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Our recent work on the electronic and optical properties of semiconductor and graphene quan-
tum dots is reviewed. For strained self-assembled InAs quantum dots on GaAs or InP substrate
atomic positions and strain distribution are described using valence-force field approach and con-
tinuous elasticity theory. The strain is coupled with the effective mass, k - p, effective bond-orbital
and atomistic tight-binding models for the description of the conduction and valence band states.
The single-particle states are used as input to the calculation of optical properties, with electron-
electron interactions included via configuration interaction (CI) method. This methodology is used
to describe multiexciton complexes in quantum dot lasers, and in particular the hidden symmetry
as the underlying principle of multiexciton energy levels, manipulating emission from biexcitons
for entangled photon pairs, and optical control and detection of electron spins using gates. The
self-assembled quantum dots are compared with graphene quantum dots, one carbon atom-thick
nanostructures. It is shown that the control of size, shape and character of the edge of graphene
dots allows to manipulate simultaneously the electronic, optical, and magnetic properties in a single
material system.
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1 Introduction

In this article we highlight some of our recent works to-
wards the understanding of electronic and optical prop-
erties of semiconductor [1-5] and graphene quantum dots
[6]. The recent research on semiconductor quantum dots
follows naturally the evolution of semiconductor tech-
nology from transistors and lasers based on bulk sili-
con and bulk gallium arsenide to field effect transistors
and quantum-well lasers. In these systems, the control of
material composition in one dimension, e.g., molecular
beam epitaxy has led to integrated circuits and revolu-
tionary changes in information technology. Semiconduc-
tor quantum dots are a natural step forward in allowing
for the control of material composition in three dimen-
sions and at the nanoscale. Hence quantum dots are an
example of nanoscience and nanotechnology in semicon-
ductors. There are four major classes of quantum dots:
(i) lateral gated quantum dots, (ii) self-assembled quan-
tum dots, (iii) colloidal nanocrystals, and the most recent
addition, (iv) graphene quantum dots.

The lateral gated quantum dots are created at a semi-
conductor GaAlAs/GaAs heterojunction containing a
two-dimensional electron gas as in the field-effect tran-
sistor (FET). On top of the GaAs surface a pattern of
metallic gates with nanometer dimensions is deposited.
When negative voltage is applied to the gates, electrons
residing underneath these gates at the GaAlAs/GaAs
heterojunction feel repulsive potential and are pushed
out from under the gates [1, 3]. By designing the gates
in such a way that the repulsive potential under the gates
seen by electrons resembles a volcano, a controlled num-
ber of electrons, down to one, can be trapped in the
volcano’s crater. The counting of electrons in the lateral
quantum dot and subsequent isolation of a single electron
have been demonstrated at the Institute for Microstruc-
tural Sciences [7-9]. It is now possible to construct dou-
ble [10-13] and triple quantum dot molecules [14-17]
where individual electrons are isolated, quantum me-
chanically coupled, and manipulated in real time. Some
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of the quantum information aspects of lateral quantum
dot molecules can be found in our recent review [4]. With
nanocrystals being a very active and well-covered field, in
this review we will focus on self-assembled and graphene
quantum dots.

The appearance of self-assembled quantum dots dur-
ing the growth of InAs layers on GaAs in molecular beam
epitaxy was noted as early as 1985 by Marzin and co-
workers [18] and much of the pioneering work has been
carried out by Petroff and co-workers [19] in the early
90’s. From early theoretical and experimental research
self-assembled quantum dots are finding applications in
quantum dot lasers and amplifiers [20-25] and solar cells
[26]. Current research, some theoretical aspects of which
are reviewed in this paper, is focused on single quantum
dots and quantum dot molecules with potential appli-
cations as single photon sources, sources of entangled
photon pairs, and when charged, quantum bits. From a
theoretical point of view these structures are challenging
as they are neither few-atom molecules nor solids and
involve collective behavior of millions of atoms. We will
describe our attempts at providing an understanding of
electronic and optical properties of million-atom nanos-
tructures at different levels of sophistication. In partic-
ular, we will discuss to what extent the single-particle
states in quantum dots can be viewed as states of two
quantum harmonic oscillators. When the dots are filled
with electrons, the generalized Hund’s rule allows us to
predict the spin of the ground state [27]. When the dots
are populated with electrons and holes, as in a quan-
tum dot laser, the hidden symmetry replaces the Hund’s
rule as an underlying principle governing the properties
of multiexciton complexes [28-32]. The single exciton,
controlling the absorption of photons by a quantum-dot-
based solar cell, can be understood in terms of mixing of
bright and dark configurations by Coulomb interactions
[33]. Manipulating electronic and optical properties of
single self-assembled quantum dots has become possible
with the growth of InAs quantum dots on InP templates,
pioneered by Williams and co-workers [34]. This enabled
the gating of individual dots [35] and embedding of these
dots in a photonic cavity [36]. These quantum dots are
particularly interesting because they emit at the telecom
wavelength. We will describe some of the properties of
InAs/InP quantum dots using the effective bond-orbital
model.

Finally, the recent isolation of a single, atomically
thick carbon graphene layer [37] opened a new field of
research. Since graphene does not have a gap, size quan-
tization opens an energy gap and turns graphene into a
semiconductor. Unlike in semiconductor quantum dots,
the gap in graphene quantum dots can be tuned from
zero to perhaps even the gap of the benzene ring. How-
ever, graphene dots need to be terminated and the edges
play a very important role, with zigzag edges leading
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to energy shells in the middle of the gap and a finite
magnetic moment. The magnetic moment can in turn be
related to another property of graphene — the sublattice
symmetry. The research on graphene quantum dots is at
a very early stage [38, 39] and we hope that this short
review will stimulate its rapid progress.

The and
graphene quantum dots has increased tremendously since
early 1990’s with contributions from many outstanding
scientists. It is not possible to cover the entire field and
give credit to everyone in such a short article. We focus
here primarily on the work carried out at the NRC In-
stitute for Microstructural Sciences and refer the reader
to existing reviews for additional coverage of the field.

research field covering semiconductor

2 Self-assembled quantum dots

Self-assembled quantum dots consist of a low-bandgap
semiconductor A, typically InAs, embedded in a higher-
bandgap semiconductor B, typically GaAs or InP [1-
3]. The two materials have similar symmetry but differ-
ent lattice constants. The dots are formed during the
Stransky—Krastanow process of, e.g., molecular beam
epitaxy of InAs on GaAs. In this process, the strain
building up in the InAs layer is relieved by the formation
of quasi-two-dimensional islands. The islands, typically
pyramidal or lens-shaped, are capped with GaAs. An ex-
ample of a lens-shaped InAs quantum dot on a wetting
layer is shown in Fig. 1. When electrons and/or holes are
injected into the sample, they become confined in InAs
quantum dots. The remainder of this section describes
the electronic properties of self-assembled quantum dots.
Since the two materials are strained, we start with the
effect of strain, followed by a description of electronic
properties of these systems.

Fig. 1 Indium (red) and Arsenic (blue) atoms in a lens-shaped
InAs quantum dot with diameter of 25 nm and height of 3.5 nm
on a 0.6 nm high wetting layer. The GaAs barrier material atoms
are not shown.

2.1 Strain distribution

As aforementioned, self-assembled quantum dots are
formed to relax the strain due to the lattice mismatch
between two materials grown on top of each other, like
InAs/GaAs, InAs/InP or CdTe/ZnTe. The strain dis-
tribution in the vicinity of a quantum dot can be de-
termined by either the continuum elasticity theory or
the atomistic valence-force-field approach [40, 41]. The
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domain of strain calculation is typically a rectangular
computational box which generally includes the entire
structure, with characteristic sizes on the micrometer
scale. Depending on the device configuration, fixed or
free-standing boundary conditions are implemented [42].

In the framework of the continuum elasticity theory,
the strain tensor € is defined for each unit cell of the

structure as
Buk
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where 7; and uy, are the components of the position vec-
tor r and displacement vector u, respectively. It can be
obtained by minimizing the following elastic energy func-
tional:
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where Cq1, Cy4, and C1s5 are position-dependent elastic
constants, assuming the value of the quantum dot or the
barrier matrix materials, respectively.

In the atomistic approach, the elastic energy of each
atom ¢ is a function of the positions of its nearest neigh-
bors,
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with d;; being the bond length, and o;; and (3;; the force
constants between atoms ¢ and j. By minimizing the
total elastic energy which is a sum over all atoms, the
equilibrium positions of all the atoms are computed and
the corresponding strain tensor can therefore be obtained
[41].

The minimization procedure can proceed either via
the standard conjugate gradient method, or by a more
intuitive force-field approach. As the strain energy is a
function of the positions of all the unit cells or atoms,
ie, E = E(ry,ra,---), the force exerted on each unit is
therefore given by F; = —9FE/Or;. In one iteration, each
unit is displaced proportionally to F;. The iterative pro-
cedure ends when the amplitudes of all the forces become
sufficiently small. In zinc-blende semiconductors such as
InAs or GaAs, shear strain would induce piezoelectric
charge along the interface between neighboring unit cells
[42], as given by

Oy (T)

Dey=(r) N Og45(7) n (4)
ox

ox dy

The piezoelectric potential can be obtained by solving
the corresponding Poisson equation.

pp(r) = —2e14
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In Table 1 we list the elastic constants (in unit of 10!
dyne/ecm™1), piezoelectric modulus (C-m~2), ideal bond
lengths (A) and force constants (10% dyne) of InAs, GaAs
and InP. Figure 2 shows the shear strain component &,
and piezoelectric potential calculated for a lens-shaped
InAs/GaAs self-assembled quantum dot with a base di-
ameter of 19.8 nm and a height of 2.8 nm placed on a
two-monolayer wetting layer (ML). Red/blue area corre-
sponds to positive/negative part of the strain and poten-
tial.

Table 1 List of material parameters used in the strain calcula-
tion by the continuum or atomistic elasticity theory.

InAs GaAs InP

C11 8.329 11.879 10.22
Ci2 4.526 5.376 5.76
Cuaa 3.96 5.94 4.6

e14 0.045 0.16 0.035

d 2.622 2.448 2.537

o 35.18 41.19 43.04

B 5.50 8.95 6.24

Shear strain €,

Piezoelectric potential

Fig. 2 Isosurface plots of the shear strain component £z, and
piezoelectric potential in a lens-shaped InAs/GaAs self-assembled
quantum dot.

2.2  Electronic structure

Within the framework of continuum elasticity, the effect
of strain on the electronic structure of a self-assembled
quantum dot is described by the Bir—Pikus deformation
potential theory [43]. There are two major components
of the strain which modifies the band-edge energies, the
hydrostatic (Hs) and the biaxial (By), as defined in the
following:

Hy =g +eyy + €2z

B2 = (eae —yy)* + (eyy — €22)> + (€22 — €22)®  (5)
The band-edge energies of the conduction bands are
mainly affected by the hydrostatic component of the

strain while the heavy- and light-hole bands are further
influenced by the biaxial strain components, i.e.,

U.=a.Hs + Ep,
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Uhh = _avHs - bvBs + Ego
Uy = —a,Hs + b,Bs + E;,]O (6)

where Ef and £} are the band offsets between the dot
and matrix materials before strain, and a., a,, and b,
are the deformation potential parameters [40].

Figure 3 plots the confining potentials for electrons,
heavy- and light-holes along the growth direction (upper
panel) and along the diameter of the bottom base of the
dot. The height of the dot is chosen to be the same as
that in Fig. 2 while the diameter is twice as large for bet-
ter visualization. It is seen that the effective band-gap in
the presence of the strain is increased to about 695 meV
from 475 meV in the strain free bulk InAs. The strain is
also seen to enhance the depth of the confining potential
for the heavy-holes to about 300 meV from 85 meV. The
heavy- and light-hole bands which are degenerate in the
bulk are now lifted by the biaxial strain component. The
splitting in the middle of the dot is about 177 meV.
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Fig. 3 Confining potentials for electrons, heavy- and light-holes
(from top to bottom) deformed by the strain InAs/GaAs self-
assembled quantum dot.

Besides the effect on the band-edge energies, the strain
also modifies the effective masses of electrons and holes
in the dot.

2.2.1 Effective-mass approrimation

The states confined in the quantum dot are often com-
posed of components from both the conduction and va-
lence bands. With the biaxial strain present in the self-
assembled quantum dots, the degeneracy between the
heavy and light holes is lifted and the low-lying states
in the valence band have mostly a heavy hole character.
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If the effect of band mixing between the conduction and
valence bands is neglected, the problem could be reduced
to two separate single-band effective-mass equations, one
for electron and the other for hole, as given by [44]

- K2 0? 0? 2 02
H=——\—5+—=—

om!/ (83:2 i 3y2> 2ml 922 UtV
. K2 0? 9? K2 02
Hh=w<w+a—y2)+2 J_a2+Uhh Vi (7)

where V), is the piezoelectric potential. Although the elec-
tron effective mass is almost isotropic in most I1I-V semi-
conductors, two independent components, mé/ and m_,
are used to reflect the anisotropic geometries of the quan-
tum dots, and so are the analogous masses for holes.

Since there is no a priori rule on how to choose the
effective masses within the model itself, mé/ , mE, m{L/ ,
and mj- are treated as adjustable parameters which are
determined by fitting the calculated energy spectrum to
that obtained by a more sophisticated approach like the
multiband k - p or the empirical tight-binding method
described below. A way to avoid the fitting procedure
is to regard the effective masses as position-dependent
variables [45].

It is found that the electron effective mass in quantum
dots is generally larger than the bulk value and becomes
anisotropic in the dots of large aspect ratio between the
vertical and lateral dimensions. Unlike the bulk mate-
rial, the hole effective mass is seen to be almost isotropic
in the dots of small aspect ratio. For an example of flat
InAs/GaAs quantum dots, the most appropriate value
for the electron and hole effective mass is believed to be
the electron effective mass in bulk GaAs (0.067 mg) and
the vertical heavy-hole effective mass in bulk InAs (0.34
mo), respectively.

2.2.2  Parabolic confinement model

The effective mass model has been applied to lens-shaped
quantum dots [46]. It was shown that, in the adiabatic
approximation, the radial confining potentials for elec-
trons and heavy holes can be well approximated by
parabolas with a given depth and radius of the dot.
The single-electron Hamiltonian is reduced to a Hamilto-
nian of two bosons, two 1D harmonic oscillators (HOs)
with creation (annihilation) operators a; (a,,) and en-
ergy level spacing hw, [7],

. 1 1
Hyp = hw, (m + 5) at @ + hw, (n + 5) ata, (8)

The corresponding wave functions are those of the
two-dimensional harmonic oscillator. A similar model
is applied to heavy holes, and the analytical solution
for HO states in a perpendicular magnetic field can be
found, e.g., in Ref. [7]. It was recently demonstrated that
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InAs/InP and disk-like InAs/GaAs dots grown using the
indium-flush technique developed by Wasilewski and co-
workers [47] can be well described by the HO model.
If the HO states are populated by photoexcited elec-
trons and holes with increasing excitation power, as il-
lustrated in Fig. 4(c), the resulting emission spectrum
consists of several peaks corresponding to electron and
hole shells. The evolution of the emission spectrum with
an increasing magnetic field is shown in Figs. 4(a) and
(b). The spectrum strikingly resembles that of the 2D
HO in a magnetic field. As already mentioned, the HO
model works quite well, but the parameters of the model,
masses, and confinement energies hw, and fwy, are fitting
parameters that must be obtained by other methods like
the multiband k - p or empirical tight-binding method
described below.
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Fig. 4 Emission spectrum of an ensemble of InAs/GaAs self-
assembled quantum dots as a function of applied magnetic field
shows harmonic oscillator states. Reproduced from Ref. [48], Copy-
right (© 2004 American Physical Society.

2.2.3 FEight-band k - p approach

The eight-band k - p method uses eight Bloch functions
at the I' point of the Brillouin zone as the basis func-
tions to describe electron states with a finite wave vec-
tor. As the lateral size of quantum dots is usually much
larger than the lattice constant, the k - p method has
been widely used in the calculation of confined electron
states. In general, the multiband k - p Hamiltonian can
be written as

Hk,.p = Fy, + Aat];'m]%x + Ay];‘y];y + Az];‘z];‘z
+Bxy];x];'y + Byzl;'y];z + szl;'m];z

+Coky + Cyly + Cok, + Vp
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where Ep, is the matrix for the band offsets, and A,
B, and C are the matrices of coefficients [49]. Within
the deformation potential theory, an additional part H,,
which has a similar structure as Hy.p, is added to take
into account the effects due to strain [50]. The computa-
tional box for the calculation of the electronic structure
of quantum dots is not necessarily as large as that used
for the strain since the confined states are mostly local-
ized inside the quantum dots. The Hamiltonian is first
discretized on a reduced three-dimensional mesh, which
results in a large, sparse matrix, and then is diagonalized
by utilizing the Lanczos algorithm [51].

The wave function of a single-particle state, v, is the
sum of products of envelope functions ¢ (r) and basis
functions ui(r), ie., ¥(r) = >, on(r)u,(r). The basis
functions are usually taken as |s), |z), |y), and |z), cou-
pled with two eigenspinors | 1) and | |). These functions
are referred to as the uncoupled spin—orbital basis. Be-
cause of the spin—orbit interaction, only the total angular
momentum is a good quantum number. Therefore, the
eigenfunctions of the total angular momentum operator
are considered to be a more convenient choice of what is
referred to as the coupled spin—orbital basis. These ba-
sis functions are closer to the band-edge Bloch functions
than the uncoupled set. Note that the coeflicient matri-
ces in the k - p Hamiltonian take different forms in the
uncoupled and coupled spin-orbital basis [52].

Figure 5 shows the density of states for a lens-shaped
InAs/GaAs self-assembled quantum dot grown on a 2
ML wetting layer with a base diameter of 25.4 nm and
a height of 2.8 nm. The confined states in the conduc-
tion bands are seen to form almost equally spaced clus-
ters, with increasing number of states in each one, in
analogy to the HO model. The density of states in the
valence band is found to increase steadily as the energy
approaches the continuum. Figure 5 also shows the com-
position of the states, i.e., the proportion of each kind of
components. It is seen that the states in the conduction
band are dominated by the components from the same
band, however with decreasing proportion as the energy
increases. In the valence band, the low-lying states are
found to be dominated by the heavy-hole components,
while the proportion of the light-hole components is non-
negligible in high-lying states. Close to the continuum,
the proportion of the heavy- and light-hole components
is seen to be saturated at around 60% and 25%, respec-
tively.

Since the eight-band k - p method keeps a good bal-
ance between handling complicated band mixing ef-
fects and computational complexity, it has become
widely used in the calculation of the electronic struc-
ture of self-assembled quantum dots, and successfully
explained many interesting phenomena, such as inverted
electron-hole alignment in intermixed single quantum
dots [53] and spontaneous localization of hole states in
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Fig. 5 Density of states (lower panel) and composition of
states (upper panel) calculated for a lens-shaped InAs/GaAs self-
assembled quantum dot. Small solid dots (blue) are for the compo-
nents from the conduction bands, larger ones (red) for the heavy-
hole components, and open dots (green) for the light-hole compo-
nents.

quantum-dot molecules [54]. The k- p method predicted
the transition between bonding and anti-bonding states
as ground states of a valence hole in a vertical quantum
dot molecule as a function of the separation between the
constituent quantum dots [55, 56]. This unusual behav-
ior related to strong spin—orbit coupling was recently ob-
served experimentally by Doty et al. [57].

2.2.4  Effective bond-orbital model

The multiband k - p method accounts for the proper
structure of the valence band, including heavy, light, and
spin split-off hole subbands. It is, however, limited to
the vicinity of the I' point, and therefore is expected to
break down as the size of the nanostructure decreases.
The effective bond-orbital model (EBOM) [58] is an em-
pirical sp? tight-binding method in which indium-arsenic
dimers are replaced by an effective atom. Hence the full
symmetry of the zinc-blende lattice is reduced to that of
a fce lattice. Although EBOM misses the lack of inversion
symmetry of zinc-blende structures and the microscopic
atomic structure of the unit cell, it can, however, repro-
duce the effective masses of electrons and holes at the
I’ point, as well as conduction and valence band edges
at both the I' and X points with the second nearest-
neighbor interactions included [59]. The tight-binding
Hamiltonian matrix describing hopping between effective
s and p orbitals of effective atoms on sites R is given by

H(R.,,R sy) = EYr r + E!% AR, + E*AR.
H(Ryo, R py) = 0ar~ (B’ + B (1 —70)]

HoarA[ER oy + ER* (1= op)]
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000
+E;; OR, R/

H(R50'7 R/po) = EllOTp5AR,T

sT

H(Ryo, R yo) = B}, 17y 6aR (10)
with AR= R — R/, and

T= g[(il, +1,0), (£1,0,£1), (0, £1, +1)]

o =a[(%1,0,0),(0,%1,0),(0,0,+1)] (11)

being the positions of the nearest and next-nearest neigh-
bors, respectively. The effect of strain is incorporated
through the deformation potential theory and through
the piezoelectric effect [60]. Table 2 shows the next-
nearest-neighbor parameters for GaAs and InAs.

Table 2 Next-nearest-neighbor parameters (in eV).

GaAs InAs
E900 3.581011 2.698585
ELL0 —0.039499 —0.124187
E200 —0.264835 —0.118389
EL0 0.387077 0.368502
E900 —3.301012 —3.068847
EL10 0.424999 0.412500
EOL —0.070000 —0.112499
E200 —0.186297 —0.156340
FE902 0.138401 0.154132
EL0 0.495000 0.525000

The matrix elements for spin-orbit interaction are
given by H(Ry1, Ryp) = —1A/3, H(Ry|, Ry)) = iA/3,
H(RQJT,Rzl) = A/?), H(RyTaRzl) = —iA/?), and their
conjugate terms, with A being the spin-orbit splitting in
the valence band. When the spin-orbit interaction is not
very strong, it is possible to separate the components of
an envelope function into two groups. One group consists
of components for spin up basis functions, |s1), |21), |y1),
and |z1), and the other one consists of components for
spin down basis functions. A pseudospin can be assigned
to a state 1 if its polarization, defined as

p= / (6a1 (P2 -+ |01 ()2 + g1 ()2

+Hap (r)[? dr (12)

is either p ~ 1 (a “spin” up state) or p =~ 0 (a “spin”
down state). The assignment of pseudospin can be car-
ried out by introducing a small magnetic field (= 1 mT)
along the growth direction of the quantum dots to lift
the degeneracy induced by the time-reversal symmetry.

2.2.5 Empirical tight-binding method

In the empirical tight-binding method we first expand
the wave function in the basis of atomic orbitals

o= ZCRQ|RO‘>

R,

(13)
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and next form the Hamiltonian matrix in this atomic ba-
sis [61]. The matrix elements are treated as parameters
determined by comparison with ab-initio and/or experi-
mental results for bulk materials. Significant amount of
work has been devoted to ab-initio determination of va-
lence and conduction bands, effective masses and band
offsets for strained materials of quantum dot and barrier
materials [62, 63].

By comparison, in the pseudopotential approach [64,
67], the self-consistent potential seen by an electron in
a bulk material is replaced by a sum of effective atomic
potentials. These atomic potentials are next used to gen-
erate the one-electron potential of the nanostructure.

In our tight-binding approach [61] the wave function
on each atom is described by ten valence orbitals for
each spin: one of type s, three of type p, five of type d,
and an additional s* orbital accounting for higher-lying
states. Each orbital is doubly spin-degenerate, thus re-
sulting in a total of 20 bands. The resulting Hamiltonian
of a quasiparticle in an N-atom quantum dot, written in
the language of second quantization, is

) N 20 N 20
Hrp = Z Z eiozcj;lcia + Z Z Am,ﬂc;‘zciﬂ

i=1 a=1 i=1 a=1,4=1

N 4 20
+ZZ Z tio,jBCinCip

i=1 j=1 o,8=1

(14)

where ¢} (cio) is the creation (annihilation) operator
of a carrier on the orbital a localized on the site i, €;4
is the corresponding on-site energy; and t;, ;g describes
the hopping of the particle between orbitals on neigh-
boring sites. Coupling to farther neighbors is neglected.
Finally, Ai,g accounts for the spin-orbit interaction by
introducing finite matrix elements A connecting p or-
bitals of opposite spin, residing on the same atom, fol-
lowing the description given by Chadi [68]. For example,
(py, 1 |H| |,p.) = —1A/3. Spin-orbit-type coupling be-
tween d orbitals is neglected. Here we assume that each
site holds 20 orbitals and is surrounded by 4 neighbors.

Hopping, i.e., off-diagonal matrix elements of our
Hamiltonian are calculated according to the recipe given
by Slater and Koster [69]. In this approach, the hop-
ping matrix elements t;, jg are expressed as geometric
functions of two-center integrals and depend only on the
relative positions of the atoms ¢ and j. Contributions
from three-center and higher integrals are neglected. For
example, if the two atoms are connected by a bond along
the x axis, then orbitals s and p, create a m bond and
the matrix element ¢s, = V;, » = 0 vanishes because
of the symmetry. On the other hand, if the direction of
the bond is along y axis, then the bond is of a o type
and ts,, = Vs p.o is finite. In the general case the near-
est neighbors are connected by bonds of any direction
d = |d| (I + my + nZ), with d being the bond length
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and [, m, n — the direction cosines. Then the tunneling
tsp, element can be expressed in terms of projecting the
p. orbital onto the bond and in the direction perpendicu-
lar to it. Since the perpendicular projections give m-type
bonds, their contribution is zero. The Hamiltonian ma-
trix element is thus ¢; s j ». = nVspe. Similar sets of rules
are defined for all other ¢ matrix elements [69]. This ap-
proach reduces the number of unknown matrix elements
as they can be related via Slater—Koster rules to a rel-
atively small subset of two-center integrals Vs . This
is particularly useful within the framework of empiri-
cal tight binding, where E,, A\o,g and V3 parameters
are not directly calculated, but rather obtained by fit-
ting the TB bulk model results to experimentally known
band gaps and effective masses at high symmetry points
of the Brillouin zone [70]. We stress here that we have
been fitting the TB model not only to bulk properties
at ' point, but also at X and L points to account for
multivalley couplings.

The TB parametrization used so far are given, e.g., in
Refs. [71-73], where it was demonstrated that the inclu-
sion of d orbitals in the basis allows to obtain much better
fits of the masses and energy gaps to the target material
values. In particular, the treatment of the conduction
band edge is significantly improved, which is important
for small nanostructures [74]. In this work we use our
own parametrization, analogous to work by Klimeck et
al. [72], but giving a better agreement with target bulk
properties. More details will be presented in our future
work.

In order to address the treatment of the interface be-
tween InAs and GaAs we note that these two materials
share the same anion (Arsenic). Thus during the fitting
procedure the diagonal matrix elements on arsenic are
kept the same in both materials. This approach removes
the necessity of averaging on-site matrix elements for in-
terface atoms. Additionally, to account for the band off-
set (BO) between the materials forming the interface,
the fit for InAs is performed in such a way that the top
of the valence band of InAs is set to be equal to the BO
value relative to the GaAs. This removes the necessity
of shifting values of diagonal matrix element for inter-
face atoms, which would result in two different sets of
parameters for Arsenic: one for InAs and another for
GaAs.

Finally, there is the second type of interface that arises
on the edges of the computational box. Here, the ap-
pearance of free surfaces leads to the existence of dan-
gling bonds. Their presence results in spurious surface
states, with energy inside the gap of the barrier ma-
terial, making it difficult to distinguish spurious states
from the single-particle states of the quantum dot. An
energy shift for dangling bonds that mimics the passiva-
tion procedure, described in Ref. [75], is performed in or-
der to move the energies of surface-localized states away
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from the energies corresponding to confined quantum-
dot states.

Then, a parallel Lanczos diagonalizer is used to resolve
the Kramers-degenerate doublets. Because the computa-
tional domain necessary for the converged tight-binding
calculation involves the order of &~ 1 million atoms, the
resulting tight-binding matrices are very large, i.e., ~ 20
million by 20 million. This presents a significant numer-
ical problem, but utilizing matrix sparsity, parallel com-
putation paradigm, and the fact that we need only sev-
eral lowest electron and hole states rather than the entire
eigenspectrum of the Hamiltonian, we achieve linear scal-
ing of the computational resources as a function of the
number of atoms.

To illustrate the application of the different methods,
we show in Fig. 6 the results of calculation for the same
dot obtained with the effective bond-orbital method (la-
beled as EBOM), the tight-binding (TB) model, and the
empirical pseudopotential method (EMP). The input
parameters in EBOM and TB calculations are chosen to
be similar to the ones used in empirical pseudopotential
calculations (EMP1) from Ref. [64]. Another empirical
pseudopotential calculation (EMP2) is shown for com-
parison [65]. As expected, the structure of electron states
is similar in all cases, however, the hole states differ sig-
nificantly. EBOM maintains approximately a shell-like
structure of hole levels. This differs from both TB and
EMP and can be attributed to the replacement of zinc-
blende with cubic symmetry in EBOM. There is a good
agreement between TB and EMP1 calculation, with a
characteristic “large/large/small” level spacing between
subsequent hole levels hy — ho = hy — hg > hs — hy.
Surprisingly, two pseudopotential (EMP1/EMP2) cal-
culations predict different details of hole levels, most

EBOM TB EMP1 EMP2
1 [ 13s ] MO
1.35 1.301 1304 1.35
1304+— 1257 1251 1.304
>
2 120 — -
Eﬁ 1.25 - 1201 1.25
5)
&
1207 153 - 2
0.281 S ] 0207
—0.284+— —
0.20+— 0.18-
261 — Rl
0.26 —0.261 | ] S
0'24_7 0.18 0.161

Fig. 6 Electron (blue/upper) and hole (red/lower) single-particle
energies calculated for effective bond-orbital method (EBOM) and
tight-binding (TB) model. The parameters of the TB model were
chosen to be similar to empirical pseudopotential calculation from
[64]; results of this calculation are shown as EMP1. Another em-
pirical pseudopotential calculation (EMP2) is shown for compari-
son [65]. Reproduced from Ref. [61], Copyright © 2010 American
Physical Society.
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likely due to a slightly different choice of fitting parame-
ters or fitted results in pseudopotential fitting procedure.
More specifically, due to the insufficient number of fitting
parameters, the pseudopotentials used in the EMP cal-
culations give effective masses of GaAs and InAs off from
the experimental values by more than 30% [60]. Conse-
quently, the separations among the energy levels in the
valence bands calculated by both EBOM and TB are dif-
ferent from those by EMP. Overall there is a good agree-
ment between EBOM, the tight-binding and empirical
pseudopotential models.

2.3 Optical properties

2.3.1 Photoluminescence: Polarization and anisotropy

Let us begin our discussion with the EBOM model and
first temporarily neglect the electron—electron interac-
tion. The momentum matrix element between an elec-
tron state ¢, = >_ ¢¢u, and a hole state ¥y, = >_ ¢ u,
along the polarization direction e is given by

(Unle - Plpe) = (unle - Plum)(er|05,)
2.
If we neglect the contribution from the envelope-function

part of the wave function [76], this element can be further
simplified as

mle D) (15)

(Unlpalve) = iPo - [(@hy]d5r) + (65 105))
— (@l 105) — (@ 195)]

(Unlpylte) = 1Py - (G 1051) + (84 165))
—(@llop) — (@0 165)] (16)

where iPy = (s|pz|z) = (s|py|y) denotes the coupling
between the conduction and valence bands. For circular

polarization o or o~ , the momentum matrix element is
then given by pE, = [(bnlpe|ve) T Unlbyle)]) /v2 V2. It is
straightforward to show that p, = phe in the absence of
the magnetic field.

Figure 7 gives a schematic view of interband transition
in an elongated quantum dot. The emission is found to
be partially polarized, which is regarded to be related
to the structural anisotropy [77]. The degree of linear
polarization of interband transitions is then defined by

‘<¢e|ﬁx‘¢h>‘2 B ‘<¢e|ﬁy‘¢h>‘2
‘<7/}e|ﬁwwjh>‘2 + ‘<7/}e|ﬁywjh>‘2
which is found to be closely related to the polarization
of envelope functions as given by [78]
(o5 10)* = [{gy | o))
[(R12)1> + [} o)) 1

P = (17)

Py = (18)
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For the ground hole state in a quantum dot elongated
along the = direction, the probability of the electron in
the p, orbital is found to be larger than p, [78]. Hence,
it is this selective occupancy that leads to the optical
anisotropy.

1% excited state

Z“d excited state

1]0]
\\\Q\

Ground electron state
[1 10] l

Fig. 7 Schematic view of the interband transition between the
ground electronic state 1. and hole state 15, and the intersubband
transitions from e to the first two excited states ¥Z and ¢ in a
quantum dot elongated along the z = [110] direction.

v, Ground hole state
d

Figure 7 also shows two intersubband transitions from
the ground electronic state. These transitions are polar-
ized along the long and short axes of the structure. In a
traditional single-band picture, it is trivial to find that
the intersubband transitions from the ground state . to
Z and 1Y are respectively polarized along the x and y
directions due to the spatial symmetry of the states. In
the presence of the mixing between the conduction and
valence bands, however, the polarization of intersubband
transitions becomes a non-trivial issue.

In the multiband formalism, the electronic states con-
sist not only of components from the conduction band,
but also those from the valence bands Let us consider
the expansions, ¢, = Y. ¢k|k), v* = > ¢%|k), and
Yy = Y ¢k |k) where the summatlon is over the basis
{s,x,y, z}. The momentum matrix elements for the tran-
sitions ¥, — ¥ and ¥, — ¥ are then given by [79]

(YZ1paltoe) = 1Py - [(0%105) — (0% [0%)]
(Welbyltbe) = 1P - [(o[0%) — (0% 19%)]
(¢ Paloe) = iPo - [(9%|65) — (6% |9%)]
(Webyltpe) = iPo - [(¢%|90%) — (#%163)] (19)

Here the momentum matrix elements among the enve-
lope functions have been shown to be much smaller than
Py and hence are neglected. It is therefore seen that the
polarization of the intersubband transitions now depends
on those minor components of the electronic states, such
as ¥ and ¢% from the valence bands in the presence of
the mixing between the conduction and valence bands.
Further study has shown that the linearly polarized
intersubband transitions are due to the simultaneous
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vanishing of the four coupling terms, (¢%|0%), (0% |0%),
(@5 19%), and (¢7|¢%). The physics behind this rule can
be understood in terms of directional interactions be-
tween the local atomistic orbitals [79].

Figure 8 shows the linear polarization of the primary
interband transition against the aspect ratio for the dots
with various lateral sizes and heights. It is seen that the
linear polarization of the primary interband transition
exhibits a quadratic dependence on the lateral aspect
ratio (/3). This dependence is also affected by other struc-
tural parameters such as the lateral size and height. More
importantly, it is found that P.j () exhibits almost the
same behavior for dots of similar aspect ratio between
the lateral size and height [80]. This reveals the possibil-
ity of optical characterization of structural properties of
self-assembled quantum dots.

50 [-=d=288nm, h=5.1 nm
e d=198nm,/=34nm
—0~d=288nm,=4.0nm
404 o d=198nm, /=28 nm
—d=288nm,h=2.8nm

30 1

20 1

Linear polarization /%

1.5 2 2.5
Aspect ratio

Fig. 8 Linear polarization of the primary interband transition,
P,.j, in dotted lines, calculated as a function of the aspect ratio
of the quantum dots with various lateral sizes and heights. The
shape and size of the symbols correspond to the denoted struc-
tures. Quadratic fit is shown in solid lines. Reproduced from Ref.
[80], Copyright (© 2008 American Physical Society.

2.8.2  Electron—electron interactions and multiexciton
complezes

The absorption and emission spectra of a quantum dot
are determined by an exciton, an interacting electron-
hole pair. There are four exciton states, two dark and
two bright. The electron—hole exchange interaction, to
be discussed later, leads to the splitting of the four ex-
citon states into a dark doublet and a bright doublet
[81], and modifies the polarization of emitted photons.
The emission spectra from a quantum dot with different
number of excitons are different due to electron-electron
interactions and this allows us to identify the emission
from a single exciton, and hence the emission of a single
photon. This is the principle behind the quantum dot as
the single photon emitter. An emission cascade from a
biexciton through two potentially indistinguishable exci-
ton states to the quantum dot ground state leads to the
emission of a pair of entangled photons [82, 83].

In a quantum-dot laser, the number of electron—hole
pairs in a quantum dot increases with external excitation
power. The electrons and holes interact via Coulomb in-
teraction, and these electron—hole pairs form multiexci-
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ton complexes. A given N-exciton complex is equivalent
to a specific artificial excitonic atom. An understanding
of the electronic properties such as the ground state en-
ergy, total spin, total angular momentum, and emission
and absorption spectra requires an understanding of the
role of electron—electron and electron-hole interactions
in electron—hole complexes occupying electronic shells of
a quantum dot. For a given number of electron—hole pairs
N the interacting Hamiltonian reads,

— e+ .. hp+p. he p+ .+
H, = E Efclc; — g Elh;h; E Vijihi ¢ chu
i i ijkl

1 ce 1
+3 D Vel e ere + 3 > Vb iy
ijkl ijkl
(20)

where Ef and E!' are the energy levels of the confined
states in the conduction and valence bands, respectively.
A general Coulomb matrix element is defined by

2
T / ¢:<r1>¢;<r2)ﬁmmm(m
(21)
and we have ‘/;jekl = Vij - Note here that a confined
state in the valence band 1} obtained from any multi-
band methods can be regarded as a hole state only after
a conjugate transformation, 1, — ;. Hence we find
that VZ;"}CZ = Vi,4; and V;?ekl = —Vig,ji. Once the single-
particle states are obtained, the Hamiltonian for multi-
excitons can be solved by the configuration—interaction
method [30, 46, 61, 84].

A multiexciton complex, such as a biexciton, is com-
posed of more than one electron—hole pair. If C% is the
i-th eigenstate of an N-exciton complex, its wave func-
tion can be generally written as ¥} = > ci|Ck). Re-
combination of an electron—hole pair from the N-exciton
complex would reduce the number of excitons to N — 1.
By taking into account every possible recombination, one
can obtain the radiative lifetime, defined by

1 ne?

— 7/[ ,:+(w)+f,:_(w)] widw

= 22
T 2megmoc (22)

with f;* (w) being the oscillator strength,
o 2 i |
(W) = P S FENINPD ek
i f

X[ (Ch_1|P;, |G OBy — B, — hw)
(23)

The radiative lifetime of a single exciton is typically
around 1 ns. Note that the final state of the (N — 1)-
exciton complex, %{,_1, may not be its ground state after
the recombination of an electron—hole pair. The emission
intensity is given by
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I (hw) = " FEN)|EN Y ek
i f

x (Ch_1 1Py, |C0)? x 8(BY — BY_, — hw)
(24)

where the probability function f(E%) is given by
exp(—EY /kT)/ Y ; exp(—EY /kT) and CY is the i-th
eigenstate of the N-exciton system. The operator P,
describes all possible ways of electron—hole recombina-
tion, ie., Py, = >, Pinhncm. In the absence of
magnetic field we have I3 (E) = I3 (E). The emis-
sion spectrum observed in experiments is a sum of the
contribution from individual multiple exciton complexes
weighed by the corresponding occupation number ng,
i.e., I(hw) = > nply(hw). Recent photon correlation ex-
periments allow to untangle complicated emission spec-
tra and extract spectra corresponding to fixed exciton
numbers [85].

2.3.3 Hidden symmetry

The main difficulty with determining the ground state
of the multiexciton complex exists for partially filled de-
generate quantum dot states. All configurations have
the same energy and there is no single configuration
which dominates the ground state. Fortunately, it was
shown that the fully interacting electron—hole Hamil-
tonian and exciton creation operator on any degener-
ate shell satisfies the following commutation relation:
[}Alex,PJ“] = Ex Pt where PT creates an exciton and
Ex is a single exciton binding energy [28]. This commu-
tation relation allows to construct exact eigenstates of
the fully interacting Hamiltonian, called multiplicative
states. These states are the ground states of multiex-
citon complexes and, as a consequence, emission from a
degenerate shell takes place with energy Fx independent
of the population of this shell, i.e., the number of mul-
tiexciton complexes N. This property of quantum dots
is called hidden symmetry. For more information on the
hidden symmetry in quantum dots we refer the reader to
Refs. [28, 30, 32, 61, 84].

2.3.4  Fine structure: Electron—hole exchange
interaction

Let us denote the total energy of an ideal ground state of
a semiconductor, i.e., a fully occupied valence band plus
an empty conduction band, as Ejy. If one removes an elec-
tron from a state ¢ in the valence band to a state j in
the conduction band, the energy of the system changes
to Ej;. If one adds an electron back to the same state
in the valence band, the difference between E;; and Ey
would just be the interaction energy between two elec-
trons, one in state ¢ and the other one in state j, i.e,
EO + C= Eij + ‘/ij,ij — ‘/ij,ji~ Here C is the energy of in-
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teractions between the electron in the conduction band,
and each electron in the valence band, and can be re-
garded as a constant. Hence, the energy of an electron—
hole pair is given by —Vjj; ji + Viji; with the first term
being the electron—hole direct attraction and the other
one — the electron-hole exchange repulsion. In general,
the matrix element for the electron-hole exchange inter-
action is given by

° 1
Vi = Joeee [ 0:r0)65 ) 0 ra)en(r)
(25)

In bulk, the electron—hole exchange interaction arises
from the overlap between the s orbitals in cations, where
most of the electron wave function is localized, and p or-
bitals in anions, accounting for most of the wave function
of the hole. This also accounts for the mixing between
conduction and valence bands.

The electron—hole exchange interaction is responsible
for the fine structure in the optical spectra of an exciton.
Without the exchange interaction, the exciton composed
of an electron with spin s = £1/2 and a heavy hole
with spin 7 = £3/2 would be four-fold degenerate. With
L = s+ as the total angular momentum, the four states
form a bright doublet with L = +1 and a dark doublet
with L = £2. The electron—hole exchange interaction
splits the dark and bright doublets, with dark excitons at
lower energy. Even more importantly, the bright doublet
is also split into two linearly polarized exciton states by
the long-range electron—hole exchange interaction. The
splitting of the two exciton doublets is a function of
the anisotropy of the quantum dot. Since the splitting
prevents the emission of entangled photon pairs in the
biexciton cascade, the theory of the fine structure of ex-
citon has been extensively studied, e.g., by Takagahara
[86, 87], Ivchenko and co-workers [88], and Kadantsev
et al. [89] and analyzed in atomistic approaches [61, 90].
Since the fine structure splitting is on the order of tens
to hundreds of ueV, cautions must be taken in extract-
ing numbers from multi-million atom simulations. Sig-
nificant effort is also devoted to controlling the exciton
fine structure [91-93].

2.4  Quantum dots in magnetic fields

The effect of magnetic field has been incorporated into
the EBOM Hamiltonian by introducing Peierls phase fac-

tors as follows:
H(R,R) — e ' & AW (R R)) (26)

where A(r) is the vector potential. The Zeeman effect is
included by adding the spin terms to the diagonal matrix
elements,

1
H(Ry (), Ryqy) — H(Byq1y, Ryy) £ 5900882 (27)
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where go is the g factor of a bare electron. The mag-
netic properties of quantum dots such as the effective
electron ¢ factors depend sensitively on the parameters
used in the calculation. In the EBOM Hamiltonian all
the fitting parameters are established in a closed form as
a function of band edges and effective masses, and thus
can be uniquely determined.

2.4.1 Multiexciton Fock—Darwin spectrum

Multiexciton complexes in quantum dots have been in-
vestigated by us in Refs. [48, 94]. As mentioned previ-
ously, the confinement for the electrons in the conduction
bands in a flat quantum dot can be well approximated as
a two-dimensional parabolic potential. The energy spec-
trum of confined electronic states is therefore the same as
that of a harmonic oscillator, which is also known as the
Fock—Darwin spectrum in the presence of applied mag-
netic field. In experiments, shown in Fig. 4, one observes
the emission spectrum from multiple exciton complexes
instead of the energy spectrum of single-particle states.
Nevertheless, there is a correlation between the spectra
of single-particle states and emission of multiple excitons.
According to Koopmans’ theorem for a few-particle sys-
tem, it is a good approximation to treat the addition
energy, Eny — En_1, i.e., emission energy of multiple
excitons as the corresponding single-particle excitation
energy, B¢ — E"". Hence, it is not surprising to observe
Fock—Darwin-like spectra in experiments on ensemble of
quantum dots [48] as well as in single dots [95].

Energy /eV

0 5 10 15 20 25 30
Magnetic field /T

Fig. 9 Contour plot of the multiexciton emission spectrum of a
lens-shaped InAs/GaAs self-assembled quantum dot.

Numerical simulation of multiexciton emission in-
volves several steps from determination of strain dis-
tribution, calculation of the single-particle energy spec-
trum, computing multiexciton states by using the
configuration-interaction method, solving rate equations
to determine occupation of multiple exciton states to
finally obtaining the emission spectrum [94]. Figure 9
shows the multiexciton emission spectrum calculated for
a lens-shaped InAs/GaAs self-assembled quantum dot
which is grown on a 2 ML wetting layer and has a base
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diameter of 19.8 nm and height of 3.4 nm. For a dot of
such small lateral dimensions, the diamagnetic shift of
the single exciton line is barely noticeable. However, the
splitting of the two p-like states and crossing of the p and
d orbitals is observed.

2.4.2  FElectron g factors: Distribution and anisotropy

In bulk semiconductors such as GaAs and InAs, the elec-
tron ¢ factor can deviate substantially from the bare elec-
tron g factor due to strong band mixing effects and the
spin—orbit interaction. In turn, in self-assembled quan-
tum dots the complicated environment like the strong
quantum confinement and long-ranged strain field makes
electron g factors greatly different from those in the bulk
[96]. Interestingly, in InAs/GaAs self-assembled quan-
tum dots the ensemble average value of the electron g
factor does not deviate too much from that in single dots
[97]. It implies that the g factors for individual islands
are similar, and therefore the inhomogeneous broaden-
ing of the quantum dot size and composition does not
influence the measured g factors significantly.
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Fig. 10 Electron g factors as a function of the single exciton
emission energy calculated for InAs/GaAs quantum dots with var-
ious sizes, shapes and composition profiles. Circles and diamonds
stand for lens-shaped and pyramidal dots, respectively. The size of
the symbols corresponds to the denoted structures.

Figure 10 shows the electron g factors calculated as
a function of the emission energy for an ensemble of
InAs/GaAs dots with various sizes, shapes and com-
position profiles [98]. For all the samples, the electron
g factors are found to carry a negative sign and have
magnitudes smaller than 2.0. Except for some extremely
large or small samples, the electron g factors fall between
—0.5 and —1.0. To understand this interesting behavior,
we need to recall that an electronic state 1. in quantum
dots, in the coupled spin—orbital basis, is composed of
components from the conduction bands (s), heavy (hh),
light (Ih), and split-off (sh) hole subbands,

Ve = dss) + dnnlhh) + Gunllh) + dsn|sh) (28)

The electronic state is dominated by the s component
from the conduction bands followed by the light and
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heavy hole components from the valence bands. In the
bulk, the holes in different bands have distinctive g fac-
tors, i.e., g5, = —6k, g;), = 95, = —2Kk where  is an
empirical parameter. In quantum dots we propose that
the longitudinal electron g factor can be expressed as

9o =20 [(¢s|ds) | — 65 - |(dnnldnn)|?
=26 [{dun|dun)|* — 26 - [{sn|dsn)|?

with k now being a fitting parameter. By fitting this em-
pirical formulation with the result from numerical calcu-
lation, we find a weak dependence of x on the dimensions
of the dots. Typically, it falls between 9.4 and 10.1. The
theory therefore well explains why the fluctuation of size,
shape, and even composition profile does not have much
influence on the electron g factor [99].

Electron g factors are almost isotropic in bulk semi-
conductors such as InAs or GaAs. However, like the elec-
tron effective mass [44], they become anisotropic in self-
assembled quantum dots. The in-plane electron g factor
is given by

9! = 20(6s1s) 2+ glL 1 Pin|din) | + 911 (b s bsn) [ (30)

and further we have an anisotropic electron g factor [100]

95 — g0/ = =65 |(dnn|dnn)|* + 25 - |(Gun|dun) 2

(29)

(31)

As gl/,é = —4x and gs/é = —2k are isotropic within the
growth plane of the dots, the in-plane electron g factor
remains isotropic within the lateral dimensions.

2.4.8 Hole g factors: Envelope orbital momentum

In contrast with electronic states, the valence-band
states have more complicated composition structure
due to strong mixing between heavy- and light-hole
subbands. As these two bands have distinctive g fac-
tor tensors [see Eq. (29)], the hole states in quantum
dots thus exhibit interesting behavior. Figure 11 shows
the hole ¢ factors calculated for the same set of the
quantum dots as in Fig. 10. Compared with electron
g factors, the hole g factors are seen to be distributed
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Fig. 11 Hole g factors against the single exciton emission en-
ergy calculated for the same set of InAs/GaAs quantum dots as in
Fig. 10.
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in more wider region, ranged from —2.5 to 1.5. Further-
more, their dependence on the emission energy is found
to be more irregular.

In bulk InAs and GaAs both electron and hole g fac-
tors are negative. In InAs/GaAs quantum dots, electron
g factors are found to always carry a negative sign. The
reason why some dots can have positive hole g factors lies
in the nonzero envelope orbital momenta (NEOM) car-
ried by the components of the hole states [101]. Keeping
in mind the expansion of any single-particle wave func-
tion as in Eq. (28), in general, one only needs to consider
the contribution from the Bloch functions to the overall
g factor because envelope functions usually do not carry
any NEOM, and therefore have no effect on the g factor.

However, we find that the light-hole component of the
ground hole states in a quantum dot does carry NEOM
despite the fact that the heavy-hole part does not. The
reason why the heavy hole component of a zero angular
momentum can mix with the light-hole parts of nonzero
angular momenta lies in the fact that the total angular
momentum, i.e., that of the envelope part plus that of
the Bloch part, is a good quantum number in a system
with cylindrical symmetry. Even when the symmetry is
broken by the shear strain, we find that the conservation
of the total angular momentum is still a good approx-
imation. Including the contribution from the envelope
functions, we have the overall hole g factor

9n = 9h + 9 (32)
where gj denotes the contribution from NEOM,
gn =2 Z <¢nT‘I:Z‘¢nT> + <¢nl‘ﬁ2‘¢nl> (33)

n€hh,lh,sh,s

Although the light-hole component carries NEOM, its
contribution to the overall g factor is small because of
its small projection in the hole state. It is found that
the heavy-hole part gains more and more NEOM as the
height of the dot increases while the lateral dimension
is fixed. If the contribution from NEOM carried by the
heavy-hole component exceeds that from the Bloch part
in absolute amplitude, the overall hole g factor is seen to
change its sign and becomes positive. If the positive hole
g factor and the negative electron g factor are similar in
amplitude, the overall exciton g factor can even vanish
[101].

Apart from the sign change, the hole g factor also ex-
hibits an interesting anisotropy. As the biaxial strain in
quantum dots splits the heavy and light hole apart, the
low-lying states in the valence bands are dominated by
their heavy-hole components (see Fig. 5). Recall that the
basis functions for the heavy-hole band at the I' point
are given by |x 1) +ily 1) and |z |) —i|y |), with orbital
angular momenta oriented along the growth (z) direc-
tion. The spin—orbit interaction couples the spin to the
orbital angular momentum and results in the z direction
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being the easy-axis of polarization of total angular mo-
mentum (quasi-spin). If a hole state is composed of only
the heavy-hole component, it would lead to the hole spin
frozen along the growth direction and thus a zero g factor
in the presence of a magnetic field applied in the growth
plane [102].

For a hole state in a realistic quantum dot, its mi-
nor light-hole and split-hole components help to retain a
small g factor in the Voigt configuration. Unlike an al-
most isotropic in-plane electron g factor [99], the in-plane
hole g factor can be highly anisotropic due to NEOM
carried by mainly the light-hole parts [103].

2.5 Quantum dots in electric fields

As in bulk materials and quantum wells, electronic and
optical properties of self-assembled quantum dots can
be probed and then tuned by applying external electric
fields. The electric field can be applied either along the
growth direction or in the growth plane.

2.5.1  Quantum-confined Stark effect

In the presence of an external electric field F' applied
along the z (growth) direction, the Hamiltonian for an
electron confined in quantum dots is given by H + ¢.Fz.
For flat quantum dots with strong confinement along the
vertical direction, the additional term for the electric
field ¢.F'z can usually be regarded as a perturbation.
Hence the energy of the electron ground state vy in the
electric field becomes

Efy = (o] H|vbo) + g F (to|2|th0)

+P2F? Z <¢0\Zgﬁon>_<%iz|¢o>

(34)

n=1

with Eg = (4po|H|tpo) being the energy in the ab-
sence of the field. The coeflicients of the linear and
quadratic terms are given by a = ¢.(z) and 8 =
2>, —1 |zon|?/AEy,, respectively. Combining the for-
mulations for electrons and holes together, we have the
transition energy for an electron—hole pair given by

E! - E, = (E. — Ep,) + pF + BF? (35)

where p = ¢.((z.) — (z1)) is the built-in dipole moment,
and B = (. — [, measures the polarization of the elec-
tron and hole states. As the effect of electric field on the
exciton binding energy can be approximated by a similar
expansion, the above expression may also be used for the
emission energy of single excitons. If there is a non-zero
built-in dipole moment in the dot, the Stark shift would
be asymmetric [104].

Since in the Stark shift the linear term in electric
field is the electron—hole dipole moment, the informa-
tion about the relative positions of the electron and hole
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states in the quantum dots can be determined by experi-
ments. For a quantum dot with a homogeneous composi-
tion profile, the ground hole state is found to be localized
closer to the bottom of the dot than the electron state
[40]. This is due to the fact that the electron state is af-
fected by only the hydrostatic strain while hole states are
heavily influenced by the biaxial strain component. Sur-
prisingly, an inverted electron—hole alignment was found
in an experiment on the Stark effect in self-assembled
quantum dots [105], which was later attributed to the
inter-diffusion effect [53].

The lateral electric field has also been applied to exci-
ton complexes in quantum dots. The two main reasons
are 1) attempt to modify the anisotropy of the quantum
dot and hence the exciton fine structure [86, 106, 107]
and ii) modification of the biexciton binding energy [35,
114]. It was shown that the electric field alone cannot
remove the exciton fine structure splitting. However, the
removal of the biexciton binding energy provides an al-
ternative route to generation of entangled photon pairs
without the need for the modification of quantum dot
structural parameters such as anisotropy [35, 114].

2.5.2  Electrical tuning of exciton g factors

The effect of an applied electric field on a quantum dot
is not limited to the Stark shift observed in the optical
transitions. Other properties such as polarization of the
photoluminescence emission and even exciton effective
g factor may also be affected. Electrical tuning of exci-
ton g factors in single [108] and stacked [109] InAs/GaAs
quantum dots has already been demonstrated in recent
experiments.

The spin splitting of an exciton state consists of the
contributions from both electron and hole states, i.e.,
gz = ge + gn- Although it is still very difficult to measure
electron and hole g factors independently in experiment,
ge and gp, can be calculated separately. Our model sys-
tem here is a pyramidal dot with a base length of b=
20 nm. Figure 12 plots the hole g factor as a function of
the applied field for the dot of various height. For all the
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Fig. 12 Hole g factor as a function of the applied electric field
for a pyramidal InAs/GaAs quantum dot of various height which
is illustrated schematically in the inset.
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dots, we find that electron g factor is strongly resistive to
the applied electric field and exhibits very little change
over a broad range of the field strength, and therefore
do not show its result in the figure. On the contrary, the
hole g factor is seen quite sensitive to the applied field
and even changes its sign in the dots of high aspect ratio.

The g factors of electronic states are known to be in-
sensitive to the size, geometry, and even the composition
profile of the quantum dots [99]. The independence of
ge on the applied electric field can be attributed to the
same physical mechanism. The hole g factor has been
shown to increase with the height of the dot [101]. This
dimensional dependence of the hole g factor is explained
in terms of NEOM carried in the ground state of holes.
As the effect of an applied electric field is equivalent to
the change in the effective confinement, the electric de-
pendence of the hole g factor can be understood in the
similar way [110].

For effective tuning of exciton g factors in single quan-
tum dots a relatively strong electric field is usually re-
quired. It has already been shown that, with the same
applied electric field, a double dot often exhibit a larger
Stark shift compared with the single dot of the same
dimension. The model system adopted here involves two
coupled disk-like InAs quantum dots, each having a di-
ameter of 15.3 nm, separated by a GaAs barrier with
a thickness of 4.5 nm. Figure 13 plots the ¢ factors of
the ground and first excited hole states calculated as a
function of the electric field for the coupled dots with a
separation of d = 4.5 nm. A resonance structure can be
seen in the spectra of hole g factors, which is very differ-
ent from the monotonic dependence of their counterparts
in the single quantum dots. The probability density of
the ground and first hole excited states at F' = 0,10
kV/cm (off resonance) and F' = 5.4 kV/cm (on reso-
nance) is plotted to highlight the origin of the g factor

Ground state

Hole g factor

First excited state

0 2 4 6 8 10
Electric field /(kV-cm™")

Fig. 13 g factors of the ground and first excited hole states in a
lens-shaped double InAs/GaAs quantum dot, calculated as a func-
tion of the applied electric field. Probability density of the states
at the various electric fields are illustrated. Reproduced from Ref.
[111], Copyright © 2009 Institute of Physics.
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resonances [111]. It is noted that recent theoretical work
[112] by using the eight-band k - p method reports on
the exciton g factors of the opposite sign to our result
and the experiment [109]. Finally, we would like to point
out that a magnetic impurity may lead to dramatic vari-
ation in electron g factors [113] though electrical tuning
has been shown to be nearly ineffective.

2.6 Single InAs/InP self-assembled quantum dots on
nanotemplates

Formation of self-assembled quantum dots during the
Stranski-Krastanow growth of epitaxial layers is a very
useful way of controlling matter in three dimensions in
the one-dimensional growth. The disadvantage of this ap-
proach is the random in-plane nucleation of quantum
dots and the variation of their sizes. Williams and co-
workers [34, 115] proposed a different approach, involv-
ing growth of single InAs quantum dots on InP nan-
otemplates. The fabrication of nanotemplates starts with
lithographically defined patterns for the initialization of
the growth of InP pyramid. The starting area of the pyra-
mid is defined with the accuracy of tens of nanometers.
The growth of the pyramid is governed by the stability of
crystallographic facets and, when interrupted, results in
a formation of nanotemplates defined with atomic preci-
sion. InAs dots are grown on such nanotemplates and are
covered with InP to complete the pyramid. Such struc-
ture, shown in Fig. 14(a), can be functionalized by either
metallic gates or by building photonic crystals around
them for a fully controlled light-matter system [36]. The
first steps toward the theory of InAs quantum dots on
InP templates have been made by some of us in Ref. [42].

As an example of a deterministically functionalized
single quantum dot we show the result of the application
of gates to the single quantum dot, resulting in a fully
tunable optical structure. Figure 14(b) shows the emis-
sion spectrum of a single photo-excited quantum dot as a
function of the bottom gate voltage. We see a number of
emission lines, which correspond to charged exciton com-
plexes X9 X, X2, or different number of electrons N
in the initial states (right-hand axis). The black circles
and lines create a phase diagram of the emission spec-
trum as predicted in Ref. [27]. The emission for X2~
consists of two lines, corresponding to the singlet and
triplet two-electron complexes in the final state, respec-
tively. Hence, the electron spin can be detected optically.
The effect of spin can also be seen in the emission from
other multiexciton complexes.

Because the nanotemplate can be elongated, it al-
lows for the control of the shape of the quantum dot.
One would expect that the resulting splitting of the two
p-shell states would be a measure of the elongation.
Unfortunately this is not so straightforward. Figure
15(a) shows the InAs quantum dot on an elongated
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Fig. 14 (a) Single InAs quantum dot in an InP pyramid with
metallic gates on the sides of the pyramid. (b) Emission spectrum
as a function of the bottom gate voltage. Different emission lines
correspond to different charged exciton states, X%, X—, X2~ or
different number of electrons in the initial states (right-hand axis).
The black circles and lines create a phase diagram of the emission
spectrum as predicted in Ref. [27]. Reproduced from Ref. [116],
Copyright (© 2009 Institute of Physics.

template. Figure 15(b) shows the emission from the five-
exciton complex in which three electrons and three holes
populate the two p-shell states. We see that even for
a fully symmetric quantum dot there are two emission
peaks. These two peaks correspond to two different four-
exciton final states, singlet—singlet and triplet—triplet,
which differ by exchange and correlation energy. As the
structure becomes highly asymmetric, we can attempt
to extract the p-shell splitting from the emission spec-
tra. Much work is needed for the full understanding of
InAs/InP quantum dots on patterned substrates to real-
ize this promising technology.

3 Graphene quantum dots

3.1 Introduction

Carbon atom, a basis of organic chemistry, gives rise to
a rich variety of chemical structures, allotropes, due to
the flexibility of its m-bonds. One of the allotropes is
graphene, a two-dimensional sheet of carbon atoms ar-
ranged in a hexagonal honeycomb lattice. The theory of
graphene has been developed at the National Research
Council of Canada by Wallace as early as 1947 [117].
Since then graphene was considered as a starting point
in the understanding of other allotropes such as graphite
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Fig. 15 (a) Schematic view of a single InAs quantum dot on
a InP pyramid template. (b) Emission spectrum from the five-
exciton to the four-exciton complex as a function of the elongation
of the template. The two emission peaks correspond to two four-
exciton final states, determined by spin for symmetric structure
and splitting of the p shell for asymmetric structure. Reproduced
from Ref. [42], Copyright © 2005 American Physical Society.

(stack of graphene layers), carbon nanotubes (rolled-up
cylinders of graphene), and fullerenes (wrapped graphene
by the introduction of pentagones on the honeycomb
lattice). Graphene has been investigated extensively in
Graphite Intercalation Compounds (GIC) [118]. Inter-
calation of graphite with, e.g., Lithium or Potassium
leads to increased separation of graphene sheets and in-
troduction of electrons or holes. GIC were equivalent to
doped semiconductors. The theory of optical properties
of graphene in GIC was developed by Blinowski and co-
workers [119] and by one of us [120] and has been com-
pared with reflectivity experiments. The theory of elec-
tronic screening and plasmons in GIC was also developed
at that time [121]. Recently, following the first experi-
mental isolation of a single graphene sheet in 2004 by
Geim, Novoselov and co-workers [37], both experimen-
tal and theoretical research on graphene has increased
exponentially due to the unique physical properties and
promising potential for applications [122].

One of the most interesting electronic properties of
graphene is the zero-energy gap and relativistic nature
of quasi-particle dispersion close to the Fermi level pre-
dicted by Wallace [117]: low energy excitations are mass-
less Dirac fermions, mimicking the physics of quantum
electrodynamics at much lower velocities than light. On
the other hand, with ongoing improvements in nanofabri-
cation techniques [123], the zero-energy gap of the Dirac
quasi-particles can be opened by engineering the size,
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shape, edge, and carrier density. This in turn offers pos-
sibilities to control electronic [38, 124-128, 130-132],
magnetic [39, 123, 130-138] and optical [138-142] prop-
erties of a single-material nanostructure simultaneously.
As a result, there is a growing interest in studying lower-
dimensional structures such as graphene ribbons [144—
147], and more recently graphene quantum dots [126-
129, 130]. In the following we will concentrate on the
electronic structure, optical properties and magnetism of
graphene quantum dots. For transport properties, please
refer to Ref. [143] for more detail review.

3.2 Electronic structure — Tight-binding approach

The sp? hybridization of carbon atom 2s and p,,p, or-
bitals leads to trigonal o-bonds responsible for a robust
hexagonal lattice of carbon atoms. The remaining p, or-
bitals from each carbon atom form the m-band, which
is well separated from the filled o-band. Hence, the elec-
tronic states of graphene in the vicinity of the Fermi level
can be understood in terms of p, electrons on a hexag-
onal lattice. The hexagonal honeycomb lattice consists
of two triangular sublattices as shown in Fig. 16. Red
atoms form the sublattice A, and blue atoms form the
sublattice B. There are two carbon atoms, of type A and
B, in a unit cell. Following Wallace [117], the wavefunc-
tion of graphene can be written as a linear combination
of p, orbitals localized on sublattices A and B:

Uy(r) = Y A(Ra)$:(r — Ra)

R4

+ ZB(RB)¢Z(7‘ - Rp)

Rp

(36)

where ¢, is a localized p, orbital. R, represents the po-
sition of an atom on sublattice p = A or B, and is a
function of the lattice vectors a1,a2, and b shown in Fig.
16. Within the tight-binding formalism, the Hamiltonian
can be written as:

H=-— Z tijCIJng

2,,0

(37)

Fig. 16 Honeycomb lattice structure of graphene. The two inter-
penetrating triangular sublattices are illustrated by blue and red
carbon atoms.
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where the electrons can hop between sites ¢ and j via the
tunneling matrix element ¢; ;. For graphene, the nearest
neighbor hopping energy is about ¢ ~ 2.8 eV and the
next-nearest neighbor hopping energy ¢’ =~ 0.1 eV [122].
For simplicity, let us consider only the first nearest neigh-
bor interaction.

For bulk graphene the wave function that satisfies the
periodicity of both sublattices can be classified by the
wave vector k and written as:

Ur(r) = A ) e R0 (r - Ra)

Ra

+By, Z ek Botvg (r— Rp)
Rp

(38)

Solving the Schrodinger equation for graphene involves
finding the solution for the coefficients of the two sublat-
tices for each wave vector k:

) (39)

tf(k) ) (
(40)

0 Ag
tf*(k) 0
f(k:) =14+ eik~a1 + eik~a2

)=

By,

where

The energy spectrum Ej and the wave function are then

given by
E(k) = +t|f(k)| (41)
Ay =+ By, (42)

with 0 being the phase of f(k). The energy spectrum
E(k) is shown in Fig. 17. For the charge neutral system,
each carbon atom gives one electron to the p, orbital. As
a result, the Fermi level is at E(k) = 0, and the + sign
corresponds to the electron and hole branches, respec-
tively. Although the electron-hole symmetry is conserved
here, if one includes second neighbor interaction ¢’, the
electron and hole branches become asymmetric.

L g

k 2 4 -4 ’

Fig. 17 Energy spectrum of graphene obtained from the nearest-
neighbor tight-binding model.

3.3 Dirac fermions

One of the most striking properties of graphene is re-
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vealed if we expand the energy spectrum close to Fermi
level Ex = 0, around the K and K’ points of the Bril-
louin zone. In contrast with semiconductor quantum
dots, where the energy spectrum E(q) = ¢?/(2m) is
quadratic, in graphene we find a linear dispersion

E(q) = tuvrq (43)

where g is the momentum relative to one of the K or
K’ points, called Dirac points, and vp = 3tb/2 ~ 10°
m/s is the velocity of Dirac fermions. We thus obtain
relativistic-like dispersion relation with a velocity 300
times smaller than that of light. We can also expand
Eq. (39) around one of the K points which gives the
two-dimensional Dirac equation:

—ivpo - Vi (r) =~ Ey(r) (44)

The wave functions around K and K’ points are given

1 e 10k

Y1 (k) ~ 7 . around K (45)
1 +i0%

7 ( e:l:l > around K’ (46)

As discussed above, the wave function for Dirac Fermions
has two components corresponding to the two sublat-
tices. The two-component character is often referred to as
pseudo-spin. In analogy with real spin, the Dirac Fermion
wave function acquires Berry’s phase if we adiabatically
change the wave vector k along a closed loop enclosing
the Dirac point. Hence the sublattice structure adds a
nontrivial topological effect to the physics of graphene.

3.4  Graphene quantum dots

As we can see from Eq. (43) and Fig. 17, graphene is a
gapless material. As a result, in analogy with the phe-
nomenon of Klein tunneling for massless particles in rel-
ativistic quantum mechanics, it is not possible to confine
Dirac electrons in graphene electrostatically using metal-
lic gates as in semiconductor quantum dots. Various indi-
rect ways were proposed for opening a gap to confine the
electrons, such as size quantization in a graphene ribbon
[144-147] or using bilayer graphene [148-155]. In this re-
view we will focus on graphene islands with size quantiza-
tion in the two dimensions, i.e., graphene quantum dots
with edges created by, e.g., etching [123]. Quantum con-
finement in such systems was experimentally observed
[38, 124, 125] and there is increasing interest in creat-
ing quantum dots with well controlled shapes and edges
[123, 129].

3.5 Shape and edge effects

Graphene sheet can be cut along different crystallo-
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graphic directions as seen in the top panel of Fig. 18,
resulting in different types of edges. The most stable
edge types are armchair and zigzag edges [156, 157]. To-
gether with the shape of the quantum dot, the edge type
plays an important role in determining the electronic,
magnetic, and optical properties. In this section, we will
compare the properties of quantum dots of various shape
and edge, and study their properties as a function of their
size. We consider three different quantum dots as illus-
trated in Fig. 18: (a) hexagonal dot with armchair edges,
(b) hexagonal dot with zigzag edges, and (c) triangular
dot with zigzag edges. Their energy spectra, shown on
the lower panel of Fig. 18, were calculated by numeri-
cally solving the tight-binding Hamiltonian of Eq. (37)
in the nearest neighbors approximation. Clearly the en-
ergy spectrum around the Fermi level (E = 0) strongly
depends on the structure. While the hexagonal armchair
and trigonal zigzag dots have a well defined gap of the
order of 0.2t (shown by a red arrow), for the hexagonal
zigzag dot the gap is much smaller. Moreover, in addition
to valence and conduction bands, the trigonal zigzag dot
spectrum shows a shell of degenerate levels at the Fermi
level [39, 130, 132-136, 138]. As we will see in the fol-
lowing section, this degenerate band is responsible for
interesting electronic and magnetic properties.
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Fig. 18 Single-particle tight-binding spectrum of (a) arm-
chair hexagonal, (b) zigzag hexagonal, and (c) zigzag triangular
graphene quantum dot structures consisting of similar number of
carbon atoms. Top panel shows the atomic positions. Reproduced
from Ref. [133], Copyright © 2010 American Physical Society.

In order to understand further the electronic proper-
ties near the Fermi level, in Fig. 19 we plot the energy gap
as a function of the number of atoms. For the hexagonal
armchair dot (red dots), the gap decays as the inverse
of the square root of number of atoms N, from hundred
atom to million atom nanostructures. This is expected
for confined Dirac fermions with photon-like linear en-
ergy dispersion (Egap o kmin = 27/Az o 1/V/N), as
pointed out in Refs. [130, 139, 158]. However, the re-
placement of the edge from armchair to the zigzag has
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a significant effect on the energy gap. The energy gap of
hexagonal structure with zigzag edges decreases rapidly
as the number of atoms increases. This is due to the
zigzag edges leading to localized states at the edge of
the quantum dot, similar to whispering gallery modes
of photons localized at the edge of photonic microdisk
[159]. Figure 19 also shows the effect on the energy gap
of deforming the hexagonal structure into a triangle while
keeping zigzag edges. Unlike the hexagonal zigzag struc-
ture, all three edges of the triangle are composed of atoms
of the same sublattice. As a result, they do not hybridize
and form a degenerate band at Fermi level. The energy
gap shown in Fig. 19 corresponds to transitions from the
topmost valence to the lowest conduction band state.
The energy gap in the triangular zigzag structure follows
the power law Eg,;, oc v/N since it is due to confinement
of bulk states, whereas the gap for the hexagonal arm-
chair structure is due to the hybridization of the edge
states. We note that the energy gap changes from ~ 2.5
eV (green light) for a quantum dot with ~ 100 atoms
0 =~ 30 meV (8 THz) for a quantum dot with a million
atoms and a diameter of ~ 0.4 micrometer. The pres-
ence of a partially occupied band of degenerate states
in the middle of a well defined energy gap offers unique
opportunity to control magnetic and optical properties
of triangular graphene nanostructures simultaneously.
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Fig. 19 Energy band gap as a function of number of carbon
atoms for triangular zigzag, hexagonal armchair and hexagonal
zigzag structures. Reproduced from Ref. [133], Copyright © 2010
American Physical Society.

3.6 Gated quantum dots: Beyond tight-binding
approach

While the basic tight-binding model of Eq. (37) ac-
curately describes the electronic properties of bulk
graphene, the situation can be more complicated for
gated finite-size systems. The experimental values used
for first and second nearest neighbors hopping terms ¢
and t' are based on the assumption that electronic oc-
cupation on every site is constant (equal to one), which
may not be true at the edges of a quantum dot. More-
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over, for a gated system, the average occupation per site
can be higher or lower than one. Thus, one must take
into account the deviation of the electronic density from
the bulk values due to edge effects and doping via the
electrostatic gate [39)].

Interaction effects due to additional charge density on
each site can be investigated within a mean-field ap-
proach using a combination of tight-binding and self-
consistent Hartree—Fock methods (TB-HF'). For p. elec-
trons, the interacting many-body Hamiltonian can be
written as

H=- Ztiloczgclo

ilo

+ > GIVIEL Ll chorcio

zgkloo

(47)

and the corresponding mean-field Hartree—Fock Hamil-
tonian is

Hypr = — Ztiwczgclg + Z Z piko ((i3|V| k)
ilo ilo jko’
—{if|V|1k)Suar )l clo

where the operator cZTU creates a p. electron on site ¢ with

spin o. Note that at this stage the unknown hopping
terms t;;, do not include the effect of electron—electron
interactions. We want to express the Hamiltonian for our

(48)

system as a function of experimentally measured bulk
tight-binding parameters 7;,. For the graphene sheet,
the mean-field Hamiltonian is written as

Hyles = Z tzlanng + Z Z p;’kucl,k (i§|V'|kI)
ilo ilo jko'
—(i§|V |lk)3gor )ty i (49)
= - Z Tiloczgclo (50)

ilo

We can now re-express our mean-field Hamiltonian as

E Tilo czg Clo

ilo

PRiet) (i |V kL)

Hyr = Hyr — Hbulk bulk

+3 > (Pikor —

ilo jko'

—(i5|V|Ik)boor )l 1o (51)

which must be solved self-consistently to obtain Hartree-
Fock quasi-particle states.

In order to take into account the effect of induced gate
charge away from charge neutrality, we assume that elec-
trons in the graphene island interact with the electrons
transferred to the gate via the term v, given by

Nsi e
- —(ind /Nsite
Jj=1 K\/(J’.Z - xj)z + (y’b - yj)2 + déate
(52)

/Ui‘]i (qind) =
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where (z;,y;) are the coordinates of the atoms. This
model assumes that the induced charge gi,q = —AN is
smeared out at positions (z;,y;) at a distance dgate from
the quantum dot. Our final Hartree—Fock Hamiltonian is
then given by

_ T
Hyip = — E Tilo CiyClor
ilo

D (pikor — pra) (| V |KI)

ilo jko'

—(i§|V|Ik)0oor)elptic + > v8i(gina)clycio (53)

After self-consistent diagonalization of the Hamilto-
nian as in Eq. (53) for a TB-HF reference level defined by
N = N;cy, we obtain TB+HF quasi-particles denoted by
the creation operator b;,, with eigenvalues €, and eigen-
functions |p). We can then start filling the conduction
states above Fermi level one by one to investigate cor-
relation effects. The general Hamiltonian for the whole

system can be written as
H = H + Hyir — Hur

from which, after extensive algebra, it can be shown that
in the rotated basis of b}: quasi-particles and by neglect-
ing scatterings from/to the degenerate shell, the Hamil-
tonian for Naqq + Nyt electrons reduces to the configu-
ration interaction problem for the N,qq added electrons
given by

1
H =7 epbl,bpo + 3 > (palVIrs)bl, bl brorbas

po pqrsoo’

+ Y (P! (Naaa)|@)bfsbao

pgo

+2) (0|07 (Naga) Ip')

(54)

where the indices without the prime sign (p,q,r, s) run
over states above the TB-HF reference level, while the
index with the prime sign p’ runs over valence states
(below the TB-HF reference level). Here the first term
on the right-hand side represents the energies of quasi-
particles; the second term describes the interaction be-
tween the added quasiparticles, the third term describes
the interaction between the quasiparticles and the gate;
and the last term is a constant giving the interaction
energy between the Ny electrons and the charge on
the gate. We then build all possible many-body con-
figurations within the degenerate shell for a given elec-
tron number N,qq, for which Hamiltonian matrices cor-
responding to different S, subspaces are constructed and
diagonalized.

3.7 Magnetism in triangular quantum dots

As discussed in the previous section, when an electron is
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confined to a triangular atomic thick layer of graphene
with zigzag edges, its energy spectrum collapses to a shell
of degenerate states at the Fermi level (the Dirac point).
This is similar to the edge states in graphene ribbons
[144-147], but the shell is isolated from the other states
by a gap. Indeed, the zigzag edge breaks the symmetry
between the two sublattices of the honeycomb lattice, be-
having like a defect. Therefore, electronic states localized
on the zigzag edges appear with energy in the vicinity of
the Fermi level. The degeneracy Neqge is proportional to
the edge size and can be made macroscopic. A non-trivial
question addressed here is the specific spin and orbital
configuration of the electrons as a function of the size
and the fractional filling of the degenerate shell of edge
states. Due to the strong degeneracy, many-body effects
can be expected to be as important as in the fractional
quantum Hall effect, but without the need for a magnetic
field. Calculations based on the Hubbard approximation
[134, 135] and local spin density functional theory [135,
136] showed that the neutral system (i.e., at half-filling)
has its edge states polarized.

In order to study many-body effects within the
charged degenerate shell using the configuration inter-
action method, we first perform a Hartree—Fock calcula-
tion for the charged system of N — Neqge €electrons, with
empty degenerate shell and Negge electrons transferred
to the gate, as shown in Fig. 20 (a). The spectrum of HF
quasi-particles is shown in Fig. 20 (b) with black lines.
Due to the mean-field interaction with the valence elec-
trons and charged gate, a group of three states is now
separated from the rest by a small gap of ~ 0.2 eV. The
three states correspond to HF quasiparticles localized in
the three corners of the triangle. The same physics oc-
curs in density functional calculation within local density
approximation (LDA), shown in the inset of Fig. 20 (b).
Hence we see that the shell of almost degenerate states
with a well defined gap separating them from the valence
and conduction bands exists in the three approaches.

The wave functions corresponding to the shell of
nearly-degenerate zero-energy states obtained from TB-
HF calculations are used as a basis set in our configura-
tion interaction calculations where we add N,qq electrons
from the gate to the shell of degenerate states. In Fig.
21, total spin S of the ground state as a function of
the filling of the degenerate shell is shown for different
sizes of quantum dots. Three aspects of these results
are particularly interesting: (i) for the charge neutral
case (Nadd — Nedge = 0), for all the island sizes studied
(Nedge = 3 — 7), the half-filled shell is maximally spin
polarized as indicated by red arrows, in agreement with
DFT calculations [135, 136]. The polarization of the half-
filled shell is also consistent with the Lieb theorem for
the Hubbard model for bipartite lattice [160]. (ii) The
spin polarization is fragile away from half-filling. If we
add one extra electron (Naqq — Nedge = 1), magnetization
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Fig. 20 (a) Electronic density in a triangular graphene island
of 97 carbon atoms where 7 electrons were moved to the metal-
lic gate at a distance of dgate. (b) Single particle spectrum of the
structure in (a), obtained by tight-binding (TB, blue lines) and
self-consistent Hartree-Fock (TB-+HF, black lines) methods. The
7 zero-energy states near the Fermi level are compared to DFT
results. In Hartree-Fock and DFT calculations 7 electrons were
removed, leaving the zero-energy states empty. The dielectric con-
stant x is set to 6. Inset compares the structure of corner and side
states obtained using Hartree—Fock and DFT calculations. In DFT
calculations, hydrogen atoms were attached to dangling bonds. Re-
produced from Ref. [39], Copyright (© 2009 American Physical So-
ciety.

of the island collapses to the minimum possible value,
as indicated by blue arrows in Fig. 21. Full or partial
depolarization occurs for other filling numbers. (iii) The
spin phase diagram is not necessarily symmetric around
Nadd — Nedge = 0. This is due to the imbalance between
the two types of atoms of the honeycomb lattice in the
triangular zig—zag structure, and the next nearest neigh-
bor hopping term that breaks the electron—hole symme-
try. Also, the spin depolarization at half-filling was found
to be insensitive to the screening of electron—electron in-
teractions, as values of dielectric screening constant s
between 2 and 8 led to the same behavior of the charge-
neutral and single electron charged cases (which is not
shown).

3.8 Excitons in triangular quantum dots

The degenerate band of zero-energy states in triangu-
lar dots discussed in the previous section leads to unusual
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Total spin S

N, add — N, edge

Fig. 21 Spin phase diagram from configuration interaction cal-
culations for different sizes of the triangular dot characterized by
the number of edge states Nedge, as a function of the filling of
the zero-energy states Naqq — Nedge- Charge neutral case corre-
sponds to Naqd — Nedge = 0, for which the total spin of the
zero-energy electrons are always maximized (S = Neqge/2, indi-
cated by red arrows). If the quantum dot is charged by 1 electron
(Nadd — Nedge = 1) then the total spin has minimum value, i.e.
S =0 if Naqq is even, S = 1/2 if Nuqq is odd (indicated by blue
arrows). Reproduced from Ref. [39], Copyright (© 2009 American
Physical Society.

optical properties. Indeed, we can classify allowed opti-
cal transitions into four classes: (i) from doubly occupied
valence states to zero-energy degenerate band, (ii) from
zero-energy band to empty conduction band, (iii) from
valence band to conduction band, and finally (iv) within
zero-energy states. As a consequence, there are three dif-
ferent photon energy scales involved in the absorption
spectrum, with their properties depending on the size
and the filling of the degenerate band. In this work we
focus on excitonic effects at half-filling. A detailed anal-
ysis of excitonic transitions away from half-filling can be
found in Ref. [133].

Figure 22(a) schematically illustrates the optical tran-
sition processes between the doubly-occupied valence
band states towards the zero-energy band. As discussed
earlier, at half-filling the zero-energy states are singly
occupied with spin polarized electrons. Therefore an up-
spin electron from the valence band can be excited to
the zero-energy band through photon absorption, leaving
behind a down-spin hole. Note that optical transitions
that conserve the total spin within zero-energy band
are not allowed. The possibility to allow transitions
within zero-energy band by gate charging the system
is discussed in Ref. [133]. Figure 22(b)—(d) illustrates
in detail the effect of electron—electron and final-state
(excitonic) interactions on the absorption spectra. Fig-
ure 22(b) shows the detailed VZ absorption spectrum
for noninteracting electrons. This spectrum corresponds
to transitions from the filled valence band to half-filled
shell of zero-energy states. Half-filling implies that each
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Fig. 22 (a) Single particle tight-binding energies of states near
Fermi level for a N=97-atom triangular zigzag quantum dot. The
colored arrows represent optical transitions from valence to con-
duction band (VC, green), valence to zero-energy band (VZ, blue),
zero-energy to conduction band (ZC, red) and zero-energy to zero-
energy band (ZZ, black). Figures (b)—(d) shows the effect of
electron—electron interactions on the VZ transitions within (c)
Hartree-Fock approximation, and including (d) correlations and
excitonic effect obtained from exact configuration interaction cal-
culations.

state of the zero-energy band is optically allowed. Nu-
merical and analytical calculations show that among the
zero-energy states there are two bulklike states, which
couple strongly to the valence band resulting in the main
transition at £ = 1.41 eV. When the electron—electron
interactions are turned on within Hartree—Fock level,
the photon energies corresponding to optical transitions
w = (Ef + %) — (E; + X)) are renormalized by the dif-
ference in quasi-particle self-energies Xy — Xi. The ab-
sorption spectrum, shown in Fig. 22(c), is renormalized
with transition energies blue-shifted by 0.51 eV to E=
1.92 eV. Finally, when final-state interactions between
all interacting quasi-electron and quasi-hole states are
taken into account, the excitonic spectrum is again renor-
malized from the quasi-particle spectrum, with transi-
tions red shifted from quasi-particle transitions at F=
1.92 eV, down to EF = 1.66 eV. As we can see, electron—
electron interactions play an important role in deter-
mining energies and form of the absorption spectrum,
with net blue shift from the noninteracting spectrum by
0.25 eV.
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3.9 Effect of imperfections

Clearly, it is a challenging task to fabricate structures
without imperfections, although there is considerable ex-
perimental effort for creating quantum dots with well
controlled shapes and edges [123, 129]. Therefore an in-
teresting question is the effect of various types of de-
fects on the electronic properties. For triangular struc-
tures, the robustness of the zigzag edges to pentagon-
heptagon reconstruction was established in Ref. [157]. If
properly hydrogenated, zigzag edges were found to be
more stable than the reconstructed ones. On the other
hand, in a triangular zigzag dot with a missing corner, it
was found that [132] the degenerate band of zero energy
states survives. Finally, the magnetization of the edges
described above is expected to be robust against defects,
since Lieb’s theorem [160] guarantees that magnetization
as long as the biparticity of the honeycomb lattice is not
distorted. To understand the effect of strong distortion of
the biparticity or the honeycomb structure of the lattice,
future work is necessary.

4 Conclusions

To summarize, we have reviewed here our recent work
on the electronic and optical properties of semiconductor
and graphene quantum dots. The quantum dots allow
us to manipulate quantum states and design quantum
systems at the many-particle level. New phenomena have
been uncovered and described in this review, and it is
hoped that many discoveries await us in the future.
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