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Atomistic modeling of nanostructures often leads to computationally challenging problems involving 
millions of atoms and tens of thousands of Coulomb matrix elements. In our previous work, we presented 
a practical solution to this problem, where quasi-linear efficiency, both in time and memory, was obtained 
by utilizing the fast Fourier transform. Here, we present an updated version of our highly-parallelized 
computer program, named Coulombo-Lattice, that eliminates the necessity of introducing an auxiliary 
basis set for the wave-function transfer to the computational grid. Here, we instead exploit the properties 
of the underlying crystal lattice and run calculations on a regular three-dimensional grid superimposed 
on the original, lower-symmetry lattice. Due to removal of spurious interactions from other supercells, 
the resulting Coulomb matrix elements are, up to numerical precision, identical to those obtained by the 
direct summation O (N2) method, yet our code maintains O (N log N) scaling. We illustrate our approach 
by calculations involving up to 1.7 million integrals, and number of atoms reaching up to 2.8 million, 
for the problem of dopant charging energy for a single phosphorus dopant embedded in a silicon lattice. 
Next, to emphasize the broad applicability of our code, we show the results for mixed zinc-blend/wurtzite 
lattice systems, also known as crystal phase quantum dots.

Program summary
Program Title: Coulombo-Lattice
CPC Library link to program files: https://doi .org /10 .17632 /jwkvh5ycbf .1
Licensing provisions: CC BY 4.0
Programming language: C++
Nature of problem: Computing the Coulomb matrix elements (Coulomb and exchange integrals), while 
being a demanding computational task, is a necessary step in a range of quantum mechanical 
calculations. For example, in the field of nanostructures, such as quantum dots and nanowires or novel 
single dopant devices, this stage of calculation (even after a series of approximations) is at least an O (N2)

operation (a summation over all pairs of N atoms or grid points in the analyzed system). Moreover, 
calculating the full Coulomb matrix usually requires the computation of thousands of such elements, 
thus presenting a formidable computational challenge.
Solution method: We provide a ready-to-use implementation for calculating Coulomb matrix elements for 
a given set of input wavefunctions in LCAO (linear combination of atomic orbitals) form resulting from 
tight-binding calculation. This implementation is based on the approach introduced in [1,2], by using a 
fast Fourier transform. In this work, we further significantly improved the method by eliminating the 
need to introduce wave-function transfer via auxiliary basis set.
Additional comments including Restrictions and Unusual features: The implementation is fully parallelized in 
a distributed-memory model, using MPI and parallel routines from FFTW [3].
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1. Introduction

Atomistic [1–9] approaches are state-of-the-art methods for 
modeling electronic and optical spectra of nanostructures, includ-
ing various types of quantum dots and nanowires [10–20]. How-
ever, since atomistic approaches define systems in an atom-by-
atom fashion, this leads to significant computational challenges, as 
often the number of atoms can easily exceed a million [21,19,9]. 
Computations for such systems are a formidable challenge in 
particular at the stage of the many-body part of the calcula-
tions, where interactions—Coulomb matrix elements—between sin-
gle (quasi-)particles need to be accounted for.

For example, in the case of the empirical tight-binding (TB) 
methods where a linear combination of atomic orbitals (LCAO) is 
used, the straightforward calculation of Coulomb matrix elements 
would lead to a very unfavorable scaling of O (N4), where N is a 
number of atoms, which after a series of approximations this can 
be reduced to a quadratic-like O (N2) scaling [9]. Such O (N2) scal-
ing, whereas acceptable for small systems (such as a ∼1 thousand 
atoms nanocrystal), is impractical for cases involving more than 
over a million of atoms (e.g. nanowire quantum dots) leading to 
an increase of the computational time by six orders of magnitude, 
as compared to 1 thousand atoms.

In our recent works [9,22] we have presented a solution to 
this problem. After a single particle stage of the calculation using 
the empirical tight binding method, we convert the LCAO wave-
functions to a three-dimensional grid (with at most 30 grid points 
per atom) to obtain converged many-body spectra. This transfer 
from LCAO to a relatively coarse grid allows for the utilization of 
Fourier space methods on a grid namely the fast Fourier transform 
(FFT). The time of many-body calculation of Coulomb matrix ele-
ments scales as O (N log N), where N is the number of grid points 
linearly related to the number of atoms, and thus leading to a 
quasi-linear scaling in terms of the number of atoms. We have 
also presented a user-ready computer code-named Coulombo that 
is able to perform such quasi-linear (in time and memory) calcu-
lations of Coulomb and exchange integrals from real or complex 
wave-functions defined on a spatial, three-dimensional grid. The 
code also uses a zero-padding technique to avoid spurious interac-
tion of charges from a super-cell with their periodic copies from 
other cells [23–25], and a graph-based algorithm for an efficient 
treatment of multiple integral calculations.

Here, we propose a new version of Coulombo code, named 
Coulomb-Lattice that omits conversion of the LCAO wave-function 
to an auxiliary grid altogether. In the previous version, such con-
version has been performed by using some auxiliary (ad-hoc) ba-
sis set that is not only ambiguous, but may lead to strong basis 
dependence of final spectra [9]. The new Coulombo-Lattice code 
presented here exploits properties of the underlying crystal lattice, 
such a diamond, zinc-blende, wurtzite or lattice-mixed systems, 
where the regular, cubic grid of smaller lattice constants can be 
superimposed on a larger lattice constant grid of higher complex-
ity. This is achieved automatically, by the program, by finding a 
regular superset of all possible atom positions. This idea, which is 
further elaborated in the text, allows Coulombo-Lattice to avoid the 
necessity of introducing an auxiliary basis set. The wave-function 
is transferred to a potentially much finer grid, maintaining all the 
advantages of the previous version including quasi-linear scaling 
computational time, removal of spurious interactions due to peri-
odicity, and elasticity of user-provided screening model.
2

2. Problem description

In any given base of single-particle states ψn , the Coulomb 
matrix elements (elements of the matrix representation of the 
Coulomb operator) are defined as [26,6]

Eijkl =
∫

ψ∗
i (�r1)ψ

∗
j (�r2)ψk(�r2)ψl(�r1)

ε(�r1 −�r2)|�r1 −�r2| dr3
1 dr3

2 , (1)

where i, j, k and l are indices of single-particle functions, �r1 and �r2
span the entire computational domain, and ε stands for a position 
(distance) dependent dielectric function, which, in the simplest ap-
proximation, can often be replaced by a static dielectric constant.

In Ref. [9,22] we have shown that if the wave-functions are 
represented on a regular (but not necessarily equidistant) three-
dimensional grid, these integrals can be computed effectively in 
quasi-linear time complexity depending on the size of the compu-
tational domain.

More specifically, introducing a regular with the grid steps of 
hx , hy and hz , respectively, we can rewrite (1) as

Eijkl =
∑
�r1

∑
�r2

ρil(�r1) G(�r1 −�r2)ρ jk(�r2)h2
x h2

y h2
z (2)

where ρil = ψ∗
i ψl and ρ jk = ψ∗

j ψk are two “quasi-densities” 
formed by pairs of wavefunction and “interaction function”
G(�r) = (ε0ε(�r)|�r|)−1 depending on the precise model for di-
electric function ε (assuming it depends on the distance only).

As a next step, we introduce the “quasi-potential” V jk gener-
ated by one of the quasi-densities ρ jk , which allows us to rear-
range the equation as

Eijkl =
∑
�r1

ρil(�r1) V jk(�r1)h2
x h2

y h2
z (3)

with V jk defined as

V jk(�r1) =
∑
�r2

G(�r1 −�r2)ρ jk(�r2) (4)

which, in turn, can be rewritten as V jk = G ⊗ ρ jk where ⊗ de-
notes the full (non-periodic) convolution. Using the convolution 
theorem and either zero-padding or manipulating halves of the 
computational domain [22], this can be computed in quasi-linear 
O (N log N) time, where N is the number of grid points, linearly 
dependent on the number of atoms [9].

However, the solution described above requires the introduction 
of an auxiliary basis (e.g. Slater orbitals) in order to transform the 
results of TB calculations (i.e. wave-functions in LCAO form) to val-
ues on a regular three-dimensional grid. This additional step has a 
significant effect on results, especially in the case of exchange inte-
grals, as they are apparently more prone to the non-orthogonality 
of the basis orbitals on the scale of the unit cell (as shown in [9]; 
see Fig. 5 in the referenced work and discussion that follows).

Moreover, the introduction of an arbitrary grid itself can af-
fect the results, which may strongly depend on the precise value 
of the (somewhat arbitrary) grid step, and the obtained values of 
Coulomb and exchange integrals tend to oscillate even for seem-
ingly fine grid steps. The comprehensive study of this effect is 
given in [9], in particular in Fig. 3 and Fig. 4.
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Fig. 1. Schematics illustrating that zinc-blende lattice can superimpose on a regular (cubic) grid with 1
4 a0 lattice constant. The identical principle applies to silicon (diamond) 

lattice for the dopant problem studied in the text.
3. Introducing the intrinsic grid

Our solution is based on two remarks.
Firstly, for a wide class of regular atom arrangements (e.g. crys-

tals) it is possible to define a regular three-dimensional grid as 
a superset of all possible atom positions. Such a construction for 
zinc-blende crystal, using a grid step of 0.25a0 (a0 being the lat-
tice constant) is shown on Fig. 1, thus effectively correspondingly 
to a regular lattice superimposed on crystal of lower-symmetry. 
Importantly such approach can be utilized for more complicated 
crystal lattices such as e.g. perovskites, quasi-two dimensional sys-
tems such as multi-layer transition-metal dichalcogenides (TMDC) 
systems, or even mixed-lattice systems as discussed later in the 
text. Importantly, this step of finding the optimal, regular, but not 
necessarily equidistant lattice is performed automatically by the 
program itself, by building a superset of atomic position read from 
the user provided file (in a simple, human readable format). More 
specifically, the algorithm builds a list of all displacements �ri − �r0
between positions of all atoms and the position of one, arbitrarily 
selected atom. Then, for each dimension separately, it calculates 
a greatest common divisor of all displacements using a floating-
point version of the Euclidean algorithm. The obtained values for 
all three dimensions define the common grid. It can be shown that 
the resulting grid step does not depend on which atom’s position 
is chosen as �r0. The algorithm includes a sanity check for cases 
with no common grid step (e.g. due to significant strain in the 
system).

Secondly, the previously proposed efficient method of integral 
calculations is not based directly on the representation of wave-
functions ψi , but rather on the quasi-densities ρ jk = ψ∗

j ψk and 
ρil = ψ∗

i ψl formed as the scalar products of the wave-functions. 
Therefore, as long as the quasi-densities are represented as scalar 
fields, the wave-functions may have any generic representation, 
including the LCAO form specific for TB calculations. Thus, for sim-
plicity, Coulombo-Lattice reads TB wave functions from user pro-
vided files given in a simple, human readable format. For user 
convenience, a simple example (including lattice file and wave 
functions) is provided together with the source code.

4. Comparison with O (N2) approach

For completeness, we briefly discuss here O (N2) method that is 
customarily [6,27,9] used for nanostructure calculations using the 
TB basis. We assume the TB wave function given as LCAO:

ψi =
∑
�R,α

ci
�Rα

|�Rα〉, (5)

where �Rα is the α orbital localized on atom �R , and ci
�Rα

is the 
LCAO expansion coefficient. By substituting Eq. (5) into Eq. (1) and 
3

then by utilizing a series of approximations i.e. neglecting four 
and three-center contributions, neglecting off-site exchange inte-
grals due to the orthogonality and the localization of the atomic 
orbitals, and retaining only monopole-monopole terms in the mul-
tipole expansion of Coulomb (with more detail to be found in the 
Appendix A of Ref. [27] and in Ref. [6]), one gets an approximate 
form of Coulomb matrix elements:

Eijkl =
∑

�R1

∑
�R2 �= �R1

e2ρilρ jk

ε
∣∣∣ �R1 − �R2

∣∣∣
+

∑
�R

∑
α1α2α3α4

ci∗
�Rα1

c j∗
�Rα2

ck
�Rα3

cl
�Rα4

Uijkl

(6)

where α is the orbital index and �Ri denotes the position of 
the ith atom, ε is the dielectric constant corresponding to static 
screening used for simplicity, and ρil = ∑

α1
ci∗

�R1α1
cl

�R1α1
, ρ jk =∑

α2
c j∗

�R2α2
ck

�R2α2
are quasi-densities calculated at each atomic site.

The first term is thus the long-range, bulk-screened, contribu-
tion to the two-center integral built from the monopole-monopole 
interaction [28,29] of two charge densities localized at different 
atomic sites. Due to the double summation, this part leads to un-
favorable O (N2) scaling. The second term is the on-site unscreened 
part, with Uijkl = 〈 �R1α1, �R1α2

∣∣∣ e2∣∣ �r1− �r2
∣∣
∣∣∣ �R1α3, �R1α4〉 are Coulomb 

matrix elements expressed in basis of atomic orbitals, typically 
calculated by direct integration using atomic (e.g. Slater) orbitals 
[30,31], however, it is often also estimated in a much simpler fash-
ion by assuming a single U0 onsite potential [27]. Either way, apart 
from the onsite term ambiguity, this part is much less compu-
tationally demanding—due to a single summation of all atoms it 
leads to O (N) scaling—and is thus beyond the scope of this paper.

5. Results and benchmarks

5.1. P dopant in Si

We illustrate possible applications of the Coulombo-Lattice pro-
gram, by running first calculations for a problem of single phos-
phorous dopant embedded and located at the center of a compu-
tationally tractable cubic block of the silicon host material, with 
several different box sizes used in the computation, as shown 
schematically in Fig. 2 (a).

Our calculation starts with the empirical TB calculation, with 
silicon TB parameters set taken from Ref. [32], the silicon block 
surface passivated by mimicking dangling bond passivation accord-
ing to Ref. [33]. For the phosphorous dopant we use a dynamically-
screened electrostatic potential (ε(r) r)−1 with central-cell correc-
tion values tuned so the energy levels of the lowest six (twelve 
with spin) dopant bound states match the respective experimen-
tal values. The actual values of central-cell corrections depend 
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Fig. 2. (a) Schematics of P dopant (red dot) embedded in Si (black circles) host boxes of different dimensions, (b) Lowest 36 dopant levels as a function of the computational 
box size. Due to degeneracy (and near degeneracy) splittings of levels are practically not visible on the plot, hence number of levels (including spin) is shown on the right 
hand side. The black/dashed line marks the asymptotic bulk energy (1.131 eV) for Boykin et al. Si TB parameterization. The blue/dotted line corresponds to the ground state 
energy of an empty computational box. The ground-state (1s) manifold contains 6 (12 with spin) states named after their symmetry: A1 (two-fold with spin), T2 (six-fold 
with spin), and E (four-fold with spin). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

Fig. 3. (a) Dopant charging energy (see the text) calculated using CI method in the basis including the ground state only (2 states with spin), and with progressively large 
number of state including lowest 12 states, 24, and 36 states. (b) Time of computations of 364 ≈ 1.68 million Coulomb matrix elements (blue/dotted line) versus the size 
of computation box size/number of atoms. For comparison time of calculation using a smaller basis set (244 ≈ 0.332) is shown (red/dashed line) again showing quasi-linear 
scaling.
strongly on the choice of dynamical screening parameters [34]. The 
actual dopant model and other details of TB calculations were dis-
cussed thoroughly in our recent work [35].

The results of TB calculations are shown in Fig. 2 (b), reveal-
ing the spectrum of dopant states including lowest “1s” manifold 
of 6 states (12 with spin). The “1s” manifold is split by central-cell 
correction [34] forming a two-fold degenerate A1 ground state (of 
≈ 1.0856 eV energy corresponding to −45.6 meV dopant binging 
enegy), as well as 4-fold degenerate T2 and 2-fold degenerate E 
states (T2 ≈ 1.0973 eV, E ≈ 1.0986 eV). Higher dopant states (24 
with spin) are also present, consistent with findings of other au-
thors [36].

Here—at the TB states—we are limited by our SLEPc/PETSc TB 
eigensolver which takes about two days (on a 128-core machine) 
to resolve lowest 36 states for the largest computational box, and 
fails to converge for larger boxes, and even larger number of states, 
within a reasonable computational time. Nonetheless, we must 
emphasize here that TB part of computation has only auxiliary 
character for the current work.

Thus next, for TB/LCAO wave-functions we run the calculation 
of Coulomb matrix elements, which is of the essence for this work, 
and demonstrate that the resulting time and number of atoms 
shown in Fig. 3 (b) reveal quasi-linear scaling. We note here that 
the cost of computations (on the same machine), by using the di-
rect, real space summation of Eq. (6) for the smallest considered 
4

box (0.22 million atoms), could be estimated to be 350× longer (by 
means of O (N2) scaling) than with Coulombo-Lattice, and it is es-
timated to be at least 50.000 times longer using Eq. (6) for the 
largest considered box (2.8 million atoms), thus leading to entirely 
prohibitive times of computations.

Following the definition from Ref. [36], the charging energy is 
calculated based on the two-electron ground state (D−

GS-FCI) ob-
tained by configuration interaction calculations, and the single-
electron ground state (of a neutral dopant) from tight-binding sim-
ulations (D0

GS-TB) as

D−
CE = D−

GS-FCI − 2D0
GS-TB . (7)

The utilization of several computational boxes of progressively 
larger dimensions is typically essential for the understanding of 
the convergence of single-particle and many-body properties for 
different nanostructures [37]. This is again pronounced in Fig. 3
(a) which shows results of the configurations interaction (CI) 
method calculation using Coulomb matrix elements calculated 
with Coulombo-Lattice. The CI method [38] has been widely used 
in quantum chemistry and physics. Details of the CI computations 
presented here are given e.g. in our earlier work [6]. CI results 
were obtained with different levels of approximation, i.e. by in-
creasing the number of dopant levels used in the computation. 
Notably, the number (and cost of calculation) of Coulomb matrix 
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element scales with the fourth power of N , i.e. N4, leading to a 
total of 364 ≈ 1.68 million, for N = 36, which for boxes with num-
ber of atoms up to 2.8 million is a computationally challenging 
task. Again we reiterate that we are limited by our SLEPc/PETSc 
TB eigensolver to resolve lowest 36 states for the largest computa-
tional box.

Both such a large basis of states, and a large number of atoms 
in the simulation are essential, since including only the ground 
dopant level would lead to a strong overestimation of dopant 
charging energy with its magnitude of approximately 65 meV, the 
inclusion of the lowest (“1s”) dopant manifold 6 states (12 with 
spin), has relative small effect on the charging energy, whereas 
the inclusion of higher dopant states manifold notably reduces 
the binding energy to 46.8 meV, for the larger considered box, 
which can be further extrapolated to 46.2 meV for an asymptotic 
case (corresponding to the infinite box). This result is both quan-
titatively and qualitatively consistent with the results of Ref. [36]
where the charging energy of ≈46 meV is reported by the incor-
poration of dopant shells higher than 1s.

Finally, we note here we used that we used U0 = 5 eV for the 
modeling of the onsite part of the Coulomb interaction. However 
the final result is to a large degree immune to the actual choice 
of U0, e.g. we obtained 47.1 meV charging energy for U0 = 10 eV, 
N=36 and box of 2.8 million atoms. This can be (at least qualita-
tively) inferred from Fig. 3. The dopant wave functions are spatially 
distributed over thousands of atoms, and the charging energies are 
calculated in the basis of these functions. If we call this number 
M (not to be confused with the total number of atoms in the 
box N as M 
 N) there are still O (M2) long-range terms, and 
O (M) short-range terms that depend on U0. Although M < N , yet 
since M is still substantial, on the order of thousands (and M2

millions), thus the integrals determining the charging energies are 
dominated by long-range contributions and not U0 itself.

Our results indicate that atomistic linear scaling computations 
can be performed for novel atom-scale quantum devices utilizing 
precise dopant placement in Si for use in quantum computing [39]
and analog quantum simulation [40]. Modeling a multi-dopant sys-
tem is essential for understanding the connection between device 
performance and dopant arrangement [35], with more atomistic 
research likely to follow.

5.2. Crystal phase quantum dots

Crystal phase quantum dots [18] are formed during the nano-
wire vapor-liquid-solid (VLS) growth [41], by vertically stacking 
distinct crystal phases of the same chemical compound. One pos-
sible type of system is obtained by effectively sandwiching a thin 
zinc-blende layer between wurtzite phases (top row in Fig. 4). Due 
to different bandstructures of crystal phases [42], such systems are 
capable of binding excitons (interacting electron-hole pairs) and 
excitonic complexes [19]. Despite ZB section being only several lat-
tice constant thin in the growth direction, the host nanowire usu-
ally has a large diameter (up to 70 nm) [19], and a substantial sec-
tion of wurtzite needs to be accounted for converged spectra [37], 
as hole states tend to strongly localized in the WZ fragment [43]. 
All in all this leads to computational domains with a number of 
atoms regularly exceeding one million, making the state of single 
particle calculations challenging [9,43], and rendering the calcula-
tion of electron-hole Coulomb and exchange integrals with O (N2)

method likely impractical.
As crystal phase quantum dots effectively consist of a mix of 

different crystal lattices, Coulombo-Lattice may not seem as a vi-
able solution to the problem, However, as illustrated in Fig. 4 (two 
bottom rows) a common grid can be superimposed on both lat-
tices. The grid is a rectangular grid with 1 : √

2 : √
6 ratios of grid 

steps in x, y, and z directions respectively. Again, we emphasize 
5

Fig. 4. Schematics showing (top row) [111] zinc-blende section embedded into 
wurtzite [0001] oriented nanowire. The dashed arrow shows the growth direction. 
The microscopic view (middle and bottom rows) shows that a common rectangular 
grid can be superimposed on a crystal phase quantum dot (see text for more de-
tails). The intrinsic grid for the zinc-blende/wurtzite/zinc-blende junction, as shown 
in two different planes. The step values of the common grid for this system are 
related to each other in proportions of 1 : √2 : √6.

that Coulombo-Lattice find such a grid in an automated way. The 
resulting grid is then fully suitable for FFT calculation performed 
by the rest of the code.

To illustrate the results of our calculations Fig. 5 (a) shows the 
evolution of excitonic ground state energy and associated excitonic 
binding energy (inset) calculated for an InP crystal phase quan-
tum dot with a height of approximately 3 nm (three ABC stacking 
sequences). Fig. 5 (a) shows the typical reduction of excitonic en-
ergy with increasing system diameter (decreasing confinement). 
The corresponding binding energy (calculated as the energy dif-
ference between excitonic ground states and a single-particle gap) 
is shown in the inset.

These excitonic properties have been obtained for electron and 
hole found in the tight-binding self-consistent calculations (SCF), 
with details of calculation discussed in our recent works [43,44]. 
The CI part has been performed on top of SCF states using exci-
tonic Hamiltonian as described in Ref. [6], and discussed by many 
other authors as well (e.g. Ref. [45]). In the CI calculation, we ac-
counted for 3 lowest (6 with spin) electron states, and 4 lowest 
(8 with spin) hole states. This led to the calculation of a total of 
10000 (64 + 2 × 62 × 82 + 84) various electron-electron, electron-
hole, and hole-hole Coulomb and exchange matrix elements. The 
corresponding time of computation is shown on Fig. 5 (b). The 
time of computation again shows quasi-linear scaling with a num-
ber of atoms reaching 3.7 million (corresponding to a CPQD di-
ameter of over 47 nm). Moreover, even for the largest considered 
systems, the time of computation is on a scale of several minutes 
only. This calculation was performed on a server with two 32-core 
AMD EPYC 7542 CPUs, with hyper-threading active (a total of 128 
cores). The usage of Coulomb-Lattice thus reduced significantly the 
part of the calculation which up to now has been the most de-
manding computationally, to mere minutes, and the calculation is 
now dominated by the SCF/TB part of the computations which can 
be on a scale of days for the same computer.
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Fig. 5. (a) Exciton ground state energy calculated using Coulomb matrix elements computed by the Coulombo-Lattice program discussed in this work. The inset shows the 
corresponding excitonic binding energy. Both plots reveal the typical decrease of (absolute) magnitude with the increasing system diameter, and thus decreasing confinement. 
(b) The corresponding time of computation of Coulomb matrix elements (see text). Please note quadratic dependence between crystal phase quantum dot diameter and 
number of atoms in the system.
Table 1
Comparison of results, for several important Coulomb matrix elements, obtained by 
Coulomb-Lattice and the direct summation O (N2) for an imperfect lattice (approxi-
mately 3% strained and 50% alloyed) InGaAs self-assembled quantum dot with 0.56 
million atoms. The comparison includes long-range parts only. The time of compu-
tation involves all Coulomb matrix elements in a basis of e1, e2, h1 and h2 states. 
Indices label (quasi)spins. The time of computation does not account for I/O opera-
tions (e.g. reading wave-functions).

Coulombo-Lattice O (N2) Relative error (%)

〈e1e1e1e1〉 (meV) 22.21 21.97 1.1%
〈e1h1h1e1〉 (meV) 22.00 21.77 1.05%
〈h1h1h1h1〉 (meV) 22.31 22.09 1%
| 〈e1h1e1h1〉 | (μeV) 109.3 107.5 1.7%
| 〈e1h2e2h1〉 | (μeV) 1.87 1.83 2.2%

Time (s) 1.122 497.098

5.3. Alloyed InGaAs quantum dot

We must note that the strain effects—that would deform ideal 
crystal lattice at ZB/WZ junction—are typically neglected or as-
sumed to be very low («1%) in crystal-phase quantum dots [46–48,
43], thus strain should not be a major obstacle in using Coulombo-
Lattice for weakly strained systems. However, a different scenario 
may occur for e.g. self-assembled quantum dots, the growth of 
which and properties of which are mainly driven by strain. Al-
though Colombo-Lattice is not designed for these sort of systems, 
we can expect it to work at least in an approximated, yet satisfac-
tory fashion. This can be done, for example, by feeding the pro-
gram with TB wave-function obtained in presence of strain (non-
perfect crystal lattice), yet assuming a perfect lattice for Coulomb 
matrix elements calculations. To illustrate this idea we have per-
formed such calculation for, not only strained, but also alloyed In-
GaAs lens-shaped quantum dot located on a wetting layer, identical 
to one of random realizations of systems considered in Ref. [49].

Results shown in Table 1 indicate that Coulombo-Lattice can 
calculate Coulomb and exchange matrix elements for alloyed sys-
tems with relatively small error of up to several percent for the 
exchange integral (| 〈e1h2e2h1〉 |) responsible for the bright exci-
ton splitting [50], with even smaller (≈ 1%) errors for electron-
electron, electron-hole and electron-hole Coulomb integrals. If this 
level of error is acceptable, then Coulombo-Lattice provides—in 
this particular case—over 400× speedup as compared to straight-
forward O (N2) implementation running on the same machine. 
Further gains can be expected for using Coulomb-Lattice for cal-
culations involving even larger number of electron and hole states.
6

Conclusions

We have presented a new version of efficient computer code 
aimed at quasi-linear scaling computation of Coulomb and ex-
change integrals for various nanostructures. The code named 
Coulomb-Lattice can be directly applied to a broad range of nanos-
tructure, by exploiting the underlying crystal lattice. In this work, 
we have shown results of calculations for the nanostructures as 
distinct as crystal phases quantum dot (formed by interface of 
zinc-blende and wurtzite section of a nanowire) and systems com-
posed of a single phosphorous dopant in silicon lattice, tackled by 
the same computational tool. Further applications to other widely 
researched nanostructures, such as perovskites or TMDCs are pos-
sible. Whereas our approach is designed for unstrained system, 
the program can still be used for non-perfect systems as well, as-
suming low strains, and if error bars up to several percent are 
acceptable.

The application of Coulombo-Lattice is attractive not only due 
to quasi-linear scaling, but also thanks to low absolute wall-clock 
time of calculations. The actual times are, on an example of a 
modern multi-core machine, ranging from individual seconds (for 
several integrals in a small quantum dot) up to only few hours (for 
1.7 million integrals and 2.8 million atoms in the simulation).
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