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Atomistic tight-binding Hartree-Fock calculations of multielectron configurations
in P-doped silicon devices: Wavefunction reshaping
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Donor-based quantum devices in silicon are attractive platforms for universal quantum computing and analog
quantum simulations. The nearly atomic precision in dopant placement promises great control over the quantum
properties of these devices. We present atomistic calculations and a detailed analysis of many-electron states
in a single phosphorus atom and selected phosphorus dimers in silicon. Our self-consistent method involves
atomistic calculations of the electron energies utilizing representative tight-binding Hamiltonians, computations
of Coulomb and exchange integrals without any reference to an atomic orbital set, and solutions to the
associated Hartree-Fock equations. First, we assess the quality of our tight-binding Hartree-Fock protocol against
configuration-interaction calculations for two electrons in a single phosphorus atom, finding that our formalism
provides an accurate estimation of the electron-electron repulsion energy requiring smaller computational
boxes and self-consistent single-electron wavefunctions. Then, we compute charging and binding energies in
phosphorus dimers observing their variation as a function of impurity-impurity separation. Our calculations
predict an antiferromagnetic ground state for the two-electron system and a weakly bound three-electron state in
the range of separations considered. We rationalize these results in terms of the single-electron energies, charging
energies, and the wavefunction reshaping.
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I. INTRODUCTION

Silicon nanostructures that incorporate dopants forming
arrays with atomic precision are promising platforms for de-
veloping quantum simulators, quantum materials, and other
quantum technologies. Soon after the proposal by Kane [1]
of a silicon-based quantum computer encoding information in
the nuclear spin of 31P donor atoms, and the implementation
proposed by Loss and DiVincenzo [2] based on the spin states
of coupled single-electron quantum dots, initial attempts to
fabricate impurity-based devices with the required atomic
precision appeared in the literature [3–7]. This, eventually,
led to the fabrication of the single-atom transistor [8] and
other devices comprising a few phosphorus atoms [9–13].
Recently, reports on the analog quantum simulations of the
many-body Su-Schrieffer-Heeger (SSH) model [14] and the
3 × 3 extended Fermi-Hubbard model [15] in dopant-based
silicon devices appeared.

Electronic structure calculations of bound electrons in
impurity-based devices in semiconductors require efficient
methods that can account for the device’s atomistic details,
including the impurity array confinement, the host material
electronic properties, potential energy variations along the

*Contact author: maicol@nist.gov
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device resulting from external gates, and, importantly, the
electron-electron interactions. This characterization is critical
to understand the performance, operation, and potential of
these devices in applications such as quantum simulations of
the Fermi-Hubbard model. A typical dopant array may cover a
few nanometers, resulting in electronic structure calculations
that must incorporate the multimillion host-material atoms
surrounding the array. Large computational boxes extend-
ing beyond the array’s domain are also needed to account
for the extended structure of the host material and avoid
artificial distortions due to the computational boundary. At
present, such types of calculations are forbidden for the most
accurate electronic structure methods and are limited to a
few thousand atoms [16]. Thus it is common practice to
use semiempirical tight-bind methods (TB) to describe these
systems. For the case of phosphorus-atom arrays in silicon,
tight-binding calculations provide a complete picture of the
electron density of a single-electron in dopant arrays [17,18]
at the same time that it reproduces the relevant band gaps
and effective masses of the host material. One can solve the
coupled Poisson-Schrödinger equations [19,20] or implement
configuration-interaction (CI) calculations [21] starting from
the TB single-particle basis to obtain the energy and struc-
ture of multielectron states in the dopant array. As is the
case with most common algorithms for many-body quantum
methods, the CI computational complexity grows exponen-
tially with electron number and single-particle basis size,
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limiting the efficient implementation of this approach to few-
electron systems. On the other hand, Poisson-Schrödinger
solvers require semiempirical potentials to account for elec-
tron exchange and correlation, which should be optimized for
the specific system, and may incorporate unphysical electron
self-interactions.

In this paper, we present a formalism for calculating
many-body electron properties in dopant arrays that combines
atomistic tight-binding calculations and the Hartree-Fock ap-
proximation. This method solves the associated interaction
integrals without utilizing explicit orbital wavefunctions for
the local atomic orbitals, needing only the local tight-binding
amplitudes. Specifically, our method self-consistently finds
the single-electron states of the tight-binding Hamiltonian
that include electron-electron repulsion energy potentials and
single-particle states that solve the associated Hartree-Fock
equations. Each iteration generates a new set of tight-binding
amplitudes that account for mutual electron-electron interac-
tion, removing self-interactions while incorporating exchange
in a new set of amplitudes representing the Hartree-Fock
states. Tight-binding parameters, such as orbital and tunnel-
ing energies, do not change between iterations. In this form,
the self-consistent approach results in electron wavefunctions
reshaped by electron-electron interactions, which form the
many-body state for the multielectron system as the Slater
determinant of these single-particle Hartree-Fock states. We
demonstrate the advantage of this approach in obtaining the
many-body energy and the reshaped electron distribution over
direct CI calculations by computing the charging and binding
energies for a second electron in a single phosphorus dopant
in silicon. Our calculations treat explicitly the additional elec-
trons bound to the impurity, relative to the electronic structure
of a single silicon atom, while treating the remaining electrons
within the tight-binding frame. Next, we apply our formalism
to systems consisting of two phosphorus atoms at short sep-
arations, forming atomic clusters. Multiple dopants can form
highly confined regions in the neighborhood of closely packed
dopants. Conversely, when the impurity-impurity separation is
large, dopants form arrays of tunnel-coupled quantum wells.
After analyzing the energy distribution of the valley-split
lowest single-electron states in these clusters, we report bind-
ing and charging energies for one, two, and three electrons.
Our result suggests that the impurity-impurity separation in a
dimer cluster is a good measure of the electron confinement in
clusters, revealing simple trends in the binding and charging
energy for two and three electrons. Next, we consider phos-
phorus dimers at larger separations along the [100] direction,
transitioning from a cluster to an array configuration. We note
that two-electron binding and charging energies decay with
separation, favoring an antiferromagnetic ground state in all
cases. The dimer can hold an additional electron, forming a
structure with a charge of −1. This state is weakly bound and
their binding energy is very sensitive to the impurity-impurity
separation.

The organization of the paper is as follows. In Sec. II
we describe in detail the self-consistent protocol for cal-
culating the many-body electron properties by combining
tight-binding calculations and the Hartree-Fock approxima-
tion. Then, in Sec. III we study the two-electron problem
in a single phosphorus atom in silicon, calculating charging

and binding energies. In Sec. IV we investigate multielec-
tron states in two-phosphorus-atom clusters and analyze their
variation with impurity separation. Next, in Sec. V, we con-
sider one, two, and three electron states in phosphorus dimers
at separations larger than 1 nm. Finally, we summarize in
Sec. VI.

II. TB-HF FORMALISM

In this section, we introduce the tight-binding Hartree-Fock
formalism (TB-HF) as an efficient method to calculate many-
electron states and energies in impurity arrays/clusters in
silicon. The protocol combines exact electronic tight-binding
calculations [17,22] and solutions to the associated Poisson
equations to obtain the electric potential and charge distribu-
tion in the impurity array in a self-consistent form. The TB-HF
method for an N-electron system consists of the following
three cyclic steps.

(1) TB calculation. We carry out tight-binding calculations
to obtain single-electron states (TB states) and energies (TB
energies) of the impurity array. We include the screening
potential energy JN due to the electron-electron repulsion
potential obtained at step (3).

(2) HF equations. We write the Hartree-Fock equations in
the TB-state basis in step (1) and solve these equations ob-
taining the Hartree-Fock single-electron state (HF states) and
energies (HF energies). The many-electron state is the Slater
determinant of the N lowest HF states.

(3) Total electron-electron potential. From the many-body
wavefunction obtained in step (2), we obtain the total N-
electron density and the corresponding total electrostatic
potential J (N ) by solving the associated Poisson equation.

The protocol runs in a loop until one achieves self-
consistency in the potential J (N ) or the electron density. It
can be implemented to calculate the N-electron ground-state
energy, as well as excited energy states with a restricted spin
configuration, such as triplet states. We now describe each
step in more detail.

We implement the empirical sp3d5s∗ atomistic tight-
binding model with spin for Si utilizing the parameter set
in Ref. [22] and represent each phosphorus atom in the
array/cluster by a screened Coulomb potential centered at the
impurity position [17,23,24], with a central cell correction.
Specifically, each phosphorus atom in the array replaces a Si
atom, introducing a confinement potential for the additional
electron that we model as a screened Coulomb potential,

UP(r) =
{ −e

4πεSi|�r−�rP | , �r �= �rP,

UCCC, �r = �rP,
(1)

where εSi is the silicon dielectric constant, �rP is the impu-
rity location, and UCCC is the central cell correction which
accounts for short-range electron-donor interactions near the
impurity. The central cell correction remains constant during
the self-consistent calculation.

The TB calculation includes the potential energy J (N )(�r) =∑N
i=1 Ji(�r) corresponding to the total electron-electron repul-

sion for N electrons in the array/cluster. We can initialize our
calculation by assuming that this potential is zero or estimate
it as the sum of the electron density for single electron states
in each individual P atom. Thus we write the tight-binding
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Hamiltonian HTB

ĤTB(�r) = Ĥo(�r) + Ĵ (N )(�r), (2)

Ĥo(�r) = ĤSi(�r) + ÛP−array(�r), (3)

where ĤSi is the Hamiltonian for the silicon matrix [22] and
ÛP array(�r) = ∑N

i ÛPi (�r) is the screened nuclear potential of
the impurity array. We solve the eigenvalue matrix equation,
ĤTB|φk〉 = εTB

k |φk〉, and find states |φk〉 with energies εTB
k

falling in the band gap and near the conduction band edge.
Starting from the N-electron Hamiltonian

Ĥ(N )(�r1, . . . , �rN ) =
N∑

k=1

Ĥo(�rk ) +
N−1∑
k=1

N∑
l>k

1

|�rk − �rl | , (4)

we write the associated self-consistent HF equations [25]

εHF
i |ψi(�r1)〉 = Ĥo(�r1)|ψi(�r1)〉

+
∑
j �=i

Ĵ j (�r1)|ψi(�r1)〉 − K̂i j (�r1)|ψ j (�r1)〉 (5)

= ĤTB(�r1)|ψi(�r1)〉 − Ĵi(�r1)|ψi(�r1)〉
−

∑
j �=i

K̂i j (�r1)|ψ j (�r1)〉 (6)

in terms of the Hartree-Fock single-electron wavefunction
|ψi〉, with the Coulomb and exchange potentials given by

Ĵ j (�r1) = 〈ψ j (�r2)| 1

|�r2 − �r1| |ψ j (�r2)〉, (7)

K̂i j (�r1) = 〈ψ j (�r2)| 1

|�r2 − �r1| |ψi(�r2)〉. (8)

We then assume the set of TB states {|φk〉} forms a complete
basis in which we can expand the HF states [25] |ψi〉 =∑M

k=1 c(k)
i |φk〉, for a sufficiently large M � N . We write the

canonical Hartree-Fock equations on this basis and solve the
resulting matrix equation HC = SCE, with

H = ĤTB − F̂ , (9)

[ĤTB]i j = δi jε
TB
i , (10)

[F̂ ]i j = 〈φi|K̂ji|φ j〉, (11)

obtaining the HF energies {εHF
i } and coefficients {ck

i } defin-
ing the HF states in terms of M TB states. We remark that
the matrix F̂ in Eq. (11) has diagonal elements of the form
〈φ j |Ĵ j |φ j〉, corresponding to the self-interactions introduced
during the TB calculation and that are removed in Eq. (9).
The many-body wavefunction is the antisymmetric N-electron
Slater determinant

|�N 〉 = 1√
N!

∑
s∈SN

(−1)sgn(s)|ψs(1)(�r1) . . . ψs(N )(�rN )〉. (12)

During the calculation, and by virtue of the identity

∇2
1

1

|�r2 − �r1| = −4πδ(�r1 − �r2), (13)

we determine the potentials in Eqs. (7) and (8) by solving the
associated differential equations

εSi ∇2
1 Ĵ j (�r1) = −|ψ j (�r1)|2, (14)

εSi ∇2
1 K̂i j (�r1) = −ψ j (�r1)∗ψi(�r1), (15)

with boundary conditions obtained from the asymptotic
behavior of Eqs. (7) and (8) as �r1 approaches to the com-
putational boundary box �. Having obtained the many-body
wavefunction |�N 〉 and the potentials {Ji}, we recalculate J (N )

and repeat the process until we achieve self-consistency in the
electron potential or density. This completes the protocol.

Finally, we make the following remarks about the TB-HF
method introduced in this section. First, the present protocol
does not require specifying the sp3d5s∗ atomic orbitals, as
it relies only on the tight-binding amplitudes obtained in the
first step to calculate potentials in Eqs. (14) and (15). Indeed,
we obtain the densities |ψ j (�r1)|2 and products ψ j (�r1)∗ψi(�r1)
from the tight-binding amplitudes and numerically solve for
Ĵi and K̂i j . We also obtain in this form the matrix elements
entering in the generalized eigenvalue problem defined by the
Hartree-Fock approximation. Second, we remind the reader
that the HF approach naturally introduces exchange into the
calculation of the many-body states, removing also unphys-
ical self-interactions. This eliminates the need to introduce
additional potentials into the self-consistent calculation to ac-
count for exchange, as it is frequently done in self-consistent
solutions of the tight-binding model and associated Poisson
equations [20,26–29]. We will also find below that, by in-
troducing electron-electron repulsion potentials in step (1),
we effectively reshape the single-electron wavefunctions and,
therefore, the electron density. As compared with CI theory
[21], the TB-HF approach does not include correlation energy,
but one can run an additional CI calculation, starting from the
HF-state basis, to account for this correction. We denominate
such an approach as the TB-HF-CIo method. The latter in-
cludes correlation on a basis that satisfies the Hartree-Fock
equations.

III. PHOSPHORUS ANION P−

In this section, we study the electronic structure of a sin-
gle phosphorus atom in silicon with charge −1. Within the
semiempirical tight-binding model for the silicon matrix [17],
this problem corresponds to solving the two-electron problem
in the screened spherical potential defined by the P atom.
For this system, experimental bulk measurements [30,31] re-
port a charging energy of 43.6 meV as well as a binding
energy of about 2 meV for the second electron, indicating
that this is a stable, weakly bound state. Moreover, recent
studies in the single-atom transistor [8] reveal the existence
of a stable P−1 state in the charge stability diagrams. Theo-
retical studies based on configuration-interaction calculations
[20,32,33] reproduce these charging energies with a signif-
icant computational cost. Here, we implement the TB-HF
method introduced in Sec. II, utilizing Coulombo [33]—
an efficient, parallelized routine with quasilinear scaling of
computational time that calculates Coulomb matrix elements
within the tight-binding framework—to obtain Coulomb and
exchange integrals and electron-electron repulsion potentials.
We demonstrate below that we can achieve good agreement
with the expected values with a lower computational cost.
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As a result of the electron interactions, the P−1 electronic
energy is larger than the sum of the single-electron energies
of each electron in the noninteracting ground state. We define
the charging energy (CE) for this system by

CE = EP−1 − 2EP0 , (16)

where EPn is the electronic energy for negatively charged
(n = −1) and neutral (n = 0) phosphorus atoms in Si. We
remark that we only treat explicitly the additional electrons
bound to the impurity relative to a silicon atom, that is, two
electrons in the case of P−1 and one in the case of P0. In this
form, the charging energy is a measure of interaction energy
due to the electron-electron repulsion and wavefunction re-
shaping, extra energy needed by a second electron to form
the P−1 state. In Fig. 1(a), we report the CE as a function of
computational box size, calculated by three different meth-
ods: the full configuration interaction (FCI), the TB-HF, and
the TB-HF-CIo introduced here. We used the lowest 36 TB
states in the three calculation types as a basis, which include
the twelve valley-split spin-degenerate 1s states characteris-
tic of a single electron in a P atom in Si. The others are
higher states and can include conduction band states. Since
the second electron is only weakly bound to the P atom, the
calculation of the multielectron energy is sensitive to the con-
duction band edge and can vary with the computational box
size [32,33]. As evidenced by Fig. 1(a), the HF-TB method
approaches the expected value [30,31] of 43.6 meV faster
for the CE than the full configuration-interaction calculation,
providing a better estimate of the charging energy in smaller
computational boxes. Indeed, by including the conduction
band and higher energy states in the basis, the FCI calcu-
lation broadens the electron distribution, compensating for
the mutual repulsion. Accurate higher bound states, such as
2s states, as well as conduction band states, demand large
computational boxes as these are only weakly confined. On
the contrary, the self-consistent TB-HF protocol reshapes
the wavefunction on each iteration, converging to a broad-
ened self-consistent HF basis that more efficiently captures
contributions from higher energy states to the many-body
wavefunction. Moreover, we note that including electron cor-
relation energy results in a minor but additional improvement
of the binding and charging energies. Running a CI calcu-
lation on top of the TB-HF computation incurs the same
computational cost as a direct CI calculation, since this addi-
tional step is not performed self-consistently. Overall, we can
conclude that wavefunction reshaping is the physical mech-
anism that allows for a weakly bound two-electron state. To
illustrate this point, we first show in Fig. 1(b) the overlap
between the single-particle basis used in the FCI calculation
and the self-consistent HF states. High-energy TB states have
electron densities that spread more relative to lower-energy
states. Taking the TB-state set as a basis, the wavefunction
overlaps permit a direct comparison between these and the
HF states. We note that the lower two HF states—which
form the many-body wavefunction for the two-electron sys-
tem as in Eq. (12)—overlap with the higher energy states that
contribute significantly to the FCI wavefunction, suggesting
the expansion |φHF

1 〉 ∼ 〈φTB
1 |φHF

1 〉|φTB
1 〉 + 〈φTB

2 |φHF
1 〉|φTB

2 〉 +
〈φTB

25 |φHF
1 〉|φTB

25 〉 + 〈φTB
26 |φHF

1 〉|φTB
26 〉. |φHF

2 〉 is the spin conju-

(e) (f)

FIG. 1. Phosphorus anion P−1 in silicon. (a) Charging energy
for the second electron obtained from a configuration interaction
(blue), Hartree-Fock (red), and combined Hartree-Fock configuration
interaction (brown, dashed) calculations as a function of the com-
putational box edge length. (b) Overlap |〈φTB

i |φHF
j 〉|2 between the

single-electron states used in the CI calculation |φTB
i 〉 and the single-

electron basis obtained self-consistently during the HF calculation
|φHF

j 〉, with 1 � i � 36 and 1 � j � 12. White blocks correspond to
less-than-one-percent total overlap. The overlaps show that the HF
calculation captures self-consistently the reshaping of the wavefunc-
tion. (c) Conduction band edge as a function of the computational
box edge length. The fit line displayed is CB(x) = 1.1318 eV +
3.764 eV nm2/x2. (d) Binding energy for corresponding to the tran-
sition P−1 → P0 + e[CB(∞)]. (e) Radial distribution function slice
for the single-electron ground state |φTB

1 〉 over the [001] direction.
(f) Radial distribution function slice for the single-electron Hartree
Fock state |φHF

1 〉 over the [001] direction.

gated form of |φHF
1 〉. We ascribe these overlapping TB states,

listed as 25 and 26 in Fig. 1(b), to the 2s manifold for a single
electron in a P atom, based on the electron distribution shape.
The TB states 13–24 display electron densities that spread
over the whole computational box, a signature of a conduction
band state. On the contrary, the TB states 25–36 have electron
densities localized near the impurity. This crossing between
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bound and conduction states results from the finite computa-
tional box size. Second, we calculate in Figs. 1(e) and 1(f) the
corresponding radial distribution function

g(�r, �ro) = |�r − �ro||φ(�r)|2 (17)

for the single-electron ground state in a phosphorus atom
|φTB

1 〉 and the lowest HF state |φHF
1 〉. We show the radial

distribution function in the (100) plane containing the P atom,
setting �ro as the impurity position �rP. Thus, since the electron
density decays fast far from P, g(�r, �rP ) vanishes when �r = �rP

and when |�r − �rP| is large. By comparing Figs. 1(e) and 1(f),
we find that the electron density in the HF state |φHF

1 〉 is
wider than the single electron density |φTB

1 〉, demonstrating
the rescaling achieved by the TB-HF method. In fact, the mean
radial dispersion

〈r〉 =
∫

BOX
g(�r, �rP ) dx dy dz (18)

is much larger for the HF state (〈r〉HF = 3.58 nm) than it is for
the single electron TB ground state (〈r〉TB = 1.92 nm).

The second-electron binding energy BE, corresponding to
the energy for the transition P−1 → P0 + e, depends on the
energy for an unbounded electron in Si or the conduction band
edge ECB and is given by

BE = EP−1 − (EP0 + ECB). (19)

Figure 1(c) shows how the conduction band energy minimum
varies with the computational box size. We use these values
to estimate the exact value for the ECB. Denoting by x the
length of the cubic computational box, we anticipate from a
particle-in-a-box picture that the conduction band edge will
approach as 1/x2 to its actual, box-independent value. Using
this form, we find that the expression CB(x) = 1.1318 eV
+3.764 eV nm2/x2 reproduces the trend in Fig. 1(c), also
suggesting ECB = 1.1318 eV. Utilizing this value for ECB, we
calculate BE, Eq. (19), in Fig. 1(d) and note that the TB-HF
calculation predicts a binding energy of −0.93 meV in the
largest boxed size considered. Adding electron correlation
energy via the TB-HF-CIo calculation results in a better es-
timate of −1.37 meV relative to the experimentally estimated
value of −2 meV. We remark that this binding energy is
on the order of magnitude of the energies we can compute
with the TB-HF method, as numerical convergence is very
sensitive to the rapid change in the wavefunction during the
self-consistent calculation near the conduction band edge.
Nevertheless, this result also shows that one can obtain results
closer to the experimental ones for weakly bound states and
smaller computational boxes by implementing the HF-TB
method.

On a final note, we comment on the computational cost
between the CI and TB-HF methods.

(i) First, for a given basis set of size nwf , the CI calculation
requires the one-time evaluation of n4

wf Coulomb-type inte-
grals to write and diagonalize the CI matrix. In contrast, while
the TB-HF method requires n2

wf integrals, these should be
recalculated at each iteration step before writing and solving
the HF equations.

(ii) For the results presented in Fig. 1, we achieve numer-
ical convergence in the smaller computational boxes after 15
iterations and in the two largest boxes after 20 iterations. Here,

== PP atom

A B C

D E F

FIG. 2. P2 clusters. These systems are embedded in a square
computational box of 17.376 nm edge length in the energy calcu-
lations below.

the TB-HF convergence criterion was 1% error in the HF
energies and electron repulsion potentials after consecutive
iterations.

(iii) The single TB energy calculations required by both CI
and TB-HF calculations implement a parallel version of the
Arnoldi iteration method. For a P atom in Si, the wall clock
time for each TB calculation varied between 2 and 4 h for the
smallest box (edge length 10.86 nm with 20 CPU) and 14 and
24 h for the largest box (edge length 19.55 nm with 50 CPU).

(iv) The HF matrix is an nwf dimensional matrix, while the
FCI matrix size will depend not only on nwf but on the number
of electrons ne. For the two-electron calculation, the CI matrix
dimension is (1/3)(nwf + 1)(nwf − 1)nwf .

As we have noted above, physically accurate CI calcula-
tions require a larger computational box size and a larger nwf

than a TB-HF calculation. Overall, we find that the TB-HF
calculation is more cost efficient than the CI method. The
TB-HF-CIo method adds one CI at the end of the TB-HF cal-
culation, with the associated additional cost being comparable
to that of an independent CI calculation.

IV. TWO PHOSPHORUS-ATOM CLUSTERS

Next, we consider the electronic structure of systems con-
sisting of two close phosphorus atoms in silicon. Specifically,
we study the set of structures with two P atoms in Fig. 2,
which have in common that both phosphorus atoms lie in the
same unit cell, forming an atomic cluster. We generically de-
note these structures by P2 and refer below to each cluster by
the label used in Fig. 2. These clusters may result from the im-
perfect fabrication of single-atom transistors or be desired to
fine-tune single quantum-dot properties. As shown in Fig. 3,
the energy spectrum for a single electron in these devices
is sensitive to the P2 relative orientation within the silicon
matrix and the P-P separation. In contrast with a single P atom,
the P2 nuclei form a nonspherical confinement potential. We
identify in Fig. 3 twelve bound states for each case, resulting
from valley splitting and spin degeneracy of the otherwise
simple ground-state energy in such nonspherical potential. In
contrast with the single-electron energies in a single P atom,
the larger electron confinement provided by the P2 cluster
shifts the ground state to a lower energy, also increasing the
energy range covered by the twelve-state manifold in the Si
conduction band gap. Moreover, the nonspherical confine-
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FIG. 3. Phosphorus dimer cations P+1
2 in silicon. We present

single-electron energies for dimers in the configuration one phos-
phorous atom in (0,0,0) and the second one at (a) (1/4, 1/4, 1/4),
(b) (1/2, 0, 1/2), (c) (1,0,0), (d) (1,0,1), (e) (3/4, 1/4, 3/4), and (f)
(1,1,1). Energies in blue correspond to bound states and those in
yellow are conduction band states.

ment potential and the relative orientation of the different P2

clusters result in distinct interactions with each conduction
band valley. Such differences in the valley splitting manifest
in the lower degeneracy in the energy spectrum. As compared
with the single P energies [23], the threefold T2 states split,
forming a twofold and a onefold state in clusters A, C, E, and
F, while all these states show different energies for clusters B
and D. Similarly, the twofold E states are no longer degenerate
for the B and C clusters. Thus single-electron states are very
sensitive to the P2 atomic arrangement.

In Fig. 4 we investigate two and three electron configura-
tions in the P2 clusters in Fig. 2. We present the results for the
charging and binding energies

BEn =EP2−n
2

− (
EP3−n

2
+ ECB

)
, (20)

CEn =EP2−n
2

− [
EP3−n

2
+ EP+1

2
(n)

]
, (21)

A

B

C D
E F

A

B C D
E F

FIG. 4. Neutral and anionic phosphorus dimers P0
2 and P−1

2 in
silicon. (a) Charging energy and (b) binding energy for the second
and third electrons. Multielectron configurations: two-electron sin-
glet (↑↓, blue TB-HF, magenta CI), two-electron triplet (↑↑, red
TB-HF), and three-electron singlet (↑↓↑, black TB-HF, green CI)
state.

where EP+1
2

(n) is the nth TB single-electron energy in P+1
2 ,

as a function of the impurity separation. For the two-electron
configuration P0

2, we carry out TB-HF calculations and ana-
lyze the two possible spin states: a singlet (↑↓) and a triplet
state (↑↑). We also report the CI two-electron ground state
energy. Comparing the HF binding energies for each P0

2 spin
configuration, we conclude that the singlet state is the ground
magnetic state in every case. This result coincides with the CI
prediction, with a CI wavefunction dominated by the antisym-
metrized product A|φ1↑〉|φ1↓〉 with a weight varying between
84 and 95%. When comparing the HF and CI energies, we
observe consistently lower binding energies in the CI ener-
gies with an approximate 5% difference. We also observe a
simple, almost monotonic, trend between the binding ener-
gies and the impurity separation in all cases. Charging and
binding energies decrease as a function of the P-P distance,
suggesting that this geometric parameter correlates with the
relative electron confinement. Indeed, the A cluster shows
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the largest second-electron charging and binding energies for
both single and triplet states. These energies are significantly
smaller, by more than 100 meV in the singlet case, for the
B cluster. However, the variation in the binding energies is
less notable between clusters B to F. This suggests that the
electronic properties of devices consisting of any of the B–F
clusters are similar within a range of tolerance of a few meV
if the cluster is charge neutral. On the other hand, the second
electron charging energy is more than twice the corresponding
energy in a single impurity. The net result is that these larger
charging energies counterbalance the lower single-electron
energies observed in the B–F clusters in Fig. 3, leading to
minor differences in their second-electron binding energy.

In analogy with the P−1 state for a single impurity, we
study the P−1

2 state for clusters C–F in Fig. 2 and report in
Fig. 4 the binding and charging energies for the transition
P−1

2 → P0
2 + 1e. For clusters A and B, our TB-HF calculations

suggest that the P−1
2 state is unstable. In contrast, CI binding

energies with a 36-wavefunction basis predict unstable P−1
2

structures in all cases, except for the B cluster, confirming
our observation that the CI method requires a larger single
particle basis to accurately predict bound states with energies
near the conduction band. In our model, these systems are
mapped into a three-electron system in the effective potential
defined by the P2 cluster. In this form, these systems resemble
the negatively charged hydrogen molecule H−1

2 . For the case
of H−1

2 , theoretical studies [31] suggest that the third electron
binding does not occur for separations less than 0.15 nm.
For the case of P−1

2 in Si, our TB-HF calculation suggests
that the third electron binding does not occur below 0.5 nm
P-P separation; however, CI binding energies reveal a weakly
stable state for the B cluster. Moreover, when the P−1

2 state is
stable, we observe that the HF charging energy for the third
electron is on the order of magnitude of the charging energy
for the second electron in clusters C–F. In contrast, the HF
binding energy is smaller than the one for the second electron
in P2 but larger than for a second electron in a single P atom.

V. TWO PHOSPHORUS-ATOM ARRAYS

In this section, we study the two- and three-electron ener-
gies in phosphorus dimers at separations larger than 1 nm. As
the distance between P atoms increases, we expect to transi-
tion from cluster states P2, corresponding to single quantum
dots, to a two-dot array (2P) [17].

Figure 5 presents the charging and binding energies as a
function of P dimer separation between 1 and 4 nm along
the [100] direction, calculated from equivalent expressions
to those in Eqs. (20) and (21). We include TB-HF and CI
results, observing consistently lower TB-HF binding energies,
except for the largest separation considered. In this range,
for a system with two electrons, the charging energy decays
from about 100 meV to nearly 50 meV for both the singlet
and triplet spin states. The variation in charging energy is
less sensitive to the separation at larger impurity-impurity dis-
tance. Binding energies for the second electron also decrease
as the P-P distance. Notably, while the charging energy for
a second electron is about the same for the singlet and triplet
states, the TB-HF binding energy is larger for the singlet state,

FIG. 5. Electron charging and binding energies in a two-
phosphorus array as a function of impurity-impurity separation d .
(a) Charging energy and (b) binding energy for three multielec-
tron configurations: two-electron singlet (↑↓, blue TB-HF, magenta
CI), two-electron triplet (↑↑, red TB-HF), and three-electron singlet
(↑↓↑, black TB-HF, green CI) state. Impurities are separated along
the [100] direction.

implying that the ground state for the neutral dimer 2P is
antiferromagnetic. As in the case of P clusters, this conclusion
also follows from the CI wavefunctions, showing above 92%
contributions from the antisymmetrized product A|φ1↑〉|φ1↓〉
in all cases but the dimer with the largest separation. For the
latter, it drops to 73% showing larger configuration mixing.
This effectively results in the observed higher binding energy,
relative to the TB-HF result. We also note that the TB-HF
binding energy difference between the singlet and triplet states
moderately diminishes with separation.

The TB-HF binding energy variation as a function of
impurity distance for the third electron in the 2P arrays in
Fig. 5(b) reveals that this electron is weakly bound, follow-
ing a nonmonotonic dependence in the range of separations
investigated. Indeed, we note in Fig. 5(a) that the charging
energy for a third electron is about 40% larger than the
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FIG. 6. Electron-density mean radial dispersion 〈r〉 in 2P arrays
as a function of impurity separation d , setting ro to the midpoint
between the impurities.

corresponding energy for a second electron, driving the TB-
HF binding energy for the third electron in the dimer to lie just
below the conduction band edge. CI calculations with a 36-
TB-state basis predict unstable three-electron configurations
in every case except for the largest dimer. This demonstrates
again that TB-HF calculations provide a better estimate of
the system energy when the electron energies are closer to
the conduction band. The charging energy decays for large
P-P separations, favoring a more stable three-electron state.
We rationalize this finding in terms of the electron density
spread over the confinement regions defined by each phos-
phorus atom and wavefunction reshaping. Our calculations
confirm that electron density spreads evenly over the two dots,
lowering the net electron-electron repulsion at larger separa-
tions. We calculate the mean radial dispersion 〈r〉, Eq. (18),
in Fig. 6, setting �ro to the midpoint in the line separating
the two impurities to quantify for wavefunction reshaping.
This choice of �ro provides a simple interpretation of 〈r〉 in
Fig. 6 as a local charge density center along the line joining

the impurities starting from �ro. Indeed, if |φ(�r)|2 = 1/2[δ(�r −
�rP ) + δ(�r − �rP′ )], then 〈r〉 equals half the impurity-impurity
distance 1

2 |�rP + �rP′ | = d/2. In all cases analyzed, we observe
that 〈r〉 > d/2. Relative to the mean radial distribution for a
single electron in the dimer (states φTB

1 and φTB
3 ), we observe

in Fig. 6 a significant increase in 〈r〉 for the HF states cor-
responding to the antiferromagnetic (↓↑) and ferromagnetic
(↑↑) two-electron states. The difference in 〈r〉 between these
states narrows for d > 4 nm, suggesting that the Coulomb
repulsion between the two electrons has a minor effect on the
electron distribution beyond this separation. The HF states for
the three-electron configuration (↑↓↑) display larger values
in 〈r〉, suggesting that the charge density centers near each
impurity move further apart from each other to minimize the
electron interactions providing a stable configuration for a
third electron.

VI. CONCLUSION

We introduced the tight-binding Hartree-Fock formalism to
calculate many-body properties in dopants in semiconductors.
The method relies on atomistic tight-binding calculations of
single-electron states, representing the impurities by effective
potentials screened by the dielectric constant of the host ma-
terial. We solve the associated Hartree-Fock equations after
obtaining the Coulomb and exchange integrals from numer-
ical solutions to their Poisson equations. The latter can be
solved without invoking any particular sp3d5s∗ atomic orbitals
whenever they depend exclusively on the electron density.
From the resulting many-body electron energies, we can read-
ily calculate binding and charging energies, which are relevant
quantities for understanding and controlling dopant-based de-
vices. In contrast to the configuration-interaction method, the
TB-HF protocol presented here provides a more efficient way
to account for the reshaping of the electron wavefunction due
to confinement and electron interactions. While, for many
electrons, the computational cost of a CI calculation grows
exponentially with the basis size, a typical HF calculation only
scales quadratically while depending on several iterations un-
til self-consistency is achieved. Moreover, a CI calculation
following a TB-HF calculation allows for additional correc-
tions to the many-body energy due to electron correlation.
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