain and complex
band mixing effects.
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For exciton lifetimes, we demonstrate that both tight-
binding and k-p models produce consistent trends with dot
size and composition, though differences of up to 30%
can occur, especially at high indium concentrations, which
is, however, relatively small taking into account substantial
methodological differences and also notable dispersion of life-
times reported experimentally [86]. The tight-binding model
shows strong internal consistency across alternative schemes
for oscillator strength calculation, reinforcing its robustness.

Importantly, our comparison of hyperfine-induced Over-
hauser fields confirms that the eight-band k-p method—
despite its continuous nature—can approximate atomistic spin
decoherence mechanisms with reasonable accuracy, provided
appropriate modeling of Bloch functions and orbital character
is adopted.
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APPENDIX: CALCULATION DETAILS

1. Strain
In Martin’s formulation of the Valence Force Field (VFF)
model, the elastic energy takes the form [43,44]
NN()

Um = Z Z {leki(;)(’"ij —d;;)*
i J

1 2
©) 0)
2 : |:§Kijk dijdix (Qijk eijk)
keti k> j

+K,-(;)(Vij — d;ij)(rig — dix)

+K,-(jr,f)[dij("ij —dij) + dy(rac — di)1 (O — 9,-(;?)} },

where NN(7) are the nearest neighbors of the ith atom, r;; =
|r;;| with r;; = R; — R; is the actual distance between the
atomic nodes localized at sites R; and R, d;; denotes the ideal
(for an unstrained bulk crystal) distance between these atoms,
which in the zincblende structure is d = \/ga/4; the actual
bond angle is given by

Tij - Tik
0;jx = arccos ( / ,
VijFik

)
ij
is the k™ bulk parameter for the material defined by the

and 91.(;? = arccos (—1/3) is its ideal (unstrained) value; k

TABLE I. The material parameters.

InAs GaAs
a(A) 6.0583% 5.65325°
Ci1 (GPa) 83.3¢ 122.12
C1» (GPa) 45.3, 45.0¢ 56.6°
Cy (GPa) 39.6%, 37.5¢ 60.0°
c 0.687° 0.547°
kW (eV/A?) 3.491¢ 5.220°
k@ (eV/A?) 0.241¢ 0.385¢
k™ (eV/A?) 0.510¢ 0.512¢
kT (eV/A2) 0.307¢ 0.393¢

4Values from Ref. [89].
®Values from Ref. [44].
“Values calculated from the elastic constants.
9The reduced values for Martin’s VFF model.

pair of atoms i and j. The parameters involving three atoms
are calculated by averaging K i(j")ltc) = (k;j‘) + kl(,f ) /2 where o =
{“0”, “rr”, “r6”}. These parameters are directly related to the
elastic constants (Cyj, Cj2, and Cyy) and the Kleinmann pa-
rameter (¢) by the analytic formulas [44]

RO RCTICE s 502) 4+ Cpp(1 — 8¢ — 2¢2)
B 41 —¢)

3Cu(1 —42)
HI=t) } (Al2)
KO — a(C116—C12)’ (Alb)
K — g C1i(2 = 10¢ — ¢%) 4 Cia(7 — 8¢ + 10¢?)
B 24(1 - ¢)?
3Cu(1 —40)
T 241 —¢ ) } (Alc)
(Cr1 —Ci2)(A +28) — 3Cyy
(o) __
K = av2 30— (Ald)

To reproduce Vegard’s law for alloy, in the case of the
mixed bonds (In-As—Ga and Ga—As—In), the bond angle is
set to Gi(J(.),() = 110.5° [23]. Martin’s model in its full version
(which includes the long-range Coulomb terms) is capable of
accounting for all three elastic constants and the Kleinmann
parameter simultaneously. However, we utilize the covalent
approximation [44,87], where Coulomb terms are neglected.
Such an approximation is not valid if the anisotropy factor
A = 2Cy/(Cy1 — Cyp) is greater than 2 [44], which is the case
for InAs. To overcome this problem, we use slightly reduced
C1, and Cy4, compared to the literature values (see Table I).

To obtain relaxed atomic positions, we start with the situa-
tion where all atoms in the structure are artificially matched to
the barrier (GaAs) lattice constant. Then we perform numeri-
cal minimization of Uy, using the PETSC TAO library [88].

2. Tight-binding model
The tight-binding Hamiltonian H® is originally written in

the real basis [47] of s, px, py, Pz, dxy, dyz, dox, dya_yp, d32_ 2, 5™
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orbitals with two spin configurations. In this basis, the orbital
angular momentum on-site matrices (for a given spin) take the
form

00 O

(=N NN
SO OO
(=N Ne)
(=N N
(=N

, (A2)

eleleoNeoNeNe]

o o000 o
)

o P o000 o

o
cocooc @
cococo @
cocoo @
cococo

ccoc @

, (A3)

eleoBololNeoloReololoo oo o NoNolololoNe]
NN oNeoNeloNeololoo ool loNololoNoNe]

[eleBoNeNeNe]
[eleBoNeNeNe]
SO OO0 o O

()
()
=)
(=)

(e}

(=)

(=)
SO OO
(=N
SO OO
S OO O O
(=Nl Ne)

, (A4)

cleoeoloNoNeoloXeoNeoh )

[eNeNeNeNeNol

0
0
0
0
0
0
0
0
0
0

SO OO OO
S OO OO

0

where, for clarity, the subspace related to the p shell (d shell)
is marked by the red (blue) color. One should note that the
tight-binding orbitals have s, p, and d character under the
crystal symmetry operations (not under the full rotational
group). Therefore the presented L; matrices are a kind of
approximation.

To transform the Hamiltonian from the basis B = {s, p,,
Dy» Dz» duys dyz, Ao, dio_yp, d32_ 12, 5%} to the orbital angular
momentum basis B’ = {s, p_1, po, p1, d—2, d_1, do, di, dp,
s*}, we used the transformation

H™ =P g™p, (A5)
where
_ Porb 0
P = < 0 Porb)’ (A6)

with

Porb =

—_—o O O O OO0 O o O0o

SO O O O OO0 O O~

0 0 0 0 O

All subsequent calculations are performed in the B’ basis.

3. Eight-band k-p

The electron effective mass m is extracted from the tight-
binding model band structures by calculating numerically
second derivative

1 1 ’E©

ms R k2

k=0

Here, the k, component is arbitrarily chosen, due to the
isotropic character of the conduction band effective mass. To
obtain the Luttinger parameters, we first calculate the VB
effective masses in the [001] and [111] directions. To lift the
heavy- and light-hole band degeneracy, we applied vanishing
biaxial strain. Then, we use the formulas [89]

1 mgp my
Y= 3\ o + — )
My 001 Mhn,001
y 1 nmy mo
2= = ¥ - ¥ )
4\ mi 001 Minoo1

y 1 mgy my
3 = — * - * .
d\mp 0 Mgy

The deformation potentials were extracted by fitting to the TB
band edges with the second-order strain scheme [62,81].

To avoid spurious solutions [59] related to the losing ellip-
ticity of the k- p Hamiltonian, the Ep is reduced according the
the formula [90]

pued _ (M0 Eg(Eg + Ao)
P m¥ E, +2A¢/3°

which gives A" = 1

The bulk g factors for: the electron (g), the heavy-hole
(gnn), and the light-hole (gy,) are calculated from the TB
within the linear response theory [9,56]. Then, using the re-
lations (in the electron picture) [57]

g = 6k + Fq,
g =2k + 34,

we extracted k and g.

The obtained values are shown in Table. II and listed in
Ref. [100]. The table also contains a comparison to the param-
eters recommended by Vurgaftman et al. [89]. In most cases,
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TABLE II. Band structure parameters used in the k-p calcula-
tions and the literature values (in most cases, the ones recommended

by Vurgaftman [89]).

This work Literature values

GaAs InAs GaAs InAs
E, (eV) 1.519 0.418 1.519 [91] 0.417 [92]
E,(eV) 25.31 21.06  28.8[93],25.0[94] 21.5[95]
Eé'ed)(eV) 22.56 20.62 - -
Ap(eV) 0.340 0.380 0.341 [96] 0.39 [89]
my (mo) 0.0669 0.0235 0.067 [97] 0.026 [89]
Y1 7.35 18.85 6.98 [89] 20.0 [89]
V2 2.14 7.86 2.06 [89] 8.5 [89]
V3 3.13 8.90 2.93 [89] 9.2 [89]
g —0.066 —14.18 —0.44 [57] —14.9 [57]
K 1.53 7.18 1.2 [57] 7.6 [57]
q 0.03 0.08 0.04 [98] 0.04 [98]
ac —6.79 [81] —4.78 [81] —7.17¢ —5.08¢
a, 1.88 [81] 1.26 [81] —1.16¢ —1.0¢
b, —1.84 [81] —1.76 [81] —2.0¢ —1.8¢
d, —2.54 [81] —3.33 [81] —4.8¢ —3.6¢

2Reference [91].
bReference [94].
‘Reference [93].

dDeformation potentials from Ref. [99]. Note the different sign con-

vention in a,.

the agreement is satisfactory, yet the highest discrepancies are
visible for GaAs deformation potentials.
As demonstrated in Fig. 6, we get a very good agreement

between the k- p and the TB bulk band structures in the vicin-
ity of the I' point in the BZ. The strongest confinement in a
lens-shaped QD is in the z direction. The QD height & = 6a
(the smallest considered one) can be roughly connected to
the characteristic wavevector k; = ¢-, which is 1/12 of the
path between the I and X point. In this range, the difference
between the k-p and TB band structures is on the order of a

few meV.

GaAs

2r

1 - tight-binding
[ kp —

02L r
Wavevector

02X 02L

-2

T
Wavevector

02X

FIG. 6. The band structures for InAs and GaAs calculated using
the eight-band k- p and sp>d’s* TB. Here “0.2L ” and “0.2 X’ means
20% of the path from I" to the X and L point, respectively.

The values of the reduced Luttinger parameters y,_, are
calculated from [57]

lE(red)

I e
Y1 =N 3 Eg )
(red)
7//=)/2—1EPre
2 6 E,
d)
)//Z)/a—lElgre
: 6 E,

4. Coulomb matrix elements and lifetime calculations

The electron-hole direct Coulomb matrix elements are de-
fined by

2
"
i
:

’

v Yy )
/ dr / dr ! !
lr—r'|
where wi(e)(r) and 1/fl.(h)(r) are electron and hole wave func-
tions, respectively; €, is the relative permittivity (we took
€, = 12.4 which is the value for GaAs [57]). The calculations

can be optimized by moving to the reciprocal space. In view
of the Fourier theorem

_1 — 1 / 4_7Tei‘1(f—f’)dq’
- @) ¢

which gives

lef?

e % 1
Viipir = [-E(,-/)(Q)}—_%) (Q)?dqv

8m3€pe,

where F;;(q) are the form-factors given by

Fijlq) = / Yy (redr.

For the eight-band k- p model (within the envelope function
approximation), the wave functions are represented by

8
V() = Y F () un(r),
m=1

where u,,(r) are the Bloch functions at the band edge k = 0,
while £ (r) is a subband-dependent envelope. In this model,
the form-factors are calculated by

8
Fo~ Y [ B 0RD e
m=1

where we assumed that ¢" changes slowly in the length of
the unit cell, hence (i€ |y ) 2 Sy . We calculated F; i(q)
using the FFTW library [101] with the wave functions repre-
sented on the Cartesian grid.

In the case of the tight-binding model, we calculated the
Coulomb matrix elements, neglecting the short-range (hence
basis-dependent) interaction terms. We also performed the
calculations in the reciprocal space. However, owing to the
underlying atomic lattice, which does not match the cartesian
grid, the form-factors were obtained using the nonuniform fast
Fourier transform with the FINUFFT library [102-104]. The
model is described in detail in Appendix of Ref. [32].
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The frequency-dependent refractive index in the radia-
tive lifetime calculations was taken from the wavelength-
dependent one n(w) =7i(2nc/w), that is defined by the
Sellmeier-like parameters

3 BA2 D2
i) = A+ s +

where for GaAs: A = 3.5, B =7.4969, C = 0.4082 um, D =
1.9347, and E = 37.17 um [79].

5. Hyperfine interaction

To obtain the fluctuations of the Overhauser field (h?)
[Eq. (17)] for the electron or hole doublet {|v), |1»)}, one
needs to calculate

2
Tr{Ai(r = R)G;} = ) (Vs lAir — RS, 1),
r=l1
where
G = 1Y) (Yl + 1Y) (W,
Gy = —ilyn) (Yol + ilY) (W,

t!z

= Y)Yl = [¥2) (Yl

The matrix elements A; ;,» = (¥ ]|A;(r —
lated from

A A
A =D D g ) (R o[ Ai(r — Ry Ry )

n'.,n" oo
~ (M) (/\)
ana na

where we neglected the terms involving different atomic sites.
As the last matrix element does not depend on the atomic
position, we simplify the notation to

(Ry;a|Ai(r — Ry)IR,; o) =

R,)|{r;) were calcu-

R,;a|A;(r — R,)IR,; O(/)a

(o] Ai(r)]et’).

To calculate these terms, the TB orbitals were represented
by the functions

(rla) = @o(r)sq),

where s, =5 = :I:% denotes the spin, and owing to the sym-
metry

¢a(r) = Ra(1)Y,,(6. ¢)

where R, (r) is the radial part of the orbital, [ is the az-
imuthal number, and m is the magnetic quantum number, both
corresponding to a given «. Due to the involved spherical sym-
metry, it is beneficial to represent A in terms of the spherical
vector components

(1 (1)
A — A—l - “4+1
X \/z ’
1) QY]
_ AN A
y \/5 ,
A= Aél),

where the number in the bracket denotes the tensor rank. The
matrix elements of A" between the orbital states are [40]

MoMB

My,
(A ') =2

2R*OR 0 ! s
§ a() a’()ES q

—1 V8108
S /
) 10910

+ My (Im|L|1m') 811 84
—VBaMy Y (2, 1591, 0212, 151, )

91,92
x qulm’<ls ls/>:| (A7)
2 2 2 ’

where
~ s 1
My =|[r Ra(r)ﬁRa/(r)dr,

Gimm" are the Gaunt coefficients. From the Wigner-Eckart
theorem

M
Sq

1 h 1 1
§s> C <2 Iis', 61‘2 1;5v3>’ (Im|LP| 'y = B/1A+ 1), Lmd gl 151, m).

1

)

2
The three terms in the bracket in Eq. (A7) are the contact part, the orbital part, and the dipolar part, respectively. The contact

part is nonzero only for s-type orbitals, as the others vanish at r = 0. If we approximate the TB orbital Rg«(r) by Rs(r), one can
write

(oz|.Afil)|05) MOMB|RS(O)|2|: < sSf]l)

1
ES/>310 Spo + My, (lm|L§]1)|lm’)5”/8w«

mqm’ 1
— /8 My 2(2, Ligi, 9212, 151, )G)5% <§S

q1-92

where M/[/ = M”f/|RS(0)|2~
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Finally, the tight-binding basis was represented by hydrogen-like orbitals [R,(r) — R, (r)]

2n(n +1)! ag

Jon(-2)e (2)
ag ag

where L,ZL ﬂl (x) are the generalized Laguerre polynomials. Therefore Rs(0) = 2./(&s/ag)?. In the case of Ga and As, we took
the orbitals: 4s, 4p, 3d; and for In: 5s, 5p, 4d [40,41]. The values of &g, &p, £p exponents and M;; for the relevant atoms, are

given in Ref. [40].
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