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Zadanie 10

Write a program that performs singular value decomposition
(SVD) of the rectangular matrix A. Using this decomposition
calculate the pseudo-inverse matrix AT,



Singular value decomposition of rectangular matrix A«
A=UxV"

» U orthogonal matrix m x m
» V orthogonal matrix n x n

» X diagonal (rectangular) matrix m x n, where the diagonal
elements o; of X are non-negative and they are ordered as
follows

012022...2 Omin(m,n) 20

o are the singular values of A matrix

» j = 1min(m,n) columns u; and v; of U and V matrices,
respectively, satisfy the following relations

. Troo. .\, Tr L2, Tro,. . 2.,
Avj=ojuj, A"ui=oyv;, A"Av;=o0jv;, AAuj=oju;



Rectangular diagonal matrix - 4 x 3 example

0(')1(? 8 o1 0 0 O
) - 00203 sT=] 0 o, 0 O
0 0 o35 0
0 0 O
oc; 0 O
r"¥=| 0 o3 0O
0 0 o3

ZZTr —

N
o O O o



SVD - derivations (1)

Am><n - Um><m zm><n VTr

nxn

Am><n Vn><n = Um><m Zm><n

| Voxn  (VI'V=1)

min(m,n)

n
ZAikaj: Z U,'@O'gégj i=1,...,m j=1,....n
k=1 (=1
Ujjo;
I
Av; =oju;, j=1,...,min(m,n)

v; and u; are the columns of V and U matrices, respectively



SVD - derivations (2)

Am><n = Um><m zm><n VTr

nxn

AnT;m = (Umxmzmxnvrz—;n) ’ (Vrz—;n)Tr(Umxm men)Tr

= Voo T mUnlm
Arim =VoanEpimUmim  [Upxm  (UTU=1)
AnT;m Umsxm = Vnxn znTxm

m min(m,n)
Z( NikUij = Z Vieo1dyj i=1,...,n j=1,...
k=1
Vijoj
U

ATruj =ojvj;, j=1,...,min(m,n)

vj and u; are the columns of V and U matrices, respectively



SVD - derivations (3)

_ Tr Tr Tr Tr
Anxn =UmxmZmxnVaxn  Apim = VaxnZinU

nxm mXxXm

ATrA — VZTr UTr U szl’ — VzTrszr
~——
1
ATA=VvE"EZV" |.V
(ATrA)anvnxn = ann(zTrz)nxn

n min(m,n)
D (ATA) Vi = Z Vigo 2y
k=1
V,-ja?
4
AT'Avj:ajzvj, Jj=1,...,min(m,n)

Column v; is the eigenvector of the square and symmetric matrix A" A

corresponding to eigenvalue aj2



SVD - derivations (4)

Tr Tr Tr Tr
Am><n = UmesznVan AHXm:Vanznmeme

AATr — Uszr VzTruTr _ UzzTrUTr
——
1
AAT —uxzxz"U" |.U

(AATr)mmemxm = Umxm(zzn)mxm

m min(m,n)
Z(AATr);kUkj = Z U,‘gO’?&gJ‘
k=1 /=1
U,-jo'.2
3

AAT uj:aj2 uj, Jj=1,...,min(m,n)

Column u; is the eigenvectors of square and symmetric matrix AAT"
corresponding to eigenvalue sz



Singular value decomposition of rectangular matrix A«

Applications of SVD
» Euclidean norm

H“XHZ
Al>p =m =
|| ||2 X;a( HXHZ Omax

» Rank of a matrix is equal to the number of non-zero singular
values. Numerical rank of the matrix is the number of singular
values that are larger than the assumed threshold value (close

to zero).



Singular value decomposition of rectangular matrix A«
Applications of SVD

» Condition number of the (square or rectangular) matrix
cond(A) = 0max/min

» Solution of the overdetermined system of linear equations
Ax ~ b by means of least squares. Namely, the solution that
minimizes the Euclidean norm of Ax-b, i.e.

(||Ax — b||2)? = min, is the following

where o; are non-zero singular values of matrix A. SVD allows
in a controllable way to find the solution of badly conditioned
problems just by omitting very low singular values; this makes
the solution less sensitive to the perturbations of the input
data.



Singular value decomposition of rectangular matrix A«

We are going to define pseudo-inverse of general rectangular
matrix, but first, we have to define pseudo-inverse of the number

and pseudo-inverse of the diagonal matrix

» Pseudo-inverse of the number

ot — 1/oc o #0
0 c=0

» Pseudo-inverse of the diagonal rectangular matrix X,,«, is the
diagonal rectangular matrix X .. in which the diagonal
elements are the pseudo-inverse numbers af, aj,...,axin(m ")

of the corresponding diagonal elements of X matrix



Pseudo-inverse of diagonal matrix X - example 4 x 3

o1 0 0 1

9 0 sz 0 00
> — 02 - >+ = 0 L 0 o0
0 0 O o3
where it is assumed that 0; #0, i =1,2,3
0100 100
Yt = TT¥Y=( 010
0010 00 1
0 00O



Pseudo-inverse of matrix A,

Having SVD decomposition of matrix A

Am><n = Um><m zm><n VTr

nxn

we can define pseudo-inverse of matrix A as follows

A+

nxXm

:ananr UTr

nxXm mxm

Assuming m > n and o, > 0 we can show that pseudo-inverse matrix
behaves almost as inverse matrix

AtA=VvEItuUTuzvir=vEfzvir=w’=1,,
N—— N——
1 1

AAT =UZVT'VItUT=UZE U =UIU" =1,
—— ———
1 i

i= < Loxn  Onx(m-n) )
0(mfn)><n O(m*”)x(m*”) mxm



Singular value decomposition of rectangular matrix A«
To be translated

Zastosowania SVD
e Przyblizanie macierzy przez macierz o mniejszym rzedzie:
A=UXV' = 0B, + 02E> + ... + 0,E,
Kazda macierz E; = u;v! jest rzedu 1.

Zwarte przyblizenie macierzy A - suma z pominieciem wyrazéw
odpowiadajacych matym wartosciom o;.

Jesli A jest przyblizona przez sume zbudowang przy pomocy
k najwigkszych wartosci szczegélnych, to otrzymujemy przyblizenie
A najlepsze w sensie normy Frobeniusa (norma euklidesowa macierzy
traktowanej jako wektor w przestrzeni R™").

Takie przyblizenie jest przydatne przy przetwarzaniu obrazéw, kompresji
danych, kryptografii, itp.



Method for SVD of the matrix A,,«,, where m > n
Am><n - Umxmzmxnv,z—;n

1. Perform decomposition A« = memean,T;n, where P

and Q are orthogonal matrices, whereas J is the two-diagonal
matrix

2. Perform SVD of the matrix J,xn = memmenYrZ—;n: where
X and Y are orthogonal matrices; matrix J possesses the same
singular values as matrix A

3. Calculate orthogonal matrices U and V

A=PJQ" =P(XEZY™Q"
= (PX)Z(QY)",

thus



Decomposition A« = PmeJmX,,QnT’Xn, where m > n

Two-diagonal matrix

@ B O -+ .0
@ B O - - .

0o ...

° lsn—l

Oy

O (m—n) Xn

G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,

205-224 (1965).



" _ i
Decomposition Anmxn = PmxmdmxnQ,L,, where m > n
Procedure uses Hausholder matrices

> We construct consecutive matrices A(), AG/2), . Al A(+1/2)  Aln),
Aln+1/2)
A = A
AKTL/2) — pAR) - =12 ... n

AT — A(kH/Z)Q(k), k=1,2,...,n—1, in factupto n — 2.
Note that J = A("+1/2) byt J can be cinstructed in the other way...
» Symmetric and orthogonal Hauseholder matrices P(*) and Q¥
PR =1 — xR (xN)Tr - (xUNTrglk) — 1
QW) =1 — 29K (y(NTr - (N Tryk) — 1

are constructed in order to make zeros in the columns and rows of A(k+1/2) and
AG+D) respectively, i.e.

Pl . AKD _o k4 1,...m

k) . k+1 .
QW . AS(J. ):O7 j=k+2,...,n
G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,

205-224 (1965).



Decomposition A« = PmeJmX,,QnT’Xn, where m > n

Almost two-diagonal matrix

o H O -
0 @ B 0 -

B 0

A(k+ﬂ

G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer,

205-224 (1965).

. Anal. B 2,



Decomposition A« = PmeJmX,,QnT’Xn, where m > n

Calculation of the unit vector x(K) and the diagonal element o

m
>
i=k

o = —Sk sign(AS(i))

M=o, i<k

(k)

A
X‘Ek) _ 14 | kk |)
Sk
x(k)*ckAEkk), i=k+1,...,m
where .
B sign(AE(k))
k= 0)
2Sk Xy

If s, =0, then ay =0 i x(K) =0
G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,
205-224 (1965).



Decomposition A,,xn = Pmxmd anQan, where m > n

Calculation of the unit vector y(k) and the off-diagonal element S

f = Z |A(k+1/2
j=k+1
Bk = —ty sign(A ::j{z))
y=0, j<k
| (k+1/2)|
kK _ |1 ko k+1
Yen Tl (P T
9 = d ALTYDjm kg2, n
where (k41/2)
. +
sign(A, k1 )
e = (*)
2tk Y

If ty =0, then B =0iyW =0

G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,
205-224 (1965).



Decomposition A« = PmeJmX,,QnT’Xn, where m > n

A — A
A2 — pAK) =12 ... n
Ak+D) — A+1/2QK) ) =12 ... n—1.

Al+1/2) —

AB/2) — p(WAM)
A — pMaA®) QM)

AG/2) — pQp1)aAM)QR)
AG) = p@OPLAMLQMQE)

AH1/2) _ p(n) | p@)pMAlQIQ@) . Q-1

G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,
205-224 (1965).



Decomposition A,xn = Pmxmd anQan, where m > n

AL = A

AK+L/2) — plA) =1 2,

A+ — A+1/2QK) g =12 ... n—1.
Alr+1/2) _

(P 3=p0) .. p@PIAQUIQR .. Q1) | (1)

(P(n—l))Tr| p( Q-1 = p(r-1)  p@pLaQIQ®@ .. Q-2
P(-1p()Qr-1Q(r-2) = p(r=2) _ pApMAQMIQ? ... Q"3

p@  pr=-1p)jQn-1qQr-2) @ = pMaQW
pMp@ plh=-1ph) jQr-1Q(-2)  Q@QW = A

P QT

‘ (Q(n_2)) Tr

G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,

205-224 (1965).



Decomposition A« = PmeJmX,,QnT’Xn, where m > n

A = A

AK+1/2) — pAtK) =12 . . .n
A+ — A1/ g =12 ... n—1.
Al+1/2) _

Orthogonal matrices
Pp=p0p@ p

Q7 =qQ("D . . . @ q®

In addition to x(K) and y(k) we have also calculated digonal oy elements and
off-diagonal elements 3 of two-diagonal matrix J

G. Golub, W. Kahan, Calculating the singular values and pseudo-inverse of a matrix, J. SIAM Numer. Anal. B 2,
205-224 (1965).



SVD of two-diagonal matrix J,xn = XmxmEmxn Y,

nxXn

1. Find eigenvalues A; of the symmetric three-diagonal matrix
Koxn = J77J, where An—itl = a,-2 and oy =200 > ... 20,

2. Find eigenvectors y; of matrix K, where Ky; = o?y;; y; is i-th
column of the matrix Y
(zobacz zad. 9)

3. Find first n columns x; of matrix X

1
xj:J—ijj, g; >0

There may be some problems in 2. and 3., when o; ~ 0...



Eigenvalues of symmetric and three-diagonal matrix K

Symmetric and three-diagonal matrix

a b 0 ... ... .. ... 0
b2 (] b3 0
0 b3 c3 b4 0 0

o

Kn><n: 0o ... 0 bk Ck bk+1 0 0

0 0 bn_2 Ch—2 bn—l 0
o ... ... ... ... 0 bn—l Ch—1 b,,
0 ... .. ..o 0 b, c¢n

W. Barth, R. S. Martin and J. H. Wilkinson, Calculation of the Eigenvalues of a Symmetric Tridiagonal

Matrix by the Method of Bisection, Numerische Mathematik 9, 386-393 (1967) .



Eigenvalues of symmetric and three-diagonal matrix K

Denotations

» c=[c,C,...,Chl Tr _ vector containing diagonal elements of
matrix K,xn

» b =10,by,...,b, ™ - vector containing off-diagonal elements
of matrix K,xn,

W. Barth, R. S. Martin and J. H. Wilkinson, Calculation of the Eigenvalues of a Symmetric Tridiagonal Matrix by

the Method of Bisection, Numerische Mathematik 9, 386-393 (1967) .



Eigenvalues of symmetric and three-diagonal matrix K

Theorem:

Eigenvalues \; of matrix K are within range [Amin, Amax], where
(b1 = bpy1 =0)

1

Amin = _min [c; = (|bi| + |bi+1])]

EEREE)

Amax = ,_rqax [Cl' + (’bl‘ =+ ’bi+1‘)]7

=1,...,

W. Barth, R. S. Martin and J. H. Wilkinson, Calculation of the Eigenvalues of a Symmetric Tridiagonal Matrix

by the Method of Bisection, Numerische Mathematik 9, 386-393 (1967) .



Eigenvalues of symmetric and three-diagonal matrix K

Theorem (~Sturm):
We have (~Sturm) sequence

(A =
qi(A) ( ) b7/qi-1(N), i=2,...,n
Quantity a(\) is the number of negativeelements of the sequence

{gi(A\)}]_1. At the same time a()) is equal to the number of
eigenvalues of matrix K smaller than A

Remark: if gi_1 = 0, then q;(\) = (¢; — A) — |bi|/€mach, Where €mach is
the smallest number € for which 1 4+ ¢ > 1.

W. Barth, R. S. Martin and J. H. Wilkinson, Calculation of the Eigenvalues of a Symmetric Tridiagonal Matrix by

the Method of Bisection, Numerische Mathematik 9, 386-393 (1967) .



Eigenvalues of symmetric and three-diagonal matrix K

Bisection that finds eigenvalues Ak € [Amin, Amax],
k=nn—1,...,1of matrix K. Let A1 < A2 < ... < Ap.
At the beginning x; = Amin, Xu = Amax

1. If x, — x; < ¢, then we stop bisection

2. Calculate the middle point (bisection) x = (x; + x,)/2

3. If a(x) < k then x; = x, otherwise x, = x
Remarks:

> |t is possible to calculate precisely all the eigenvalues !

» As a byproduct of calculation of a given eigenvalues, we can also collect the
information about the positions of the other eigenvalues, i.e. we may shrink the
ranges in which the other eigenvalues are to be found (see next page)

W. Barth, R. S. Martin and J. H. Wilkinson, Calculation of the Eigenvalues of a Symmetric Tridiagonal Matrix by

the Method of Bisection, Numerische Mathematik 9, 386-393 (1967) .

!Well, there are some problems for \x ~ 0



Eigenvalues of symmetric and three-diagonal matrix K
Modified bisection

» Vector w = [wi, ..., w,]"" contains current lower bounds of the
eigenvalues
» Vector x = [x1,...,x,] " contains current upper bounds of the

eigenvalues, in the end of the procedure it will contain eigenvalues
> At the beginning w; = Amin, X; = Amax.
» Bisection for k = n,...,1, where A\; < X < ... < A
1. xp = wg, xy = X, if x, — x; < €, then we stop
2. Calculate the middle point (bisection) xx = (x; + x,)/2
3. If a(xx) < k then x; = x, otherwise x, = x.
By the way if a(xx) < k, then x is also the upper bound for

the eigenvalues A1,...,A,, and at the same time it is the lower
bound for eigenvalues A 11, Aayo ..., Ak.

» It means that for i =1,...,aif x; > xx, then x; = x«.
P It also means that for i = a+1,..., k if w; < xk, then
W; = Xk.
W. Barth, R. S. Martin and J. H. Wilkinson, Calculation of the Eigenvalues of a Symmetric Tridiagonal Matrix by

the Method of Bisection, Numerische Mathematik 9, 386-393 (1967) .



TO DO

Read from the input real matrix Apxp, where m > n

Calculate matrices Umxm, Zmxn Vaxn
Check A = UXVT"

Calculate pseudo-inverse matrix AT = VZ‘*’UTr, where

A w N =

A+

nxm’

Voo, i UIE

nxm’ mxm

5. Check ATA = 1,4, (AAT = 157xm?), also check Z¥X and £X )

Note that for the most of the applications we need only at most first n columns
of U matrix



Examples

1 2
Ar=1| 3 4
5 6
1 2 3 1 2 3
2 3 4 2 3 4
Ar=13 4 5 As=1 3 4 5
4 6 5 4 5 6
21 0 770 0 50666
0 770 0 50666 0
A= 770 0 50666 0 3956810
0 50666 0 3956810 0

50666 0 3956810 0 335462666



Dodatek: Réwnos¢ wartosci szczegdlnych macierzy J i A

Mamy nastepujace rozktady macierzy
A=UxXV", A=PIJQ", J=Xx¥VY".
Pokazemy, ze ¥ = ¥':
P"x | PIQ"=UzZV" | xQ
J=P"UEZVQ

Poniewaz PT"U i V'"Q s3 macierzami ortogonalnymi, to
uzyskaliSmy rozktad SVD macierzy J, wiec z jednoznacznoéci
SVD mamy w szczegblnosci X' = X.

1

1SVD nie jest w petni jednoznaczny, ale dla danej macierzy mamy na pewno
jeden zbidr wartosci szczegblnych.



Dodatek: ,Naturalna” metoda rozktadu SVD macierzy
Aan

»Naturalna” metoda: rozwigzaé zagadnienie wtasne dla mniejszej
macierzy symetrycznej

1.m2n:AT’Avj:aj2vj, j=1...,n
2.m<n:AAT’uk:Jﬁuk7 k=1,....m
Problemy

> Najmniejsze wartosci wtasne, a w konsekwencji o}, sa
narazone na duze bfedy numeryczne

> Metoda QR ma problem ze zbieznoscia, gdy o; = g1

P W metodzie QR wykorzystujacej ortogonalizacje Grama-Schmidta problem, gdy
o; ~ 0 = rozwiaza¢ zagadnienie wtasne dla AT'A — sl (albo AAT" — s1), gdzie
np. s = 1; lepiej zastosowac inna metode rozktadu QR np. uzywajac

transformacji Householdera
P Ortogonalizacja Grama-Schmidta (GS) ma swoje dodatkowe problemy...

zob. zmodyfikowana metoda GS (MGS)



Dodatek: Rozktad SVD macierzy prostokatnych z wykorzystaniem metody QR

Rozktad SVD macierzy prostokatnej
Anxm = UnxnEnxmV i m

Wyznaczamy mniejszg z macierzy ortogonalnych V albo U, tzn.

I°N>M 2° N< M
(ATA) vk = ofvi, k=1,..,M (AAT) uj=07uj, j=1,.,N
¥ 4
V=[vi vy .. vyl U=[u; uz ... up]

Kolejno$¢ kolumn w V (albo U) jest wyznaczona relacja
o1 >02>...>0r r=min(N,M)

Jezeli powyzsze réwnanie wtasne macierzy symetrycznych AT"A (albo AAT")
rozwigzujemy metoda QR z ortogonalizacja Grama-Schmidta, to dla macierzy
symetrycznych, kolumny macierzy ortogonalnej Q = Q1Q2...Qy,,,. ., sa wektorami
wtasnymi rozpatrywanej macierzy symetrycznej, tzn. w naszym przypadku Q =V
(albo Q = U) o ile kolumny macierzy Q zostaty przesortowane tak, ze

o1 > 03 > 03 > ... > or. Macierze ortogonalne Qy pochodza z k-tej iteracji metody
QR znajdowania wartoéci wtasnych macierzy kwadratowych.



Dodatek: Rozktad SVD macierzy prostokatnych z wykorzystaniem metody QR
Rozktad SVD macierzy prostokatnej

-
Ansxm = UnxvEnxmViyxm

Wyznaczamy mniejszg z macierzy ortogonalnych V albo U, tzn.

°N>M 2°N< M
(AT'A) Ve =oovg, k=1,..,M (AAT') u=oc?u;, j=1,..,N
4 |
V =[vi v ... vyy] U=u; uz ... uy]

Kolejno$¢ kolumn w V (albo U) jest wyznaczona relacja
o1 >02>..>0r r=min(N,M)

Jezeli powyzsze réwnanie wtasne macierzy symetrycznych AT A (albo AAT’)
rozwigzujemy metoda QR z ortogonalizacja Grama-Schmidta, to mozemy napotkaé
na nastepujace trudnosci

1. ok = oky1 = moga wystapi¢ problemy ze zbieznosciag metody QR
2. or &~ 0 = ortogonalizacja Grama-Schmidta bedzie narazona na duze btedy
numeryczne lub zupetnie zawiedzie

Wskazdéwka: rozwigzaé réwnanie wtasne dla ATA + 51 (albo AAT + s1), gdzie
np.s~1



DOdatekZWyznaczenie drugiej (wiekszej) macierzy ortogonalnej

Rozktad SVD macierzy prostokatnej

_ Tr Tr _ Tr Tr
Ansxm = UnxnEnxmVrsm Apixn = VmxmEy yYnsn

1°N>M 2°N< M
Obliczamy N poczatkowych kolumn

Obliczamy M poczatkowych kolumn
macierzy V wg wzoru

macierzy U wg wzoru

1 1
ui=—Av;, 0;>0 vi=—A"u;, o;>0
aj aj

Co sie dzieje, gdy or = 0 (lub o = 0) dla r < min(N, M)?

-
orur =Av,, o,=0 ove =A"u,, o,=0

(3 3
Av, =0 ATu, =0
Kolumna u, (lub v,) wyznaczamy z warunkéw dla i = 1,2,...,r — 1
Tr

Tr r
u;"ur = i vV, =8



DOdatekZWyznaczenie drugiej (wiekszej) macierzy ortogonalnej

Rozktad SVD macierzy prostokatnej

Anxm = UnsnEnxmV i Abicn = VmxmE i U iin
1°N>M 2°N< M
Obliczamy M poczatkowych kolumn Obliczamy N poczatkowych kolumn
macierzy U wg wzoru macierzy V wg wzoru
1 1
ui=—Av;, o;>0 vi=—A"u;, o;>0
agj aj

Kolumny u; (lub v;), gdzie i > min(N, M), wyznaczamy z warunkéw dla
j=1,2,..,i-1

u/fui =6, i=M+1,.,N v/iivi =8, i=N+1,..,M



Dodatek: ,Uzupetnienie” macierzy ortogonalnej

» Q jest macierza kwadratowa n X n
» Znamy m < n poczatkowych kolumn q;, gdzie i = 1, ..., m, macierzy Q
spetniajacych warunki

a'qj =65, i,j=1,2,.,m

» Chcemy, zeby cata macierz byta ortogonalna tzn., ze wszystkie kolumny sa
wzajemnie otrogonalne i unormowane do 1
1. Wypetniamy (nieznane) kolumny qg, gdzie k > m liczbami
(pseudo)losowymi, aby unikna¢ liniowych zaleznosci (co zrobi¢ jezeli okaze
sie, ze dana kolumna qi, gdzie k > m, jest jednak liniowo zalezna?)
2. Kolejno dla kolumn qy, gdzie k = m+1, ..., n, dokonujemy ortogonalizacji
Grama-Schmidta, tzn.

k—1
q, =qx — E (@[ ai)a; ortogonalizacja
i=1
/
q, = # normalizacja
llajll2

gdzie

laillz =~/a'[a’, =




