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We review our recent work on multiexciton complexes in InAs self-assembled quantum dots using
a combination of effective mass, k · p, and atomistic sp3s�d5 tight-binding approaches. The
single-particle levels from effective mass, k · p, and atomistic tight-binding models are used as input
into configuration-interaction calculation of multiexciton spectra. We describe the principles of the
atomistic approach and apply all these computational tools to illustrate the concept of hidden
symmetry as underlying principle in energy levels of multiexciton complexes, optical detection of
electron spin polarization, tunneling of holes in quantum dot molecules, and tuning of multiexciton
spectra with lateral electric fields for entangled photon pair generation. © 2009 American Institute
of Physics. �DOI: 10.1063/1.3117231�

I. INTRODUCTION

InAs self-assembled quantum dots �SADs� are clusters
of indium and arsenic atoms embedded in a solid state envi-
ronment. Their electronic and optical properties are con-
trolled by their size, shape, composition, patterning of the
substrate, and magnetic and electric fields.1–3 The micro-
scopic theory of the electronic structure of these systems
involves millions of atoms and precludes ab initio calcula-
tions. Another obstacle is the multiscale nature of the prob-
lem, involving strain effects on the micron scale and elec-
tronic states on the nanometer scale. Despite these
difficulties a significant progress has been achieved using
approximate methods. The multiexciton complexes in InAs
SADs have been described using a combination of effective
mass,1–3 k · p,1–3 atomistic tight-binding4–9 and pseudopoten-
tial methods,10,11 allowing computation of the single-particle
states and the configuration-interaction approach accounting
for the Coulomb interactions between carriers. We describe
here several new developments in our understanding of mul-
tiexciton complexes. First is the emergence of hidden sym-
metries, instead of Hund’s rules, in the energy levels of mul-
tiexciton complexes filling degenerate electronic shells.
Second is the understanding of how to optically detect spin
polarization in quantum dots. Third example, illustrating the
importance of the spin-orbit interaction is the tunneling of
holes in quantum dot molecules. The fourth case demon-
strates the possibility to manipulate the multiexciton com-
plexes, and in particular of the biexciton-exciton cascade,
using lateral electric fields. The fifth example is the develop-
ment of QNANO, a computational platform for quantum
properties of semiconductor nanostructures using the atom-
istic sp3s�d5 tight-binding model coupled to the
configuration-interaction tool for the computation of excited
states and optical and electronic properties of SADs. The
main focus here will be on the description of QNANO.

A. Hidden symmetry

As shown using the atomistic approach �discussed be-
low� and demonstrated experimentally,12 electronic states in
SADs form degenerate electronic shells. Filling of the degen-
erate shells with electrons and holes is governed by interac-
tions. Through a number of theoretical and experimental
papers13,14 an understanding emerges of how the spin and
angular momentum of the ground state of the N-exciton com-
plex evolves as a function of the filling of such a shell. For
electrons in atomic shells this process is governed by Hund’s
rules. For electrons and holes in artificial atoms, on the other
hand, we deal with a new set of rules developed by us and
referred to as “hidden symmetries.” Their two main conse-
quences are: �i� the emission energy from a degenerate shell
is almost independent of the filling of this shell and �ii� the
total spin of the exciton complex is minimized, i.e., two ex-
citons on a doubly degenerate shell form a singlet-singlet
state, while the two electrons would form a triplet state.
These two rules are illustrated in Fig. 1.
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FIG. 1. �Color online� Emission spectra as a function of the filling of the s
and p shells of InAs quantum dot grown by the indium-flush method. The
emission spectra insensitive to the filling of degenerate shells due to hidden
symmetries are circled.
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B. Optical detection of spin polarization

Recent experiments involving SADs combined with
spin-polarized electrical and optical injection demonstrate
that the hidden symmetries can be overruled by filling the
degenerate shells with spin-polarized carriers. We have in-
vestigated theoretically the emission spectra from SADs as a
function of spin polarization of excitonic complexes using
the effective mass-configuration-interaction approach.15 We
mapped out these spectra as a function of increasing electron
spin polarization for a fixed number of electrons and holes.
In each case the spin of the holes was not fixed. The ground
state of the system was established by comparing the ener-
gies of the states of N excitons with given spin of electrons
and all possible hole spins. We predicted that the spin polar-
ization leads to photon polarization, to redshifts of emission
lines due to excess exchange interactions among the spin-
polarized electrons, and to a complete breakup of emission
lines for spin-polarized electronic shells.

We have also developed a detailed theory of the biexci-
ton with spin-polarized electrons and holes. Such a complex
can be formed in the process of carrier relaxation during cw
excitation of quantum dots. We have identified the emission
spectrum of quantum dots characteristic for that complex.16

C. Tuning of exciton-biexciton cascade with lateral
electric fields

We have recently demonstrated theoretically17 and
experimentally18 that the photon cascades originating from
recombination of multiexciton complexes in SADs can be
engineered and tuned by applying an in-plane electric field.
We calculated the energies of photons emitted by the biexci-
ton and two linearly polarized excitons as a function of the
field, and demonstrated the possibility of engineering their
degeneracy. Removal of the biexciton binding energy allows
for the cascade of a pair of polarization entangled photons
without the need for the removal of the exciton anisotropic
exchange splitting. We compared these emission spectra to
those of other multiexciton complexes. We demonstrated that
the electric field and Coulomb interactions differentiate the
biexciton-exciton cascade from other cascades, facilitating
identification of its spectra and practical implementation.

D. Tunneling of holes in quantum dot
molecules

We have shown recently that the strong spin-orbit cou-
pling of the valence band introduces characteristic features in
the tunneling of holes, which are not captured by the usual
single-band heavy hole approximation.19,20 Thus, the holes
must be treated as Luttinger spinors, and the mixing of va-
lence subbands is responsible for breaking of the parity sym-
metry in the vertical direction and for introduction of a new
chirality symmetry. As a consequence, with increasing inter-
dot distance, the spin-orbit interaction leads to a bonding-
antibonding ground-state transition of the hole levels. This
transition should be observable in emission spectra as a
quenching of the exciton peak due to the loss of oscillator
strength of the ground-state exciton.

II. ATOMISTIC THEORY OF MULTIEXCITON
COMPLEXES

In this section we outline QNANO, our computational
tool for quantum properties of nanoscale semiconductor
structures. As illustration, we apply this tool to the multiex-
citon states in InAs lens shaped and grown by indium-flush
technique21 dots embedded in GaAs.

A. Structure definition

We define the quantum dot by defining positions of in-
dium, gallium, and arsenic atoms on the zincblende lattice of
GaAs. The dimension of the GaAs barrier box surrounding
the dot defines the size of the computational domain. Figure
2 shows examples of two dots: �a� a lens-shaped dot and �c�
an indium-flushed dot. The height of the dots is h=5 nm for
the lens and h=2 nm for the indium-flushed dot, and the
base diameter in both cases is D=12.5 nm. The center of the
quantum dot base is an anion arsenic atom. The dot is placed
on one lattice constant thick ��0.6 nm� wetting layer. At
this initial step of calculation all atoms are placed at uniform
lattice positions of the bulk barrier �GaAs� material. There
are a total of 32.2�106 atoms in our computational box.

B. Atomistic calculation of strain

In the next step of the computational procedure we find
the equilibrium positions of all the atoms in our computa-
tional domain. The necessity of this step is due to the �7%
mismatch between lattice constants of InAs and GaAs. To
this end, following Keating,22 we define the total elastic en-
ergy ETOT in terms of the stretching and bending terms of all
atomic bonds,
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FIG. 2. �Color online� �a� InAs lens-shaped quantum dot embedded in GaAs
matrix �only indium and arsenic atoms are shown�. �b� Electron probability
density isosurfaces and electron and hole energies for dot �a�. No shell
structure visible for holes. �c� InAs quantum dot grown by the indium-flush
method. �d� Hole probability density isosurfaces and electron and hole en-
ergy shells for dot �c�.
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Here, R� i denotes the position of the ith atom, dij is the bulk
bond length between the ith and jth atoms, and Aij and Bijk

are material-dependent elastic parameters. The summations
go over N atoms and n .n. nearest neighbors. We minimize
this total elastic energy with respect to the atomic positions
using the conjugate gradient algorithm.

The equilibrium positions of atoms are displaced from
those in the bulk, and these displacements, i.e., the lengths
and directions of atomic bonds, vary across the sample. As a
measure of the displacement field, distribution of strain ten-
sor elements across the sample is then computed by compar-
ing the deformed zincblende unit cells with their unstrained
bulk counterparts.23 Because strain has a long-range charac-
ter, the GaAs buffer �computational domain� used in the
strain energy minimization must be large enough to ensure
that the strain fields vanish at the GaAs buffer boundaries.
Lee et al.24 investigated in detail the vertical size of the
GaAs buffer needed to obtain vanishing hydrostatic strain at
the box boundaries.

C. Atomistic tight-binding electronic structure
calculation

With the equilibrium atomic positions known, we can
calculate the single-particle electronic states. If we were able
to carry out fully self-consistent calculations, including self-
energy, we could in principle project this complicated many-
body problem into a single-particle Hamiltonian of noninter-
acting quasiparticles. Since we do not know this effective
Hamiltonian, we expand the single particle wave function as
a linear combination of atomic orbitals �LCAO�,

� = �
R� ,�

cR� �	R� �
 , �2�

and parametrize the Hamiltonian in a tight-binding form,
which written in the language of the second quantization
reads,
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Here N is the number of atoms, ci�
+ �ci�� are the creation

�annihilation� operators of a carrier on the orbital � localized
on the site i, �i� is the corresponding on-site energy, and ti�,j�

describes the hopping of the particle between orbitals on the
given atom and those on the four neighboring sites. Coupling
to farther neighbors is neglected. Finally, �i�,� accounts for
the spin-orbit interaction.25 Spin-orbit type coupling between

d type orbitals is neglected. In our tight-binding approach
each atom is assigned ten valence orbitals: one s, three p,
five d, and an additional s� orbital accounting for higher-
lying states. Each orbital is doubly spin degenerate, thus re-
sulting in the 20 bands model. Hopping matrix elements ti�,j�

are expressed as geometric functions of two-center integrals
and depend only on the relative positions of the atoms i and
j.26 This approach limits the number of unknown matrix el-
ements as they can be related via Slater–Koster rules to a
relatively small subset of two-center integrals V��,�. The
tight-binding parameters E�, ��,�, and V��,� are obtained by
fitting bulk band structure to the experimentally known band
gaps and effective masses at high symmetry points of the
Brillouin zone using a genetic algorithm.27–30

All the complicated details, including treatment of the
interface between InAs and GaAs, treatment of dangling
bonds appearing on the surface of the finite computational
domain24 will be presented in future more detailed report on
QNANO.

D. Strain effects in the tight-binding Hamiltonian

To account for the effect of changes in tight-binding pa-
rameters due to the strain-induced changes in bond lengths,
we use a generalized version of the Harrison’s law:31 V��,�

=V��,�
0 �dij /d0��, where V��,�

0 is the two-center integral for
the unstrained case, dij /d0 is the ratio of the new to old
�ideal� bond length d, and � is the scaling exponent to be
discussed later. Modified V��,� are used to build the tight-
binding Hamiltonian for the strained system. The changes in
bond angles, on the other hand, are accounted for automati-
cally via the Slater–Koster rules.

Finally, following Boykin et al.29 and Jancu et al.,27 we
introduce the following modification of on-site �diagonal�
matrix elements due to strain:

�R� � = �R� �

0 + �
R� �nn

�
�
�CR� �,R�� �

�t
R� �,R�� �

0
�2 − �tR� �,R�� ��2

�R� �

0 + �
R�� �

0 � ,

�4�

where C are empirical material parameters to be determined.
We fit the parameters � and C to match evolution of bulk

band edges given by Bir–Pikus model with experimentally
measured deformation potentials for the case of hydrostatic
strain. However, for the more complicated case of the biaxial
strain we fit the tight-binding model to reproduce results ob-
tained by more elaborate density functional theory
calculation.32 In order to combine those two types of strain in
one set of parameters we developed a genetic algorithm that
performs a simultaneous fit to both hydrostatic and biaxial
strain cases.

E. Multiexciton Hamiltonian

The single-particle eigenstates �i and energies Ei do not
describe the excitations of an interacting system because
they do not account for the electron-electron interactions.
Labeling the occupied conduction band states by “electrons”
and empty valence band states by “holes,” the Hamiltonian
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for the interacting electrons and holes can be written in anal-
ogy to the GW-Bethe-Salpeter equation �Ref. 33� approach
as4

Ĥex = �
i

Ei
eci

†ci + �
i

Ei
hhi

†hi +
1

2�
ijkl

Vijkl
ee ci

†cj
†ckcl

+
1

2�
ijkl

Vijkl
hh hi

†hj
†hkhl − �

ijkl

Vijkl
eh,dirci

†hj
†hkcl

+ �
ijkl

Vijkl
eh,exchgci

†hj
†ckhl. �5�

Here Vijkl are Coulomb matrix elements describing the direct
and exchange interactions between electrons and holes, dis-
cussed below. Unlike in the GW-BSE approach, here the
self-energy contribution is assumed to be constant and al-
ready incorporated in the quasielectron and quasihole ener-
gies, which were obtained from experimental bulk gaps.

For N electrons and M holes we establish the multiexci-
ton configurations by populating the single-particle states
with carriers in all possible ways. In the example shown in
Fig. 1 we restrict the single-particle orbitals to six lowest
electron and six hole levels, with each level corresponding to
a Kramers doublet, giving the total of 12 electron and 12
hole states. In the configuration-interaction procedure we set
up the matrix of the many-body Hamiltonian in the basis of
these configurations and diagonalize it numerically to obtain
energies and ground and excited states of the multiexciton
complexes.

In the last step of the computational procedure we com-
pute the optical spectra by calculating the intensity of pho-
toluminescence from the recombination of one electron-hole
pair in a N-exciton state using the Fermi’s Golden Rule
I�	�=� f	�f ,N−1	P−	i ,N
	2
�Ei−Ef −�	�, where 	i ,N
 is ith
state of the N-exciton system, and 	f ,N−1
 is the fth state of
the N−1 exciton system. The interband polarization operator
P− describes all possible electron-hole recombination pro-
cesses P−=�lm�le	�� ·r�	mh
clhm where �le	�� ·r�	mh
 is the dipole
matrix element calculated using single-particle tight-binding
wave functions for a given polarization of light ��.

F. Coulomb and dipole matrix elements

With length and energy measured, respectively, in the
effective Bohr radius and effective Rydberg computed for the
quantum dot material, the Coulomb matrix elements Vijkl are
given as

Vijkl =� dr1�� dr2��i
��r1��� j

��r2��

�
2

��r1�,r2��	r1� − r2�	
�k�r2���l�rl�� , �6�

where ��r1� ,r2�� is the position-dependent dielectric function.
Substituting LCAO form of � and retaining only two-center
contributions gives

Vijkl = �
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 . �7�

To proceed further we need to assume a functional form
of the dielectric function. In our treatment we assume the
dielectric function to be constant and equal to the dielectric
constant � of the material for distances equal or greater than
the nearest-neighbor distance, and equal to 1 for shorter dis-
tances. Further, we make use of the orthogonality of the
atomic orbitals and assume that for sites which are apart
from each other the exact structure of the localized orbitals is
not important.6 These assumptions yield approximate Cou-
lomb matrix elements in the form

Vijkl = �
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��R1

�
��

�1

cR1
��1

i�
cR1
��1

l �
���

�2

cR2
��2

j�
cR2
��2

k � 2

�	R1
� − R2

�	

+ �
R1
�

�
�1�2�3�4

cR1
��1

i�
cR1
��1

j�
cR1
��1

k cR1
��1

l

��R1
��1,R1

��2	
2

	r1� − r2�	
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��3,R1

��4
 . �8�

The first term is the long-range contributions built from the
monopole interaction of two charge densities localized at dif-
ferent atomic sites. The second term is the on-site part cal-
culated by direct integration with atomic orbitals. Following
Refs. 7 and 8 for the purpose of this calculation we approxi-
mate the tight-binding orbitals with atomic Slater orbitals.

Using similar assumptions as to the orthogonality of the
orbitals we compute the dipole matrix elements �in this case
for light polarized along x direction� as,6,34

��e	x	�h
 = �
R� �

RxcR� �

e�
cR� �

h + �
R� �

�
���

cR� �

e�
cR� �

h ��	x	�


+ �
R1
��

�
R2
��R1

��

cR1
��

e�
cR2
��

h �R1
��	x	R2

��
 , �9�

where the first sum gives the “volume” contribution deter-
mined by the position of each atom R� = �Rx ,Ry ,Rz�. The sec-
ond term is built from intra-atomic dipole moments for
atomic transitions between orbitals on the same atom and the
last term are contributions coming from orbitals centered on
different atoms. As in the case of Coulomb matrix elements
we use Slater orbitals30 to calculate intra- and interatomic
dipole elements.

G. Single particle levels of lens-shaped and indium-
flushed InAs dots

We present here results of calculations of single-particle
levels of a lens shaped, InAs dot, shown in Fig. 2�a�, and an
InAs dot grown using the indium-flush technique,21 shown in
Fig. 2�c�. The height of the lens is h=5 nm and the base
diameter D=12.5 nm. Figure 2�b� shows the charge distri-
bution and energies corresponding to a few lowest electron
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and hole levels. We see that the energies and envelope wave
functions of electronic states are well described by the s, p,
and d energy shells of a two-dimensional harmonic
oscillator.35 However, surprisingly, the hole energy levels
cannot be grouped into quasidegenerate shells.

Figure 2�c� shows the structure of the same dot but
grown using the indium-flush technique developed by
Wasilewski et al.21 The height of this disklike dot is now
D=2 nm. We see that the energies and envelope wave func-
tions of electronic states are again well described by the s, p,
and d energy shells of a two-dimensional harmonic oscilla-
tor. However, in these structures the hole energy levels also
can be grouped into quasidegenerate shells. This conclusion
is in excellent agreement with the harmonic oscillator spec-
trum measured on indium-flush grown quantum dots.12 This
example points to the nontrivial role of shape, composition,
strain, and spin-orbit interaction in designing electronic
properties of quantum dots.

H. Multiexciton spectra and hidden symmetry

As already mentioned, the indium-flush grown quantum
dots show degenerate electronic shells for both the electrons
and holes. Filling of those degenerate shells is controlled by
electron-electron, hole-hole, and electron-hole interactions
according to hidden symmetries. Figure 1 shows the emis-
sion spectra from multiexciton complexes as a function of
the number of excitons, i.e., showing the filling of degenerate
shells, in indium-flush grown dot identical to the one shown
in Fig. 2�c� but with diameter D=10 nm. We see that the
emission from the s shell and p shells is not a sensitive
function of the filling of the shell. The small structure in the
p shell is related to total spin and scattering to higher shells.
The associated emission structure in the s shell energy range
is not related to hidden symmetries and is a sensitive func-
tion of the filling of the shell, in agreement with results ob-
tained using the effective-mass harmonic oscillator states.13

III. CONCLUSIONS

In conclusion, we have reviewed our calculations of the
electronic and optical structure of SADs based on several
models of their single-particle properties. In each case the
single-particle energies and states were used to construct the
matrix elements of the many-body Hamiltonian in the
configuration-interaction approach. First, treating the elec-
trons and holes in the single-band effective-mass approach
we have established the hidden symmetries, governing the
filling of degenerate shells by excitons. These symmetries
are responsible for the insensitivity of emission spectra from
such a shell to the filling of that shell. However, they apply
only when the carriers are allowed to relax to form the
ground state of the system. If the state of the system is cho-
sen, e.g., by injecting spin-polarized electrons into the dot,
the emission spectra are found to depend very strongly both
on the filling of the shell and the polarization of the carriers.
We have also demonstrated that the multiexciton emission
spectra, and in particular, the biexciton-exciton cascade, can
be tuned by applying an external electric field in the plane of
the dot. We have shown that in vertically coupled double dot

systems the single-band treatment of holes is not sufficient.
In these systems the spin-orbit interaction responsible for the
mixing of valence subbands is strong enough to lead to the
crossing of the bonding and antibonding quantum molecular
hole levels as a function of the distance between dots, and to
the antibonding character of the ground hole state for larger
dot separations.

We account for all the effects of subband mixing, shape,
size, and atomistic structure of the system in the atomistic
tight-binding calculation of quantum dot states carried out
with the QNANO tool. In this procedure we define the ge-
ometry of the sample on an atomistic level and relax the
atomic positions to minimize the total elastic energy. The
single-particle energies and states are further computed by
setting up and diagonalizing the 20-band sp3d5s� tight-
binding Hamiltonian in the nearest-neighbor approximation.
The resulting wave functions are used to compute the Cou-
lomb matrix elements utilized further in the configuration-
interaction Hamiltonian and the dipole elements needed to
find the emission spectra. On the example of the lens-shaped
and indium-flushed SADs we indicated that the single-
particle spectra can be engineered by the size, shape, strain,
and composition of the system. Finally, based on the atom-
istic calculations we confirmed the validity of the hidden
symmetries obtained earlier in the single-band effective-mass
picture.
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