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1. Introduction

In recent years, atomistic [ 1-7] approaches for calculations of
electronic and optical spectra of nanostructures have established
themselves as methods of choice whenever one needs to account
for low lattice symmetry [8-11], few monolayer thin interfaces
[12-14], or chemical composition intermixing and resulting alloy-
ing [15-18]. Contrary to methods based on the continuous media
approaches, such as the effective mass approximation, atomistic
methods, including the empirical tight binding [3,4,19-22], are
naturally able to account for all of the above effects.

However, since the systems are defined atom-by-atom, the key
challenge for atomistic calculations is a large number of atoms to
be accounted for, and thus the high computational complexity.
For example, recent atomistic simulation of single phosphorus
dopant in silicon involved a computation box exceeding 3 million
atoms [23], whereas realistic simulations of crystal phase quantum
dots [13,24] embedded in a large section of an indium phosphate
nanowire may even lead to about 10 million atoms in the modeling.

Computations for such systems are a formidable challenge al-
ready at the single particle stage [6,24], yet the real struggle be-
gins at the following many-body part of the calculation, where
interactions between single particles are to be accounted for. For
example, in nanowire quantum dots the calculation of an interact-
ing electron-hole pair (exciton) may involve the calculation of the
order of 10* Coulomb and exchange integrals over a domain con-
sisting of 1 million atoms [14,24,25]. Thus any practical atomistic
approach aimed at the description of large systems, must have
good scaling properties with the number of atoms. In case of
the empirical tight binding where a linear combination of atomic
orbitals (LCAO) is used, the straightforward calculation of Coulomb
matrix elements would lead to a very unfavorable scaling of O(N 4,
where N is number of atoms. After a series of approximations this
can be reduced to a quadratic-like O(N?) scaling. This seems ac-
ceptable yet it is still highly impractical since going from ~1 thou-
sand atoms (a small nanocrystal) simulation to 1 million atom case
(a nanowire quantum dot in a segment of nanowire) would lead to
the increase of the computational time by six orders of magnitude.
Therefore, with any non-linear polynomial scaling scheme, going
well beyond 1 million atoms seems highly challenging if not in-
tractable.

In our recent work we have presented a solution to this prob-
lem. First we perform a single particle stage of the calculation using
the empirical tight binding method. Then we convert the LCAO
wave-functions to a three dimensional grid with no more than 30
grid point per atom to obtain converged many-body spectra. This
transfer from LCAO to a relatively coarse grid allows for utilization
of Fourier space methods on a grid (similarly to [26]) namely
the fast Fourier transform (FFT). The combined overall time of
both single particle and many-body calculation of Coulomb matrix
elements scales as O(N log N), where N is number of grid points
linearly related to the number of atoms N, and thus leading to a
quasi-linear scaling in terms of the number of atoms.

Here we present a computer code named Coulombo that is able
to perform such quasi-linear (in time and memory) calculations
of Coulomb and exchange integrals from real or complex wave-
functions defined on a spatial, three-dimensional grid. The wave-
functions are provided by a user as a set of simple files in a standard

binary format. Since the program works with any regular three-
dimensional grid (and not the particular tight-binding form input),
the code is not problem specific and it can handle various wave-
functions, e.g. of dopants or nanostructures.

One of the challenges of the calculations in the inverse space are
implicitly assumed periodic boundary conditions imposed by the
FFT. This leads to a spurious interaction of charges from a super-cell
with their periodic copies from other cells. One way of avoiding this
problem would be choosing a sufficiently large computational box,
but the results typically converge slowly with respect to the grid
(super-cell) volume, whereas simultaneous increase of computa-
tional volume unavoidably leads to an increased time of calculation
and memory demands. Numerous techniques including multi-pole
expansion [27-29] or truncated Coulomb interaction [29] have
been proposed in the past to speed up this convergence. In our
previous work we have decided to use a different approach by
padding the grid with zeros. Due to this padding, the full convolu-
tion necessary in the calculation scheme is equivalent to a circular
convolution, which in turn can be effectively computed using the
fast Fourier transform algorithm. However this results in 8 times
more grid points which significantly increases memory demands
of the program [24].

Here we propose to overcome this problem by performing the
FFT calculations on eight auxiliary sub-lattices without increased
memory demand which would result from zero-padding, and at
the same time without any increase of the computational time,
thus retaining the quasi-linear scaling of the computations. The
Coulombo code associated with this paper is provided with two
basic schemes of dielectric screening (namely, static and Thomas-
Fermi like), yet other models can be incorporated by a user. The
code has the broad range of potential applications from nanostruc-
tures, dopants, up to more general quantum chemical problems.

2. Problem description

Coulomb matrix elements (elements of matrix representation
of the Coulomb operator) are defined in any given base of single-
particle states wn. as [20,30]

E UAGHAGIGCNGY
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where i, j, k and [ are single-particle functions indices, ¥; and 7,
span the entire computational domain, and ¢ stands for a position
(distance) dependent dielectric function, which, in the simplest
approximation, can often be replaced by a static dielectric constant.

If we assume that the wave-functions are represented on a
regular (but not necessarily equidistant) three-dimensional grid,
we can rewrite Eq ( ) as

Eja = ZZ

and in tl’llS case, the computational effort needed to compute a
single element Ejy scales as O(N?) where N is the number of
grid points, as it requires a double summation over the entire
computational domain.

Moreover, the upper bound on the number of all Ejy; integrals
for a single-particle basis consisting of M wave-function, is equal
to M*. Therefore, the total cost of computing all integrals in the
pessimistic case for a basis of M single-particle states, scales as
O(M“N?) in the straightforward approach. Therefore significant
optimizations are needed for this method to be feasible.
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3. Optimizing the computation of a single integral

Eq. (2) can be rewritten as

Eji = Z Z pi(T1) G(Fy — T2) pirl72) b 3 h2 (3)

by mtroducmg two “quasi-densities” oy = VY and pj =
wj* Y formed by pairs of wavefunction and “interaction function”
G(Ar) = (ege(Ar)|Ar])~! depending on the precise model for
dielectric function € (assuming it depends on the distance only).

Now, if we introduce the “quasi-potential” Vj, generated by one
of the quasi-densities pj, we can rearrange the equation as

Eiju = Z pi(T1) Vie(F1) by hy h? (4)

where ij is defined as

Vie(t1) ZG(ﬁ — 12) pik(T2) (5)

which, in turn, can be rewritten as Vi = G ® pjx where ® denotes
the full (non-periodic) convolution.

The efficient calculation of this convolution with the help of
the FFT, similarly to the approach used in [24], requires padding
and effectively extending the computational box twice in each
direction (8 times in volume). Quasi-density pj, is padded with
zeros, while the interaction function G is padded in the way that
makes it symmetric in every dimension, i.e.

v v Vo Glixdy o) =

o o o _ G(ix, iy, i), (6)
Jx€lix,2Nx—ix} jy€liy, 2Ny —iy} jz €{iz, 2Nz —iz}

where the notationj € {i, 2N — i} means that j is either i or 2N — i.

Only with this specific padding of pj, and G, the full convolution
(that we need to calculate) is equivalent to the circular convolution
computed with the FFT [31] and, therefore, we avoid introducing
any unwanted periodicity or spurious boundary conditions. The
padding effectively overcomes the problem of artificial interac-
tions with quasi-charges from other (periodic) super-cells due to
periodicity assumed in the FFT, yet at a cost of a significant memory
demand.

Memory demand can be estimated based on the simple exam-
ple of a moderate computational box of 50 nm width, with a grid
step of 0.8 A as used in [24]. Storing a single wave-function as a
three-dimensional array of complex values requires a memory of

(500 A) ’

——— | - 16 bytes ~ 3.9GB. (7)
0.8A

While this is still in range of mid- to high-end personal computers,
increasing the memory demand by a factor of 8 would restrict the
availability of the method to high-performance computing.

To avoid this eight-fold increase in the memory consumption,
we introduce the memory-efficient way to compute the convo-
lution, which takes advantage of the specific symmetries of the
padding. This method is further described in detail in the following
Section 3.1.

3.1. Memory-efficient fast convolution method

Eq. (5) can be represented as a full convolution V = G ® p,
which, in turn, can be calculated with the help of the fast Fourier
transform as an element-wise multiplication

FV = FGrp, (8)

where FV, FG and Fp represent Fourier transforms of V, G and p,
respectively, after being extended in every dimension as described
in the previous section.

Due to the specific symmetric padding of G (as it is both real
and symmetric), the fast Fourier transform will also be both real
and symmetric. Therefore, it can be calculated as a discrete co-
sine transform, without a need to extend the computational do-
main of G. In this case, while the “logical” size of the domain is
still [2Ny, 2Ny, 2N, ], the “physical” size (affecting the computation
time and memory consumption) is only [Ny 4+ 1, Ny + 1, N, + 1].

Directly from the definition of discrete Fourier transform of
p, taking into account that values of p are zero outside the box
[Ny, Ny, N,], we obtain

(Fp)(ky, ky, k)
keny  kyny,  kyn,
= E ,ny, —2mi - .
p(ny, ny nz)exp( i <2Nx + 2N, + 2N,

[NxxNyxNz]
9)

We can now divide the domain of Fp into eight sub-lattices of
size [Ny, Ny, N, ] each:
Fpooo(ke, ky, k;) = Fp(2ky, 2k, 2k;)
Fpoo1(kx, ky» k;) = Fo(2ky, Zky7 2k, +1)
Fpoto(kx, ky» k;) = Fp(2ky, 2ky + 1, 2k;) (10)

Forilke, ky, k2) = Fo(2ke + 1, 2k, + 1, 2k, + 1)
Substituting Eq. (10) into Eq. (9) we obtain

Fozve (ky, ky, k)

(én un ¢n
— Z o(ny, ny, nz)exp<—2m (TNZ + ﬁ + ZNi

[Nx <Ny xNz]
kyn kyn k;n

exp| —2mi XX yy oz s
Ny Ny N,

which means that every sub-lattice of Fp can be calculated using
fast Fourier transform performed on p (without padding) multi-
plied by specific phase coefficient we,,

(11)

Fpzur = F(p exp(—2mi weyc)) (12)
where

Eny vny,  im,
2Ny 2N, 2N’

The inverse Fourier transform of V, based on Eq. (8), can be
written as

V(nxa ny, nz) = Z

[2Nxx 2Ny x 2Nz ]

exp( 2 kyny n kyny n k,n,
2N, 2N, ' 2N,

(14)

wév{(nmnyanz): (13)

FGlkx, ky, kz) Fo(ky, ky, kz)

which, using Eq. (10
sub-lattices of Fp:

([ &n un ¢n
V(ny, ny,nz)=Zexp(2m<2—l\l’;+ﬁ+Tl\é Z

Eve [Nx xNyxNz]
FG(2ky + &, 2ky + v, 2k, + ()}—péu{(kx» kyv k;)

kne  kyn,  k.n,
e 2mi —_— s
xp( i ( N, + Ny + N,

), can be re-written as a summation over all

(15)
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Fig. 1. Example of graph with vertices representing quasi-densities (products of
wavefunctions) and edges representing integrals to be calculated. Vertices belong-
ing to the minimum vertex cover are outlined. (ijkl) = Ej as defined in Eq. (2).

and calculated using the inverse fast Fourier transform, as

V=2 F ' (FGeus Fpeur) exp2miwiuc) (16)
sug

where FGg,, is a sub-lattice of 7G defined as
FGeue(ky, ky, k) = FG(2ky + &, 2k, + v, 2k, + £). (17)

The above formulation allows to sequentially calculate different
(Evt) terms and accumulate them into a single storage of size
[Nx x Ny x N,], thus eliminating the need for an eight-fold extension
of storage used for a computational domain.

4. Optimizing many-integral computation

The straightforward optimization in the case of computing mul-
tiple integrals is based on a fact that the Fourier transform of G
needs to be computed only once and it does not depend on the
actual wave-functions.

Also, depending on the nature of the physical system being
analyzed, we may want to calculate either all possible Coulomb
matrix elements, or only the specific subset of them. Planning the
computation in the optimal order allows to re-use some of the
intermediate data without a significant increase in the memory
consumption.

Directly from the formulation of Eq. (1) stem certain symme-
tries, i.e. Eju = Em = E,’Zﬁ = E,j”j, which effectively reduce
the number of integrals to be computed by a factor of four. Also,
since the most expensive step is the convolution itself, we can take
advantage of the fact that the result of the convolution, i.e. the
quasi-potential Vj, can be re-used for all integrals E, ..

In order to minimize the number of convolutions and thus
the number of the FFT computations, we construct an undirected
graph, in which each vertex represents an unordered pair of wave-
functions. Two vertices {i, [} and {j, k} are connected by an edge if
and only if there is a need to calculate any of the integrals between
these two quasi-densities i.e. one of: Eijklv E,‘kj[, E[jkj, E[kﬁ, Ej,‘]k, Ej[,'k, Ekiljv
Ey;j. An example of such a graph is presented in Fig. 1.

On this graph, we compute a minimum vertex cover using an
approximation algorithm described in detail in Appendix. Each
vertex {j, k} in the minimum vertex cover represents a quasi-
density pj for which the convolution should be performed. For
each such quasi-density, the quasi-potential Vj, is computed, and
then used to compute all integrals represented by the adjacent
edges. Every such integral can be calculated either directly (E.j
and Ej,...) or with the help of the complex conjugate (E,j, and Eg..;).

5. Implementation details

Implementation of the method, named Coulombo, is written
in C++ (2011 standard) with hybrid MPI+OpenMP parallelization.
The main executable (coulombo) accepts parameters from the com-
mand line, performs computations and writes results to the stan-
dard output. Diagnostic and error messages are written to the
standard error stream. Description of all the parameters accepted
by the program and standard usage examples are included in
README file provided with the source code.

Program requires two external dependencies, which must be
available on the host system at compile time:

1. Fast Fourier Transform implementation FFTW (version 3),
2. armadillo C++ linear algebra library.

To use the program, the user has to provide the precomputed
wave-functions in armadillo binary format. The paths to the files
with wave-function data should be passed as the command-line
arguments to the program, one file per wavefunction (both com-
plex and real data are supported). In case the user wants to include
spin in the calculations (if the flag spin is given), the program will
parse two consecutive data files per wavefunction, representing
the spin-up and spin-down parts of the wavefunction. Therefore,
the total number of input files must be even in case of using the
program with spin flag. When including spin in the calculations,
quasi-density is calculated from the spin-up (') and spin-down
(V) parts as

Pik = 1//;*1///? + Wji*%f . (18)

MPI parallelization of Coulombo is based on dividing the com-
putational domain, in a balanced way, among all MPI nodes. With
this approach, the total memory consumption of the program for
any given set of parameters does not depend on the number of
allocated nodes. Due to the internal storage order in armadillo, the
domains are divided along the last (z) dimension.

In addition to MPI, Coulombo also supports OpenMP paral-
lelization. To use OpenMP (or hybrid MPI+OpenMP) parallelization,
one should specify the threads-per-node command line parameter.
Otherwise, OpenMP will not be used as the environment variable
OMP_NUM_THREADS is ignored by the program.

The execution of the program starts by sequentially loading
all data files in the first (root) node, and scattering them to sub-
sequent MPI nodes. In order to increase the performance of the
FFTW library, a small zero-padding is introduced, so all the di-
mensions of the zero-padded computational box could be written
in form 2! 3/ 5% for some natural i, j, k. Finding such dimensions
is performed by class Round, consisting of a single static tem-
plate method, Round::up. Zero-padding is performed as part of MPI
“scatter” operation, by taking advantage of “sub-array” MPI types.

After the data has been split across all MPI nodes, the optimal
plan for computation is generated as described in Section 4, based
on the list of integrals requested by the user in integrals command-
line parameter. Since generation of the plan takes negligible time,
as compared to other stages of the calculations, it is performed
redundantly by all nodes.

The user may specify a comma-separated list of integral spec-
ifications. Each specification may either be a single integral (e.g.
1111)orapattern matching one or more integrals(e.g.1jji, 1jj1,
*12x) consisting of:

e numbers (1-9) designating specific wavefunction in the same
order as they appear in the command line,

e letters (a-z) designating any wavefunction, but the repeated
letter in any given match always corresponds to the same
wavefunction,

e asterisk sign (*) designating any wavefunction, with the re-
peated asterisks being independent.
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Fig. 2. Visualization of the implemented method presenting flow of data through the internal buffers (F, G, V, etc. marked with dark background). Cross-product signs (x)
mark the element-wise multiplication, while the dot-product sign (-) involves a summation over all grid points. IFFT = Inverse Fast Fourier Transform.

For example, pattern ijji matches integrals 1111, 1221, 2332
etc. while pattern 11i2 matches integrals 1112, 2122, 3132 etc.
Patterns with no repeated letters (e.g. ijk1) are equivalent to
**x*x, which is the default settings—if the parameter integrals is
not given, all integrals are computed.

Following the generated computation plan, all nodes
synchronously perform a sequence of steps, where each step can
be either computing (and locally storing) a quasi-potential Vj; from
a given quasi-density pj, or computing an element-wise product
between pre-computed potential V;; and a given quasi-density pjx,
resulting in the value for the integral Ejjy.

Memory-efficient fast convolution method described in
Section 3.1 isimplemented in class CoulombCalculator, which inter-
nally allocates all the needed buffers at its instantiation.
Visualization of computation scheme and flow of data through
internal buffers are presented in Fig. 2. For calculating fast Fourier
transforms (and the discrete cosine transform in case of interac-
tion function G), we use specialized distributed-memory parallel
routines from FFTW.

There are three caveats resulting from this data distribution:

1. Due to the internal storage format, computational box is
distributed among MPI nodes in the z direction, while FFTW
expects the multi-dimensional data to be distributed in the
x direction. This is easily solved by permuting the order of
the dimensions passed to FFTW routines.

. Since we use a specialized version of the parallel FFT, output
data have y and z dimensions swapped, and therefore, all
computed Fourier transforms are distributed in the y direc-
tion. This is properly accounted for in CoulombCalculator,
and does not constitute a problem, since we never need to
directly combine real-space with momentum-space data.

. Due to the formulation of Eqs. (16) and (17), the required
y range of 7G needed by each node differs from the range
for other momentum-space domains FV and Fp. Therefore,
after computing discrete cosine transform of G, the all-to-
all communication round is performed, re-distributing the
required slices of the #G domain between all MPI nodes.

5.1. Choosing the dielectric model

Coulombo supports both the static dielectric model with dielec-
tric constant ¢,

e(f) = ¢ (19)

as well as more realistic (in the context of nanostructure calcula-
tions) distance-dependent model proposed in [32] and defined as

|F|<R
Fl=R"’

qR
()= {'EW (20)
€r

where g and R are constants characterizing the material of the
analyzed system: q is calculated as

2 (9672)3
= ﬁ —
where arr is a value of the command-line parameter tf-lattice and
R can be found as a solution to the equation
sinh(gR)
gR

The program can be easily extended to handle other dielectric
screening models, by inheriting from class Interaction.

(21)
arr

€. (22)

6. Benchmarks

Benchmarks were performed on sets of six single-particle wave-
functions each computed on a three-dimensional cube of silicon
atoms forming the zinc-blende lattice structure. The calculation
was performed for cubes of different dimensions, and therefore
the different number of atoms in the calculation. The overall (wall)
time of calculation was measured after each individual calculation.
Here we do not discuss the details (or computer codes) of the
tight-binding calculation since it was discussed elsewhere [24], but
rather focus on the most time-consuming stage: the calculation of
the integrals.

The approximate relation between the number of atoms A and
number of grid points N = NyN, N, is given as

h3
A~8N|—) ,
Asi

where h is a grid step (for the benchmark we assume h, = hy = h,
and Ny = N, = N,) and ag; is the lattice constant for silicon bulk
crystal as; = 5.431A. A grid step of h = 0.8 A was used throughout
the benchmark process.

To validate the scaling of our method, we computed all possible
(6* = 1296) Coulomb matrix elements for a series of systems
ranging from A = 10,000 to A = 1000,000 (one million) atoms

(23)
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Fig. 4. Wall clock calculation time of all 1296 Coulomb matrix elements of a system of one million silicon atoms, versus a number of allocated MPI processes.

(corresponding to N varying from X to Y)) using 16 MPI processes on
a multi-CPU system with Intel® Xeon® E5-4640 processors. Wall
clock time of the calculations is presented in Fig. 3 as a quasi-linear
trend, with visible steps resulting from padding the computational
box as described in Section 5. We would like to emphasize at this
point that the computation of all matrix elements takes only a few
minutes for multi-million-atom system, so the method is naturally
suited (due to quasi-linear scaling) also for much larger systems,
even up to 100 million atoms.

Finally, in order to evaluate the parallelization scheme used in
Coulombo, we performed the series of calculations for the system
with A = 1000,000 and with different number of MPI processes
ranging from 1 to 25. Wall clock time of the calculations is pre-
sented in Fig. 4. The apparent super-linear speedup is not an
artifact and it has been verified by repeated measurements. It can
be attributed to the more efficient use of CPU cache, since each core
is responsible only for a small part of the input data.

7. Conclusions

We have presented an efficient computer code aimed at quasi-
linear scaling computation of Coulomb and exchange integrals for
wave-functions defined on a grid. The code is effectively paral-
lelized using MPI and it utilizes well-established FFTW and Ar-
madillo libraries. The program takes as its input a set of particle
wave functions given on a three-dimensional, spatial grid and
saved as files in simple binary format. The output is presented as a
list of (all or selected subset) calculated Coulomb matrix elements.

The calculation of many-integral cases is optimized by finding a
minimum vertex cover of a graph. The calculated integrals are free
from spurious contribution from periodic super-cells, by using an
effective padding technique that does not increase the size of the
computational domain.

By applying all optimizations, the cost of computing all M inte-
grals for a single-particle basis consisting of M wave-functions de-
fined on N grid points (M < N), has been reduced to O(M?N log N+
M?*N). Such scaling properties make the program most suitable
for applications in nanostructure theory, namely calculations of
excitonic spectra of nanowires and nanowire quantum dots, as well
as modeling of dopants systems embedded in larger multi-million
atom blocks of surrounding semiconductor material. Further ap-
plications, e.g. in quantum chemistry, are also possible.
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Appendix. Minimum vertex cover implementation

Finding a minimum vertex cover of a graph is one of the well-
known NP-complete problems, which means that unless P=NP, it
cannot be solved in polynomial time. Therefore, we use a greedy
approximation algorithm:
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Fig. A.5. Performance evaluation of the proposed vertex cover heuristic. Each point represents a single randomly generated graph. Value on the vertical axis represents a
ratio r between the size of the vertex cover obtained with our proposed heuristic and the size of the vertex cover obtained using the reference solution.

Data: undirected graph (Vy, Eg) = Go

Result: vertex cover C C Vj

C:=g;

(V, E) = G := Gy;

remove all vertices v € V with degree(v) = 0;

while V is not empty do

if there is a vertex w € V with degree(w) = 1 then
| v :=the only neighbor of w;

else

\ v := vertex from G with a greatest degree;
end
C:=CU{v};

remove v (and all the adjacent edges) from graph G;
end

This heuristic can be easily implemented with O(|V|log|V|)
computational complexity, using a priority queue. In our imple-
mentation we used a std::set implementation from C++ Standard
Template Library, which is guaranteed to keep the ordering of
the elements (and therefore, allow the extraction of the “largest”
element in O(1) time), while the removing and adding elements is
implemented in O(log |V|) time.

To compare the performance of the proposed method with a
well-known reference approximation algorithm proposed in [33],
we compared sizes of the vertex covers from both methods for
a series of random graphs. Size of the vertex cover is a good
performance measure (smaller size is better), so the ratio

size of the vertex cover of the proposed method A1
' size of the vertex cover of the reference method (A1)
is a good indicator of the method’s performance (r < 1 stands for
better performance than the reference method).

We generated the r ratio for 100,000 random graphs of |V|
between 10 and 100. For each realization:

e we generate the size of the graph (|V|) by drawing from the
discrete uniform distribution between 10 and 100,

e we generate the graph density D by drawing from the uniform
distribution between 0 and 1,

e we iterate through all possible edges, and either add it to the
graph (with probability D), or skip it (with probability 1 — D).

We do not allow loops (edges v <> v) since they can be easily
handled at the pre-processing step, as each node forming such a
loop must be included in a vertex cover. Therefore, each graph with
graph density equal to D will have, on average, D -1 edges.

A plot of the r values versus graph density D is presented in
Fig. A.5. Apart from the set of cases where both methods perform
exactly the same (line r = 1), the proposed heuristic performs
significantly better than a reference solution. This is despite the
fact that the greedy approach is usually presented as a sub-optimal
solution to the minimal vertex cover problem. We assume that
the usual worst-case behavior of the greedy approach is most
likely fixed by introducing an additional step at every iteration for
handling nodes with degree = 1.
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