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Optymalizacja uktadu dynamicznego

OGRANICZENIE

X(1) = @ [x(1), U(t) 0l

X(tg) = Xo

Opis uktadu dynamicznego

CEL

J(x(t)

CEL ZMODYFIKOWANY

):jG(x,X,u,t)dt—>min

t

J =IF (X, X, t)dt > min




Metoda podstawienia

{Xl(t) = X, (t),
X, (1) = u(t),

dx(t)
dt?

OGRANICZENIE

= u(t)

CEL

.
W :juz(t)dt —> min
0

X1(0) = X109, X1 (T)= X7,
X2(0)= X5, Xo(T)=Xpr,
to =O, tl =T.

T
Z (1) wynika W = sz(t)dt.
0



Rozwigzanie

2
d 2
() = [ J o o B g g 2O 0%

dt? ox X ex N ek at?
d 2 n
F ——F +d—|: + . +( 1) d—F(n)—O
dt dt” dt"
4
Rozwigzanie 2d—X =0.
dt*

Catkujac dwa razy otrzymamy

u(t) = X(t) =X, (t)=C;t+C,.



Metoda mnoznikow Lagrange’a

CEL f(xl,xz)—>min

ocraniczenie || 9 (Xl, X2) =0

L(X, %, A)=T(X,%)+29(X,X,)

Rownania algebraiczne

oL/ ox =0,
oL/oA=0

d*L(X,,4)>0




Metoda mnoznikow Lagrange’a (cd)

CEL ] = t” F (x(t), x(t), t)dt

oeraniczenie | O, (X(1),x(1),1)=0; i=12,...,m
Ja\:jt t L(x(t), x(t), A(t), )t

LX), X(1), h(1), 1) = F(x(0), x(),1) + D 2 () g, (x(1), x(1), 1)
M) =[ A0 4 W), 2, )]



Uktad rownan Eulera-Lagrange’a

t
1

J(Xg, ooy Xp) = [F (Xq, ooy X3 Xq,oony Xy, )dt
t

0

Uktad réwnan Eulera-Lagrange’a in _EFX‘ =0, i1=1..,n

Warunki Legendre’a

Przyktad dla funkcji 2-ch argumentow F, , >0, F;, , F, , —F; ¢ F; 4 20
X ,

1 11 2’72 1'7°2 2’71



Metoda mnoznikow Lagrange’a

)-4(2) -
oX ). dt\ ox ).

oL d( oL -
[a_xil‘dt(axi ]f”:’g“x‘”’x(t””:o

|

= =0
O\

L), X(0), 10, 1) = F (x(0), x(0), 1) + 23 ()9, (x(1), x(0), 1)



Przyktad

CEL J = [ 2(t) 4+ u? t) dt

OGRANICZENIE £(t) = —x(t) + u(t)



Metoda podstawienia

J = [ 2(t) 4 u? t) dt

N

B(t) = —z(t) + u(t)

J= / [22(8) + (&(t) + z(t))?]dt
_ f[, 222(t) + 22(t) + 2z(t)2(t)]dt



Metoda podstawienia (cd)

v 203+ %0 + 20y, | (o).~ i (52), =

4o () + 25*(t) — %(2:&*@) +22%(£) = 0

#*(t) — 22*(£) = 0

z*(t) = Cre~ V2t 4 CpeV2
z(0)=1; z(1)=0
Ci=1/(1-e2V2);, Cy=1/(1-e2?)
u*(t) = ¥ () + =™ (t)
= C1(1 - v2)e V2 4+ Cy(1 + V2)eV?



Metoda podstawienia (cd)

Rozwiazanie

Dane wejsciowe:

Funkcja podcalkowa F(x,y,y')=Dy~2 + 2*Dy*y +
2*yA2

Warunki z lewej strony: y(-1)=1

warunki z prawej strony: y(1)=2

Fy=2*Dy + 4*y

Fy'=2*Dy + 2%y

dFy'/dx=2*D2y + 2*Dy

warunek Legendre a:

Fy'y'=2

Rownianie Eulera:

4*y - 2*D2y=0

Rozwiazanie ogolne rowniania Eulera :
y(x)=C2*exp(27(1/2)*x) + C3/exp(2”(1/2)*x)

wlex3

Przyklad

-1 -0.5 0 0.5

Jextr = 9.4496

Jlin=12.8333



Metoda mnoznikow Lagrange’a

CEL | J = [ 2(t) 4+ u? t) dt

=1; z(1)=0

OGRANICZENIE £(t) = —x(t) + u(t)

9(a(t), &(2), u(t) = &(t) + 2(£) — u(t) = 0




Metoda mnoznikow Lagrange’a (cd)

J = / 2(t) +u3(t) + M2) {8() + 2(t) — u(t))] dt
- f L(z u(®), A(2))dt

L(z(t),z(t),u(t), A(t)) = £2(t) + u?(t)
+A(t) {z(t) + z(t) — u(?)}



Metoda mnoznikow Lagrange’a (cd)

L(x(t), X(t), u(t), A(t)) = x*(t) +u*(t) + AM{X(E) + x(t) —u(t)}
=) - \8:1:) .._o—|23,~*(t)+,\*(t)—;\*(t) —0
( ) dt \ Ou
( ) (—) —-o—‘ () + 2*(t) — u*(£) = 0
) =

(an) d [0c
(‘%) —0 {2 (1) — X"(t) =
2u*(t) = 2(z*(t) + =7 (1))

X*(t

22* (1) + 2(&* (t) + z*(£)) — 2(F* () + &*(t)) = 0

#*(t) — 22*(t) = 0| —|z*(t) = Cre Y + CpeV?

x=dsolve (’D2x-2*x=0",’x(0)=1,x(1)=0") 15



Przyktad

J ZEIZUZdt 1 e2
2 Jo ) :Ejo (X)%dt
K=ut)

X(t=0)=1 x(t=2)=0
X(t=0)=1 x(t=2)=0



Metoda podstawienia

3 = P Ix(0), X(0), ..., x™t), tdt.

to

2 n
F —EF +d—|: + . +( l) d—F(n)—O
dt dt? dt"

Dostateczne warunki minimum

) () =



Przyktad
d2x(t)

= u(t)

X; =X, Xp=X;=X

{X1(t) = X, (1),

dt? Xy (1) = u(t),

X1(0) = X309, X(T)= Xq7>
X2(0)= X0, Xo(T)= Xor,
tO=O, tl =T.

T T
W =ju2(t)dt —> min W = [ %2(t)dt.
0



Rozwigzanie

2
d 2
() = [ J o o B g g 2O 0%

dt? ox X ex N ek at?
d 2 n
F ——F +d—|: + . +( 1) d—F(n)—O
dt dt? dt"
4
Rozwigzanie 2d_x =0.
dt*

Catkujac dwa razy otrzymamy

u(t) = X(t) = X, (t) = C;t +C,.



Model w przestrzeni stanéw

- 12, O0t=0)=1 6(t=2)=0
o =u) ‘]_QL(Q) dt Ot=0)=1 6O(t=2)=0

(t)=0(t), 1% =%(1),) % =u(t)

()= Ax(t)+bu(®)| x' =[xx,], A:{

0 1
0 O

L= j { u2(t) + AT (O[AX(t) +bu(t) - x]}dt—

E(

}, bT =[01]

_[O {EUZ(t) + A, (1) [ %, (t) =%, |+ 4, (&) [u(t) - Xz]}dt

AT o) wep x1 X2 u
Oox dt ox . .
Rownania Eulera Lagranga’e dla x1,x2,u Zf. =0, /12 — _21 (t)1 U(t) - z(t)

u= 3t—Z:> §t —Zt+1 xl—lt —Zt +t+1 20
2 2 2 2 4




Rozwigzanie przez rownanie Eulera-
Poissona

I:

X =u(t) lejozuzdt L= j{ u”(t)+ A()[X - u(t)]}

F—EF +d—2|: =0 S
: dt dt2 : =0
F ' A=¢C,
F
A=cCt+c,
u—
U U=Ct+¢C,

X=Uu=>X=Cct°+ct+c,=> x=ct’+c,t’ +ct+c,




Symulacja (w2pl.mdl)

E! Function Block Parameters: Fcn

Fcn
'_l—b 3 )72 P % > % General expression block, Use "u" as the input variable name.
Fcn Integrator Integratorl Exa mplE: Siﬂ{U(l}*E}{p(E.S* (_U(E:'}}}
Clock
] Parameters
Scope Expression:
Sample time -1 for inherited):

0.01

u=0

Time offset. 0




Przyktad 1. Sterowanie optymalne
X =U x(0)=0,x(2)=1, tel0,2]

2

2
J = _[u dt — min
Funkcja podcatkowa zalezy wytgcznie od x’ !
2
J=[xdt mmm) x(t)=C,-t+C,
0

x(0)=0=C, =0

=% x(2)=1=c, =

— U=

N |-

u
=

2
J =jo.52dt=o.5
0

u O . 5 W3p1.md|




Szczegdlne przypadki rownania Eulera

b
I(y) =, F(x,y(x), y'(x))dx

F=F(y) Fy—diFy,zo
X

d
&Fy, =0=F,=C=y(x)=Cx+C,

y(x)=Cx+C,




Przyktad 1 Sterowanie nieoptymalne

=1 x(0)=0x(2)=1, te[0,2]

Nieoptymalne sterowanie

X(t)=u,-t, te[0,1]
X(t)=u,-t, te(1,2]

Ul — 07, U2 — 03 1 2
J = j 0.72dt + j 0.32dt = 0.49+0.09 = 0.58
0 1



W3p2.mdl

,I SCO pe

& B

LpL ABR BAH

Titme offzet: O

Autoscale

Titme offset: 0O 2 6




Przyktad 1. Sprawdzanie

J = j052dt—05

J scope Scope
EE0PP AEE A5 » élpﬁﬁﬁ%llgrg

1 2
J= j 0.72dt +j 0.32dt = 0.49+0.09 = 0.58
O 1 27



Przyktad 1. Metoda podstawienia
=1 x(0)=0,x(2)=1, te[0,2]

oF d oF

2
2 - =0
J = j u“dt > min |-~ &
0

J = juzdt szdt F(t,x,%) =X’ —2—x 0
X=0=%=C, = x(t)=Ct+C,
c,=05c,=0 U=0.5



Przyktad 1. Metoda mnoznikow
Lagrange’a

y =1 x(0)=0x(2)=1, te[0,2]

r 2
szuzdt—>min J U2 1 (%~ u
0

oF d oF 5 F(t,x,%,u,u)=u’*+A(x-u)
Qx dt ox F  d oF c
2

————=020-1=0=u=C, =




Zadania ze swobodnym punktem
koncowym

X(t,) = xo,lx(tf)—> max|, te[to,tf}

J = :f F (x(t), X(t), t)dt

g(x(t), x(t),t) =0



Przyktad 3

,X(2) > max, tel0,2]

X — U/ 2
y J= juzdt — min
’ .(‘)‘ .

[ — 0 0
2
= [[xext]a F_dF
2 ox dt ox
oF oF _ d oF _



Przyktad 3 (cd)
X=0=%=C,=x(t)=Ct+C,

x(0) =0, x(2) — max

/

CZZO’ C]_:?

J'=j[—>’<+>’@]dt :i[—ClJrCf]dt = 2(—C1+C12)
0

0



Przyktad 3 (cd)

2

J’=j —X + X° dt j

0

’E[.[c} = J [—n: + .;:_:' dt

0

" L

i .
J l— + u:*_:'dt—rl- c-{c—-1)
0

9 5e) > 4-c-2
de

C,=05

C/? |dt=2(-C, +C/?)

- | ]
"0 02 04 06 08



Przyktad 3. (cd).Sprawdzanie

X U o =—X( IUZdt—ZJ jz/;Hmin
0 u=0.5
x(0)=0,x(2) — max u=1/3

0 ‘ 2 t

u=0.5 x(t)=0.5t X(2)=1 D
1 1 2
u=§,x\t):§t X(Z):§ J=—§>—O.5
A 3 1
R



Zadania ze swobodnym punktem
koncowym i czasem

X(ty) =X, x(t; ) > max, te|tyt, |

¥ ' i
J = . F(x(t), x(t),t)dt — min )

g(x(t), x(t),t) =0



Zadania ze swobodnym punktem
koncowym i czasem

X=U x(0)=0,

X(t; ) — max

Ny

o ‘e

o .
L .
L] -
A .
5 .
Y LA
. 0

J :‘"'I"uzdt > min
0

. te|0jt,

]

t. — min



Przyktad 4 (Dalszy ciag)
K=u x(0)-0x()>mec, tefor,

t; t; t;
=—x(o)+j(—>‘<)dt+jtdt+ju2dt:j[—X+u2+t]dt
0 0 0 0



Przyktad 4 (Dalszy ciag)

¥
J’:—x(tf)+%tf2+£u2dt=

t; t; t; t;
:—x(0)+j(—>‘<)dt+jtdt+ju2dt:j[—X+u2+t]dt
0 0 0

0

ts

J':I[—X+X2+t]dt oF _d JF ~0
0 ox dt ox

OF d oF

a—F—O 1+ 2X
OX > Y dtex

2X



Przyktad 4 (Dalszy ciag)
X=0=x%x=C, jx(t):CHCZ

— —)maX

t;
:j X + X2 +t dt = j —C +C2+t dt =t ( C+C12)+%t?
0



Przyk’fad 4 (Dalszy ciag)

t;
J’ j X+ X +t dt = j[ +C12+t]dt:tf(—C1+C12)+%tf

0

0J’

o (2C,-1)=0 C,=0.5

2%2(:12—(:14-12]: =0 s =0.25
f

X=U x(0)=0,x(t, ) > max, te|0,t, |
u=0.5 X(O.25)=O.125



Sprawdzanie

H
1 2 7
JCLE) =—Cl-ff + -t + | Cl%dt
. 0
J(0.5,0.25) = —0.031
1(0.6,0.25) = —0.029
J(0.5,0.3) = —0.03
J(0.5,0.15) = —0.026 1(0.4,0.25) = —0.029

_|_
J(0.4,033) = 0023

41



Zadania ze swobodnym czasem

X=U x(0)=0,x(t;)=1, te|0,t, |

suEy
o ‘e
o .
L .
L] -
N .
5 .
Y LA
. 0

ge? _ t. — min
J :juzdt—>m|n !
0



Rozwigzanie
J':%t§+j;fu2dt X(O):O,X(tf ):1, { E[O,tf

J = j; tdt+j;* uZdt

r %) * 1 t % min
V=, (et X — u szuzdt—>min f
oF _iaF:O 0
ox dt ox
2%'=2%=0 x(t) =t
X=0 X(O)ZO
x(t)=ct+c,
X(1)=1
x(0)=0=c¢,=0
. t. =1
X(t,)=c,t, =1=t, o
1 = L1 1, |
= [a(t+cl )t =2t +c e =5z tG=min J==t: +_[u2dt—>min
0 0 %G 2 .
di:o:l—is=0:>cl:1



1

—»

1 Ly 1 1
J=tf + [uPdt ==+ [1dt =15
2 0 2 0

1 ts 1 0.5 1
J=2t+[uPdt=205"+ [ 2°dt = 2.125
2 ") 2 )

5 "

]

Ex4.slx




Ex4.slx

08 b— n —pD

t 2
J =%tf +[u*dt=2+[05°dt=0.25-2=3

0 0

os|l— o L Sl ]

¥ 4
J =%tf + [u?dt =8+ [0.25°dt =8.25
0 0

Ly 10
J= %tf +Iu2dt =50+ jo.lzdt =50.1
0 0



Zagadnienie Bolzy

Wprowadzamy funkcjonat kosztu (cost functional) (lub funkcjonat wyptaty (payoff functional)) ‘

Ju(®)=5(x(t,).t, )+ :V(x(t),u(t),t)dt

Rozpatrujemy wiec zagadnienie:

x(t) = £(x(t),u(t),t)

z danymi poczgtkowymi

X(tg) = Xp

X(tf)i/lub tf sg swobodne

T - > Oskar Bolza
) e t 1857 —194%




Zagadnienie Bolzy (cd.)
= Ju()=S(x(t, ).t, )+ ]V 0O.u() et

x
jtof ds(zf)’t)dt =S =S (x(t; ).t )-8 (x(t) 1)

— 3= {V(xa),u(t),t)ﬁ—ﬂdt:
j:fV(x(t),u(t),t)dt+S (x(tf ),tf )-S (x(ty) 1)

dIS(x(t),1)] _ ( ) w0+ 2>
dt OX




Nowe zagadnienie
J(u*(t)) = /:f {V(x"‘(t), w(8),t) + 2 (";ft)*t)] dt
x*(t) = £(x7(t),u*(2), 1)

x(t) = x* (t) + 6x(t) * - optymalne || xut S

x*(t)+ Ox(t) : : 8{ 8_ f

u(t) = u*(t) + su(t) R “f)
d[S(x(t),1)] (68) 0S| |

dt ox X(t) + ot G tt t+ot t

n©) = [ veoan.0+ (5) 20+ (%),
N () LG (6, 0" (), 6) — ()}

48



Zagadnienie Bolzy (cd.)

Funkcjonat

) = [ weeowo.+(5) 2o+ (5)
FX(0) {RGC(0), 0" (1), 1) — X" (1)

%*

u(t) = u*(t) + su(t) [x(t) = x*(t) + 6x(¢t)

t+bts
To(u(t)) = /ﬂ [V (x*(t) + 6x(t), u*(£) + 6u(t), t)

+ (gi) K*(£) + 6%(t)] + (‘2‘3)
FN(8) [F(x(£) + 6x(2), u* (¢) + Su(t), 8

— {&*(t) + 6%(£)}]]dt.



Zagadnienie Bolzy (cd.)

Lagranzjan

£ = L6 (0,5 (0) 0" (6), A1), 1
=V OO0+ (52) w0+ %

ot
+X'(t) {£(x*(2), u(t), 1) — x7(1)}

L8 = LO(x*(t) + 6x(t),X*(t) + 6x(t), u*(t) + du(t), A(t), t)
= V(x*(t) + 6x(t), u* () +6u(t), ¢)

+ (gﬁ) [*(t) + 6%(t)] + (%‘f)

+X'(¢) [£(x*(t) + 6x(t),u*(t) + du(t),t)
— {x*(t) + 6x(t)}] . .



Zagadnienie Bolzy (cd.)

Funkcjonat przez Lagranzjan

3, (U ()= L: L (X (0),% (1),u" (1), (0.t ) dt = ;“ Lt

J,(u(t)= L:f+5tf Ldt= [ Lodt+ [ Ldt

[ ¥



Zagadnienie Bolzy (cd.)

tf tf
/ !
~ {£+ (%) ox(t) + (z—i) 6x(t)

+ (%)l 6u(i;)}

~ [-.'Itf 5tf,

6tf
tf

52



Zagadnienie Bolzy (cd.)

AJ = Ja,t(u(t)) — Ja(u(2))
= ]t f(ﬁg — L)dt + E'Itf 6t

67 — { (g—ﬁ);éx(t) n (‘;—ﬁ) 5x(t) + (%)lau(t)} dt

+ ﬁltf ots.



Zagadnienie Bolzy (cd.)

fudv =uv — [vdu
[ @) swom [[ (). s
- [(G). o]

- [115 (55) ] exoe




Zagadnienie Bolzy (cd.)

ty N/ OL d (0L
‘”‘fm Kﬂ)*_dt(aic

).

!

ox(t)dt

tr rOL\'
+ fm (—a—u—)*&u(t)dt

oLy’
+ Eltf 6t ¢ + (5;) * 6){(1;)] :

(

ory _d
ox /

oL

dt

(

ox

ty

du

0 (3

L£*,, bty + [(

oL

ox

). <)

ty

=0




Zagadnienie Bolzy (cd.)

A
x() X*(tf) + 6%(tf) /
________ A
*(t) + Ox(t) - — ¢
Y Bx(ip ] 0n] 0%
. P Y (R LR R 5. FUN P b A, ‘V 7
...... B(t)
Xl - ’: atf ;_‘
0 fo tr G+t

A /

56



Zagadnienie Bolzy (cd.)

ox(ty)

X" (tp) + 6x(tf) =~

H£5}ﬂL'f

5Xf - 5X(tf)

5tf

§x s = 6x(t5) + {X*(t) + 6%(t)} 6t 5

55:(t) 5tf — 0

5X(tf) = 6xf — i*(tf)ﬁtf.

Warunek transwersalnosci

-39

tr

6tf+(

oL
B%

).

iy

6xf=0

57



Funkcja Lagrange’a

L(x

(0% (0).u
Ve 0,0+ (5

() {£G" (1),

“(2), A(2), t)

05
ox

) (1) +
u’(t),t) —x*(t)}

(a—ﬁ)-d
ox/, di

( oL
ox

)

oL
(*a—u-)* =0

Warunek transwersalnosci

=

oL

%

):fc(t)]

ty

oty + (3}:

oL

).

tr

oxs =0




Przyktad 3. Metoda 2.

X=U

J :qudt—>min

2
J’:+Ju2dt 2
0

x(0)=0,x(2) > max| te|0,2]

J(u(t)) = S(x(ts), ty) + [tf V(x(t),u(t),t)dt

L(x*(8), %" (2), u*(£), A1), t)

S(x(t),t)=—x(t)

V(0 (t)t)+(§ﬁ) 0+5

S (x(t),t) =-1 gs(x(t),t)zo N(6) (£ (@), w* (), — X ()]

d 0 dx o
. as(x(t) t)_a_s(x(t) t)— —3( ®), t)

i (-1+lambdal(t)) J" = I[@Jr u’ +/1()'(—L)J)} dt

{

(5). @ (5). ¢

A=0= A(t)=

C

y f

oL
(a;),.. =0 .

x=Ct+C
2u—ﬂ,=0:>u=C1:% —

59



Przyktad 3 (Metoda 2. Dalszy cigg)

warunek transwersalnosci

(A4(1)-1)|,=0=4(2)=1 C=1

A=0=>1=C

., ooy - recy B
e (53] [ " (&)*L =0

2U-A=0=u=C, =05

X=u=x=C, = x(t)=Ct+C,

x(0)=0,x(2) —> max

C, =0,

C,=05

X(t)=0.5t



X=U

Zadanie (przyktad 4)

x(0)=0, x(tf ) — max

tf
J = qudt > min

Rozwazmy problem na podstawie zagadnienia Bolzy

. te|0jt,]

t. — min

Ia) = S(x(ty), ) + [ Vix(o), (o), 0

_i(f”ﬁ) ~0
dt \ox/,

= L (8), %" (£), " (£), A1), ) oc
* * 88 ! 88 (ax)*
—V(x (t)u(t)t)+(ax) i (t)+ 2 =
() {£(x*(t),u*(t),t) — x*(t)} ou/,

== ()%

oxy =0
61

oLc
oty + ( )
. ox /.,

ty




Rozwiazanie

1 = L(x*(2), x*(t), u™(t), A(t), 1)
j= 12 +I dS
f 2 f V(x*(t),u*(t), t)+( ) *(t) +
k }
f 1 () {£(x" (1), u* (1), 1) — x*(8)}

L=u2—>'<+t+/1{>'<—u}
Sldls)=o= i=0 = a=C

=O—>ﬂ,(tf):1—> -

f

(%) —d — 2u—2 :o}(t)‘l)t
+{%}H 5%, =0 U —X+t+ A{X —u}—(-1+ )% =

E—[%J’X(t)} St,
oX OX Al
f _025+t, —0.5=0] 7 t =025

X=U —=x(t)=05t+C x(0)=0 C=0 .

— (u2+t—ﬂbu)t




Przyktad 5. Metoda 2.
X=U x(0)=0,x(t;)—>4, |te|0,t, |

t; ,
J = juzdt s min J(u(®)) :S(x(tf),tf)—l—[fV(x(t),u(t),t)dt

_1e
S(X(t)’t)_zt Ve (), u (t)t)+(ax) 0+ 2

= —t? —|—j u2 dt 0 3 0 N(®){E(x"(2), u*(6), 1) — X (2]}
2 0|: :| &S(X(t),t)—o aS(x(t),t):t

: %S(X“) )= S (xO) T+ =S (xOh) 3
0 ‘J”:_“ t+u2+l(X—U)Jdt
1 (-1+lambda(t)) 0 )

X oL !
(a;),.. =0 .

BECE
oX ). dt\ ox /).

/i=0:>z(t)=C 2u—/1:0:>u:(31:% xzclt%&

L(x*(8), %" (2), u*(£), A1), t)
a5




Rozwigzanie

1o e = L(x*(£), X" (8), u”(2), A(D) ’;‘)
() {£(x" (1), u* (1), t) — %" (1)}

L:u2+t+/1{>‘<—u}
2)-55)=9— i=0 = 2=C

2 2
C_1+tf —&:O
1 1

#)-i—au-a=0  [rtag s | a-cy,

/. 2 2
C C
2 |~ _
o) A Tu +t—lu)t =—+t, ——=0
C-|E x| ot,+] = ||| ox, =0 i |4 2
o0X

oX A,

X=U = x(t)=Ct+C, x(0)=0 C,=0  X=**




Hamiltonian lub funkcja Pontriagina

William
Rowan
Hamilton

H* = V(x*(t),

ut(t),t) + A% ()F(x*(¢),

u*(t),t)

H* =

R (x*(t), u™(2), A(2), 1)

L* = L*(x*(t), %

— H*(x* (),

“(£), u”(2), A%(¢), t)
u’ (), A°(¢), 1)

S\’ . % oS\ | &« % 1l A\ B,
+(3_x)*x (t)‘i‘(g;)*—’\ (t)x*(t) Wi

= L(x*(t),

() {£(x

(1),
Vo090 + (50) %0+

u™(t), A(t), 1)

"(2),u’(t),t) —x7(t)}
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Rownowaznos¢ warunkow Lagrange’a
a Pontriagina

(32).-0 [
(1), 405). -0 |G-
&

0) -o—{(30). <

Warunek transwersalnosci

. 8S S IIRE
[ + 79?]” 5tf + [(-5;)* — A (t)Lf 6xf = 0.

E’\?‘i




Typy zagadnien optymalizacji

x(t) A x(t) A

x*(t)+0x(t)

X[} r
: . : >
i PR O 1 Yoot

Korice i czas ustalone Korice ustalone i czas ruchomy
x(D A X(t) A
X*(t)+3x(t)

Xot - - : Xob -
; - : : >
0 et 0t t t

Koniec ruchomy i czas ustalony Koniec i czas sg ruchome



Konce i czas sg ustalone

x(t) = £(x(t),u(?),?)

A

x(t),x(t),t

x(t) A

x*(1)+0x(t) H* — V(x* (t),

u*(t),t) + A7 (HF(x*(t), u* (1), t)

Xf ............ i

oOH

(“_

du

) =0

Warunek transwersalnosci

().

-X'(t)

(50). -

J—

1

Ly

0.

\!
0

88 I

[ +_5?] 5tf-|- WJ (5‘.\!Cf
y
0
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Konce s3g ustalone i czas jest ruchomy

x(t) = f(x(t),u(t),t)| J(u(t)) = Sx(ts),t5) + ft:f V(x(t),u(t), t)dt

04 H* = V(x*(t), u*(t),t) + X* ()f(x*(2), u* (), 1)
oM %) — i
(7).77 |(&).m*0
| ; OH\ .,
O 1 ' .t' Warunek transwersalnosci (a)* - (t)

%
—

= (.

0S [0S '
G| o+ | (G =
ot ts —t 7 % )

S <1
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Koniec jest ruchomy i czas jest

LictalAanag

x(t) = £(x(t),u(?),?)

ty
J(u(t)) = S(x(ts), ¢7) + [m V(x(t),u(t), t)dt

X(t) A

Xol

X*(t)+x(t) :

H* = V(x*(t), u(£),¢) + X" ()F(x*(2), u* (¢), )

0

b b

»>
t

&[G
). -~o

Warunek transwersalnosci

. 0§ 0S N
W-F l:(—é;)* — A (t)Lf bxs = 0.

\

! oS
: w0 = (),
*tf 70




Koniec i czas ruchome (l)

x(t) = f(x(t),u(t),t)| J(u(t)) = Sx(ts),t5) + ft ! V(x(t),u(t), t)dt

X(t) A H* = V(x*(t),u*(¢),t) + A*’(t)f(x* (t),u*(t),t)
x*(t)+0x(t
OH
%’ (.‘?ﬁ) ~0 (—) = —X (%)
SCHE ou/, ox /.
Xo b -+ .
: : 3H
: > — | =x*(1).
O (d)[f t Warunek transwersalnosci (3A )* = ( )
. 0S ([0S N
[H + TT-J?L 5t s + _(—5;)* — A (t)Lf oxs = 0.
dS 0S
’H+——) =0 (——A*(t)) =0
( at *tf 6}( *tf 71




Koniec i

czas sg ruchome (ll)

x(t) = £(x(t),u(?),?)

ty
J(u(t)) = S(x(ts), ¢7) + ft V(x(t),u(t), t)dt

X(t) A H* —_—

V(x*(t), u*(t),2) + A" (£ (x*(2), u* (t), 1)

x*(t)+0x(t
xx(1) |
»-

0 g t t
(d)

5.7 |(G).m e
(8’){

__.) — ().
Warunek transwersalnosci 3A *

x(tf) = 6(ty) [ “ L

0S oS N
EL 17+ | ()~ “)Lf o =0

5xf ~ é(tf)tﬁtf

[(H+ %)* + (%S - A*(t)): é(t)] ) = 0.
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Warunek dostateczny

J(u(t)) = S(x(ts), tr) + f:f V(x(t),u(t),t)dt

‘s | 0°H 0*H O*H

27 _ 0 )

6°J = / 8x2 —5 (0x(t))” + ) — (6u(t))” + 2 P (511(t)6x(t))]* di
— [ ox’'(t) ou’ (t)] ox(t) dt
fo o2 oz | 6ul®)
L OxBu  ou? d x
‘s / / ox(t) -

o [6}{ (t) 511 (t)] H [(‘ju(t)] dt. f(X+dX)—f(X)+f (X)+f (X)

f(x+dx)=f(x)+f""(x)

0*H
W >0




Algorytm

x(t) = f(x(t),u(t),t) |J = S(x(ts),ts) + Jif V(x(2), u(t), t)dt

1 X(tg) = Xp x(tf) = Xf ruchome lub ustalone
H(x(t), u(t), A(t), t) = V(x(t),u(®),t) + X' (OFf (x(t), u(®), t)
(&) =0 u*(t) = h(x*(t), A*(£), 1)

H* (x*(t), h(x*(2), A*(2), 1), A" (£), ) = H*(x* (), A" (2), ¢)

e (t) =+ (&) A0 =- ().

1+ 5], ot + (), - X)), bxs = 0




Algorytm (kontynuacja)

!

(H* + 571, 6tr + [(52 )*—A*(t)]tffsxfzo
(8t =0,0x; =0 | x(to) = Xo,X(bp) =%; |

oty # 0,6x5 =0 | x(to) = x0,x(tr) = xy, [H* + %]tf =0
5tf = 0, 5Xf 5’5 0 X(to) = Xo,A*(tf) = (QS‘_)

Ox / x,
5x5 = O(ts)bts | x(to) = xo,x(ts) = O(ty)
1+ 25+ (), - A0} 6] =
6tf 7é 0 6}E(t0) = X0

oxy # 0 H+ 52, =0, [(5%). — A" )], =0




Przyktad 1

£1(t) = za(t) 1 [ts
:i:;(t)=u?t) x(0)=[1 2 x@=[ 0|7 =3 u?(t)dt

J = S(x(tg),tr) + [, V(x(t),ult),dt s

I H =H(z1(t), z2(t), u(t), A1(t), A2(2))
V(x(t),u(t),t) = V(u(t)) = §u2(t) = V(u(t)) + N () (x(t), u(t))
f(x(t),u(t),t) = [f1, f2]’, = %uz(t) + A1 (D) z2(t) + A2 (B)u(t).
T = 0w (1) 4+ X5() = 0 — w'(t) = ~N(0)

M (25(0),23(0), M), M(0) = 5357 (0) + M@t — 350

= Xi(0)25() - 337
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Przyktad 1 (dalszy ciag)

H*(z1(t), z2(2), A1(2), A2 ()

= %)j (t) + N (B)z3(t) — A5 (2)

* * 1 *
= A1 (t)x3(t) — 5«\22(5)
wen L [OHY
505,50 || g% Serorra
. OH ,,
() =+ (8_)\2)* = —A3(t) zy(t) = %tz —Cgt + Cy
. OoH Al(t) = Cs
A =—(z—) =0 ‘
1) (33:1)* M5 (t) = —Ct + Cy
: oH
A5 (t =—(—~——) = —A(t
2=~ \5s,), = 7M1 u*(t) = —X3(t) = Cst — G4

x(0) =11 2]; x(2)=[1 0]'.

%1(t) = zo(t)
Ea(t) = u(t)
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x1(0)=1,x2(0)=2,x1(2)=1,x2(2)=0")

Realizacja w MatLabie

S=dsolve('Dx1=x2,Dx2=-lambda2,Dlambdal=0,Dlambda2=-lambdal, ...

S.x1 1+2*%t-2%t " 2+1/2%t "3
S.x2 2-4%t+3/2%t "2
S.lambdal ||3
S.lambda2 || 4-3%t
2 T
X.I
1
ok
X5
1t
u(y,f"
2t L
13t
-40’ l].l2 [I.ld IJTE EI.IB 1| 1‘12 1.14 1?5 1.|3
t

Plot command is used for which we need to
%/ convert the symbolic values to numerical values.
j=1;

for tp=0:.02:2

t=sym(tp);

x1p(j)=double(subs(S.x1));

%% subs substitutes S.x1 to xip
x2p(j)=double(subs(S.x2));

%% double converts symbolic to numeric
up(j)=-double(subs(S.lambda2));

%h optimal control u = -lambda_2
t1(j)=tp;

j=3+1;

end
plot(ti,x1p,’k’,t1,x2p,’k’,t1,up, ’k:’)
xlabel(’t’)

gtext(’x_1(t)’)

gtext (’x_2(t)’)

gtext(Pu(t)?’)

/8




Przyktad 2

T1(t) = ot
m;Et% =-u?£()) x(0) =1 2]'; 21(2)=0; 2(2) dowolny
1 [t
J = 5 u?(t)dt

J = S(x(ts),tr) + [, V(x(t),u(t),)dt s

1 H =H(z1(t), x2(t), u(t), A1(t), A2(t))
V(x(e),u(t), 2) = V(u(t) = zu2(0) = V(u(t)) + N (OF(x(t), u(t))
£(x(0), u(),8) = [f1, fol = 3850 + M (Bza(t) + da(D)u).
T = 0 () + X5(0) = 0 — v’ (1) = ~X5(0)

M (@1(2), 23(0), M0, 24()) = 508" (1) + N (B)z3(6) — 35" ()

= X(03(0) — 525" (1). .




Przyktad 2 (Kontynuacja)

- 37{) .
)=+ (=) =zh(t
() (5)\1 () zi(t) = 063t3 G;tg + Cot + C
23(t) = ( ) = A zh(t) = Y _ o+ 0
2
(B_H) _ AHE) = O3
oz, /. Ay(t) = —Cst + Ci.
(?’i) ANt
0x2/ 4 u*(t) = —M5(t) = Cst — Cy
x(0)=[1 2]y z1(2)=0; 22(2) dowolny oS
na(ty) = (5 )
/ L9 *t ¢
.’.132(2) ruchome, 63:2!
poniewaz S=0 \
:L‘l(U) =1, x22(0)=2; x1(2)=0; )\2(2) = (. Aa(t7) 0
2(ty) =
Ci=1;, Cy=2;, C3=15/8;, C(C4q4=15/4. "




Realizacja w MatLabie

S=dsolve('Dx1=x2,Dx2=-lambda2,Dlambdal=0,Dlambda2=-lambdal,
x1(0)=1,x2(0)=2,x1(2)=0,lambda2(2)=0")

S x1 h Plot command is used for which we need to

ans=  5/16%t-3+2%t+1-15/8%t~2 ;{.Ei?onvert the symbolic values to numerical values.
S.x2 for tp=0:.02:2

ans= 15/16%t"2+2-15/4x*t t=sym(tp) ;

S.lambdal x1p(j)=double(subs(S.x1));

%% subs substitutes S.x1 to x1
ans=15/8 x2p(j)=double(subs(S.x2)); ’
S.lambda2 %% double converts symbolic to numeric
ans=-15/8*t+15/4 up(j)=-double (subs(S.lambda?2));
- %% optimal control u = -lambda_2
o t1(j)=tp;
‘ ‘ J=j+1;
o X0 end
- plot(tl,x1p,’k’,t1,x2p, k’,t1,up, ’k:?)
s xlabel(’t’)
2 “’ ] gtext(°x_1(t)"’)
A ] gtext(Px_2(t)?)
gtext (Cult)?)

2

0 02 04 06 0B 1 12 14 16 18 2
t
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Przyktad 1 vs przyktad 2

x(0)=[1 2] 1(2)=0; 22(2) dowoln
xo)=[t 2 x@=poy] ~OZRA @R B0
- 2
% 0
7 1
o ot
%
At
. il o
al
Y3 L L 1 L 1 L 1 : 1 -4[]' 0.12 U.'4 D.IB D.IB ‘; 1.12 1.|4 1:5 1.I3 2
0 02 04 06 08 : 12 14 16 18 2 t
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Przyktad 3

F1(t) = z2(t)

Za(t) = u(t) x(0) =[1 2]'; z1(ty) =3; z2(tf) dowolny
J= ; Y2 (t)dt
J = S(x(ts),tr) + [, V(x(t),ult),)dt s
V(x(t), ut), ) = V(u(t)) = %uﬂ(t) H = H(z1(t), T2(t), u(t), M (b), Aa(t))

£(x(t), u(t), t) = [f1, fol' = V(u(t)) + X (Of (x(t), u(t))

- %u?(t) + Ar(t)za(t) + Aa(t)u(t).

?9_? =0 —u(t) + A3(t) =0 — u™(t) = —A3(t)

M (25(0),23(0), M), M(0) = 5357 (0) + M@t — 350

= X()z3(0) - 525" 0). :




Przyktad 3 (cd)

* . 03 3 G4 9
Th(t) = %tz — Cyt+ Co
1(t) = Cs
5(t) = —Cst + Cy. x(0) =[1 2]'; z1(tf) =3; z2(ty) dowolny
0S oS
(H + —) = 00— M (t)malty) — 0.5M3(t5) = 0| | Aalty) = (—) —0
3t ty aﬂ:? *t
z1(0) =1; 22(0) =2; x1(t5) =3; Rogleazesl
Xa(tg) =0;  Ar(tg)za(ty) —0.505(ts) = 0.
Ci=1;, Co=2 C(C3=4/9; Cy4=4/3; t;y=3
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Przyktad 3 (cd)

find(c3,cd 1) = | 0

(0

W)

u”(t)

—A;(t) =Cs3t — Cy

Sample based | T=1.000

04447

find(c3,cd, ) = | 1.333
L3

’ tf

L2

+c2-tf+cl=3




Realizacja w MatLabie

S=dsolve(’Dx1=x2,Dx2=-1am2,Dlami1=0,Dlam2=-1aml,x1(0)=1,
x2(0)=2,x1(tf)=3,1lam2(tf)=0’)

t="tf’;

eql=subs(S.x1)-’x1tf’;

eq2=subs(S.x2)-’x2tf’;

eq3=S.laml-’lamitf’;

eq4=subs(S.lam2)-’lam2tf’;

eq5=’lamltf*x2tf-0.5%lam2tf 2’ ;

S2=solve(eql,eq2,eq3,eq4,eq5, ’tf,x1tf,x2tf,lamitf,
lam2tf’,’lamitf<>0’)

%% lamitf<>0 means lamitf is not equal to O;

%4 This is a condition derived from eq5.

%% Otherwise, without this condition in the above

%% SOLVE routine, we get two values for tf (1 and 3 in this case)

%h

tf=52.tf

x1tf=52.x1tf;

x2tf=52.x2tf;

clear t

x1=subs(S.x1)

x2=subs(S.x2)

lami=subs(S.laml)
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Realizacja w MatLabie

lam2=subs (S.lam2)

%% Convert the symbolic values to

h numerical walues as shown below.

j=1

tf=double(subs(S2.tf))

%% coverts tf from symbolic to numerical
for tp=0:0.05:tf

t=sym(tp);

%/ coverts tp from numerical to symbolic
x1p(j)=double(subs(S.x1));

h#h subs substitutes S.x1 to xip
x2p(j)=double(subs(5.x2));

% double converts symbolic to numeric
up(j)=-double(subs(S.lam2));

%% optimal control u = -lambda_2

t1(j)=tp;

j=j+1;

end
plot(tl,xlp,’k’,t1,x2p, 'k’ ,t1,up,’k:’)
xlabel(’t?)

gtext(’x_1(t)?)

gtext(’x_2(t)?)

gtext(’u(t)’)
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Przyktad 1 vs przyktad 2,3

xO)=[1 2 x@=0 0"  [0=[2; 2=t ) sowy x(0)=[1 2} m(t;)=3; zalty) dowolnl/
2 % 2 0
0 5 0 0
. 0. ] :2 w )
)3 3
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Przyktad 4

x(0) = [1 2J'; x(2) = pozadany (wskazany)

T1(t) = z2(t)
Fa(t) = u(t)

J = %[m1(2) — 42 + %{mz(Z) - 2)* + %]Dz u’dt

J = S(x(ts),tg) + [ V(x(t),u(t), t)dt| | Sx(t) = 3@~ 4+ 5lza(2) - 2P

V(x(t),u(t),t) = V(u(t)) = %uﬂ(t) H =H(z1(t), z2(t), ult), M (2), Aa(2)) | | s20
: = V(u(t)) + N (t)f(x(t), u(t))
f(x(t),u(t),t) = [f ) f] »
Sk = %u?(t) + A (t)za(t) + Ao (t)u(t).

T 0w () + M5(0) = 0 — u' (1) = ~N5(0)

ou

M (25(0),23(0), M), M(0) = 5357 (0) + M@t — 350

= X()z3(0) - 525" 0). :




Przyktad 4 (cd)

u*(t) = —Aa(t) = Cgt — 04

x(0) = [1 2J'; x(2) = pozadany (wskazany)

— 0 A'(tf) = (

poniewaz Sz 0
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Realizacja w MatLabie

S=dsolve(’Dxl1=x2,Dx2=-1lambda2,Dlambdal=0,Dlambda2=-lambdal,
x1(0)=1,x2(0)=2,1ambdal (2)=x12-4,1ambda2(2)=x22-2")

t_:z:;

S2=solve(subs(S.x1)-’x12* ,subs(S.x2)-"x22’, ’x12,x22*);

%h solves for x1(t=2) and x2(t=2)

x12=82.x12;

x22=52.x22;

clear t

S = x1=subs(S.x1)

lambdal: [1x1 sym]

lambda2: [1x1 sym] x1 =
x1: [1x1 sym]
x2: [1x1 sym] 1-2/T*t"2+1/14%t"3+2*t

x2=subs (5.x2)
X2 =

-4 /T*t+3/14%t"2+2

lambdal=subs(S.lambdal)
lambdal =

3/7

lambda2=subs (S.lambda2)
lambda2 =

4/7-3/7*t
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Realizacja w MatLabie

%% Plot command is used for which we need to
%/ convert the symbolic values to numerical values.
j=1;

for tp=0:.02:2

t=sym(tp);

x1p(j)=double(subs(S.x1));

%/ subs substitutes S.xl to xlp
x2p(j)=double(subs(S.x2));

%% double converts symbolic to numeric
up(j)=-double(subs(S.lambda2)) ;

%% optimal control u = -lambda_2

5

t1(j)=tp;
J=3*1; y
end 0
plot(ti,xip,’k’,t1,x2p, ’k’,tl,up,’k:?)
xlabel(’t?)
gtext(’x_1(t)?*)
gtext(’x_2(t)?)
gtext(Pu(t)?)
I \ ya 2 K
7=t a2l [x 2) - 2]2 uzdt
\2: v n




Przyktad 1 vs przyktad 2,3,4

x(0)=1[1 2]; x(2)=[1 0]. x0)=[1 2, n@)=0 ) dowoly x(0) = [1 2]!; $1(tf)=3} :L‘z(tf) dowolny
0 S X0
b T ] al
N e T P

x(0) =[1 2J; z1(tf) pozadany (wskazany)

%[zl{E] -4 + %[:ﬂz{Z) - 2)?

] 1 1 1 1 1 1 1 1l
0 02 04 06 08 1 12 14 16 18 2
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Przyktad 5

x(0) = [1 2]’; xItf) = pozadany (wskazany)

T1(t) = z2(t)
Fa(t) = u(t)

t
1 1 1 p*f
J = Z[z1ts) — 4% + = [za2lts) — 2)% + —f u?dt
2 2 2 Jo

J=8(x(ts),ts) + ft? V(x(t),u(t),t)dt|| Sx(y) = %[ml(tf_ — 4+ %[ml?':.tf —2f?

V(x(t),u(t),t) = V(u(t)) = %uﬂ(t) H =H(z1(t), z2(t), ult), M (2), Aa(2)) | | s20
: = V(u(t)) + N (t)f(x(t), u(t))
f(x(t),u(t),t) =|f1, fol,
XD = = %uz(t) + A1 (t)z2(t) + A2 (D)u(?).

T 0w () + M5(0) = 0 — u' (1) = ~N5(0)

ou

M (25(0),23(0), M), M(0) = 5357 (0) + M@t — 350

= Xi(0)25() - 337 .




Przyktad 5 (cd)

u*(t) = —Aa(t) = Cgt — 04

x(0) =[1 2|’; xits) = pozadany (wskazany)

poniewaz Sz 0

(H+6 ) =0— Nt))zalty) - 0.5X3(t)) = 0 \ a8
L/, A {tf) = (3_}[')

f
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Przyktad 5 (cd)

giﬂ-'zn 2 / given / Xl(tf)=14
i tf

c3-—-—cd-—+c2-Ff+el-4=c3 3 2
P 2 i L
G- -ed—+a-ficl-l=ch x2(tf)=5
—i-tf+cd=10
—i-f+cd=10
2
ﬂ-?—cd-tfhz:z—z =-—c3-tf +cd 2
[1;3-%—4:4-&'+c2—j =-—ci-tf+cd
2733x 10 10 -
find(c3.c. ) =| ;130,107 10 o
s find(c3,cd,tf) = | —1.94
3.003

u*(t) = —A3(t) = Cst — Cy
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Przyktad 5 (cd)

aaaaa

bellman5



Przyktad 1 vs przyktad 2,3,4,5

x(0)=[1 2/; x(2) =[1 0.

4be

u(E),f'l

0 02 04 06 08 1 12 14 168 18 2
1

=25 al=0 o) owly |x0)=[12; 2lts) =3 alty)

-4

dowolny

%0
X0

u(l)_’,-""

L L L L ' 1 s s s
0 02 04 06 08 1 12 14 16 18 2
t

x(0) = [1 2]"; x(2) = dowolny x(0) =[1 2|'; z1(tf) pozadany (wskazany)

S[21(2) — 41 + S lea(2) - 27

1 Voo M
E[IHﬁjl - 4]2 + E[Izlﬂﬂ — 2]2

L L L ' L L L L L
0 02 04 06 08 1 12 14 16 18 2
t

l x1(tf)=14

x2(tf)=5



Ograniczenia - nierownosci

J = :f o(X, X, t)dt
A(X, X,t)=0

<I(X, X O,

mln\



Ekstrema warunkowe na przedziale
domknietym

f(x)—>extr x,e6X XcR

xeX

Tw. Weierstrassa
Kazda funkcja ciggta na przedziale domknietym ma wartos¢
najmniejszg i najwieksza.

Aby znalez¢ najwiekszg i najmniejszg wartosc funkcji f (x) w
obszarze X:

- znajdz punkty krytyczne wewnatrz obszaru X, oblicz w nich
wartosci funkcji f (x);

- znajdz najwieksza i najmniejszg wartosc funkcji f (x) na granicy
obszaru X;

- porownaj znalezione wartosci i wybierz sposrod nich najwiecej
najwieksza i najmniejsza.



Warunki Kuhna-Tuckera

Warunki konieczne istnienia ekstremum.

(1)

minF(x)
.v.r:ER"
c;(x)<0,i=1...m

F(x),c.(x)eC’

funkcja jest
rdzniczkowalna,
funkcja
pochodna jest
ciggta

Kazdy punkt spetniajgcy ograniczenia nazywany jest punktem dopuszczalnym. Celem
Optymalizacji z ograniczeniami jest znalezienie punktu dopuszczalnego, w ktorym
minimalizowana funkcja osigga przynajmniej lokalnie najmniejszg mozliwg wartos¢.

Tw. Kuhna-Truckera

Jesli w punkcie xo funkcja F(xo) osigga minimum lokalne, to w punkcie tym istniejg

mnozniki lambda spetniajgce warunki

V. F(x°)+ > 2.°Ve,(x°)=0



Optymalizacja funkcji z ograniczeniami
nierdwnosciami

04

%

mih 2(\6)
,(43)&.

|

——

0 (x)(5-5): 0

32'- (x-2) (3- X)> 0

D ()(-—7)(9'1449
5

J 1 7£4Q




X,Y] = meshgrid(-10:0.5:10,-10:0.5:10);
Z = X.A24Y.A2;

surf(X,Y,2);

hold on;

[XY Z]=cylinder(2,100);
surf(X+5,Y+6,Z.¥200);

™ML 2( fﬂ,?fz): )r,,mlt " ggl,;{\@z%%@;
(A m)em. : :_ : i
Dy~ 1= (70,/«)’4/1,-/)/\»‘2 :
), rt ¢ b 4)14{7£,1}31vz
Dy 2 [ )V (1) 2 |
D, Do, ¢ R zdz & - :
., FEFEEHE 22

40 8 6 4 2 0 2 4 6 S
1UD



[

-10

10

-10
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X=U

2
J:juzdt—>mi

2
J':+ju2dt s
0 \

Przyktad.

x(0)=0,x(2) > max| te|0,2]

J(u(t)) = S(x(ts), ty) + [tf V(x(t),u(t),t)dt

L(x*(8), %" (2), u*(£), A1), t)

S(x(t),t)=—x(t)

V(0 (t)t)+(§ﬁ) 0+5

S (x(t),t) =-1 gs(x(t),t)zo N(6) (£ (@), w* (), — X ()]

d 0 dx o
. as(x(t) t)_a_s(x(t) t)— —3( ®), t)

i (-1+lambdal(t)) J" = J'[@ u’ +/1()'(—Lf)} dt

{

(5).- @ (5). ¢

A=0= A(t)=

C

y f

oL
(a;),.. =0 .

2u-A=0=>u=C, =

C x=Ct+C,
2
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Przyktad (cd)
o= (Gl e ()| o=

(A4(1)-1)|,=0=4(2)=1 C=1

warunek transwersalnosci

A=0=>1=C

2U-A=0=u=C, =05

X=u=x=C, = x(t)=Ct+C,

x(0)=0,x(2) —> max

C, =0,

C,=05

X(t)=0.5t



2
J :Juzdt — min
0

2
J’:—x(2)+_[u2dt
0

Out=[];
for u=0:0.1:1

Out=[Out; 2*u,u,2*u*u,2*u*u-2*uj;
end;

Porownywanie

X(2) U J y

0 0 0 0
0.2000 0.1000 0.0200 -0.1800
0.4000 0.2000 0.0800 -0.3200
0.6000 0.3000 0.1800 -0.4200
0.3000 0.4000 0.3200 -0.4800

1 0.5000 0.5000 -0.5000
1.2000 0.6000 0.7200 -0.4800
1.4000 0.7000 0.9300 -0.4200
1.6000 0.3000 1.2800 -0.3200
1.3000 0.9000 1.6200 -0.1800

2 1 2 0
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Zagadnienie 1
¥ = *(0)=0,x(2)—>max, te[0,2]

2

Rozwigzanie bez ograniczen — 1 S u S 1 J = _i.uzdt — min
X(t)=u-t .

u=1
u=0.68

Jest zupetnie oczywiste, ze

u — 1 u=-0.74
u=-1




Zagadnienie 1
¥ = *(0)=0,x(2)—>max, te[0,2]

t}ﬁ%@i ~1<u<l

J=-x(2)= —x(0)+_(2[(—>'<)dt = E[_X]dt = E[—u (t) |dt — min

integrate =1 dt fromt=0to 2

ffo Extended Keyboard +

2
jﬁ—ldt=—2 ‘ U=1



Ograniczenia - nierownosci

J = go(X X t)dt

[

A(X, x,1)=0

. <[(X, X O
-1<u<l

Metoda zamiany zmiennych

)T, =T i ) =7551=1,2,...

(T

max i



Metoda przez funkcjonat Lagrange’a

L(x*(t), %*(t), u*(t), A¢), 1)

VO 0.0+ (5 ) X0+

() {£(x"(2), u*(¢),t) — x*(¢)}
-2
ox/., dt\ox/),
6£)

=) =0
(311 * Warunek transwersalnosci

[ﬁ* _ (%)::‘:(t)] 5ts + (‘;ﬁ )

oxs =0

tr

ty




Zagadnienie 1(cd)

—1<u<l< (Upy —U)(u—u,, )=a*=0

u. =-1 u__ =1

min

i[ X+ A (X—u)+4, (( Upnin ) ;|dt

!

F

oF _ d oF -0 Al — 0= ;ll - C warunek transwersalnosci (L)

ox dt ox oF

ou dt du

t)-1)| =0 =
F_doF_ggmg  (A0-Y,=0=4(2)=1
oa dt oa =>C=1=4 =1

=0

t=2




Zagadnienie 1 (cd)
A, (2u)=1

2 =055 2 =025 2, (Upy, —U)(U—Uyy, ) =0

A(t)=0=>u=u,, lub u=u,, Upax =1, Uiy =—1
x(0)=0,x(2) - max, te[0,2] =
: 0 2
u=-0.74
x(t)=u-t,u=-1=x(2)=-2<x(0) v

x(t)=u-t,u=1L=x(2)=2>x(0) | = 1



/Zagadnienie 2
X:u(t) =) X1=X2(t),

X, = Uu(t)
x1(to) = xq x(t;) —> maksimum
x2 (%) = vy x2(tr) =vs
< u<
u min — u _ u MaXx




{Xl(t) =X (0,
Rozwigzanie k=

X=Xz (8), %3= u(f) X1(to)=x0  X2(fo) =vo
xi1(t) ——  maksimum

U.. =u=<u_.

x2(t;) =0y

ts

J=-x(t;)= —><1(t0)+jto (—x%,)dt

'.I'r'I ——-.i'ﬂ (I‘J, X (fn) —— x“, -"'1 (_ff)—. maksimum
Xa=u(t), X% (to) =0y, x,(t5) =uvy

) (84— Umin) (Umax — ) — 02 =0,

t t * -
| = Ifqa (x, x,)dt Ax x9=0 [ —7 = j o x )+ () A (x, X, H]dt
£y - fo

J :—xl(t0)+_[: {—)'(1+ﬂl[X2 —% |+ 4, [u—>‘<2]+ﬂg[(u—umin ) (Upnax —u)—az}}dt
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Rozwigzanie (kont.)

d@CI)_@CD: XT=[ y u]
dt ox o %
O=4[x-%]+2,[u- x2]+ﬂ3[(u umm)(um,jx—u)—(zz]—)'(1
=0, 4 =-4
0=-4+4[2u—-u,, —U..]. 0=ak
warunek N 6(1)
transwersalnosci (L) el — O — _1_ t
% |, At)



Rozwigzanie (kont.)

% =%(1), X (to) = X
X, =X(t), X (t,)=V,
%:O’ /’ll(tf):_l
A==41), %(t)=v,
a(t)A;(t) =0
12 (t) — ﬂ?.(t) [ZU(t) o umax o umin:
az(t) — [U(t) _umin][umax —U(t)




Rozwigzanie (kont.)
A=0=4=CA(t)=-1=4=-1
A==4 A(t)=t+C,
A (2u)=t+C,
Az =0 iﬂgaz =0= 4 (U —U)(u—u,, )=0

AL(t)z0=u=u,, lub u=u,,




Rozwigzanie (kont.)

umax :1’umin - tO = O’J[f =2 Xl(o) :O’ X1(2) =—> Max
- %(0)=0, %(2)=0
[0 =x0. =2
B (t) =1 f t° 2
X = —
BN i S
=-1 . = X
T
& (t) =-1 [ 2
Trzeba znalez¢é warunek t* c [O, 2] Xl(t) = — — X22

u=1, jesli t<t

2
ot jesi 1 I (%) =D |



a4 | w3p4.mdl
Constanz—l—p._,
- >=1 > 1; > % >
—
ook Switch Integratorl Integrator2 Scope
—>[Q]
>
1 ]
| | XY Graph
> > i
Constant2
Scopel Scope2

X Plot

Time offset: 0

Time offset; 0O




Rozwigzanie (kont.)
umax zl’umin - t0 :O’tf :2 Xl(o):A’ X1(2) =—> Max
XZ (O) — B’ X2(2) — D1

fxl(t) — X2 (t)1
=1 max,D
T %) =1 _ ) o

0.5 NA ) j\-_\ ’ ® U K/

u=-1 % (t) = %, (1),
\).(2 (t) =-1

Trzeba znalez¢ warunek t* = [O 2] 2
b)

t=2 2

u=1, jesli t<t

u=-1, jesli t>¢t



Rozwigzanie (kont.)

%, (t) = %, (),
L).(z (t) =1

( t2
< X, (1) =E+C1t+C2

X, (1) =t+C,

[ *2
X, (") = tz Bt™ + A

X,(t)=t +B

X (0)=A  x(2)=—>max
Xz(o) =B, X2(2) =D

—=C,=B,C,=A

—=C,=B,C,=A



A

Rozwigzanie

u=-1 fxl(t) = X, (t); X, (1),
< (1),

\Xz (t) =—1

2
X (t) = —t—+C3t+C4

\Xz (t) — _t + C3

*2
X1(t*)=—t2 +(D+2)t" +C,

£ \

+Bt + A

X (t) =

kont.)

X, (2) =— max
X, (2) =D

) 2 —C,=D+2

2 ——C,=t"+(B-D-2)t"+A



Rozwigzanie(kont.)

u=1l: x ()=t +B . (D+2-B)

t =
/ 2

u=-1: x(t)=-t + D+2/

C,=t*+(B-D-2)t' +A

X (0)=A=0, x/(2)=— max
X,(0)=B=0, x,(2)=D=0

t*=1, C4=-1



X1(0)=-2
X2(0)=-1
vX1(tf)-max
X2(tf)=3
Tf-?

tf=4
X1(tf)=2

WA

-3
-10

RozwigzaniGes=

B L0 ARERE B A& F ~

Save current axes settings

Time offset: 0



Rozwigzanie (kont.)

%, (t) = %, (1),
L)'(2(t) =1

< X, (1) :%JrCltJrC2
X, (1) =t+C,

(%,()-B)’ X
7

-

X, (t) =

x(0)=A, x(t;) =—max
X2(0)=B, Xz(tf):D

—=C,=B,C,=A

B(x,(t)—B)+A



Rozwigzanie(kont.)

(XZ(tf ) - B)2
2

X, (t; ) = max
+B(X(t)-B)+A  x (t)=D

Xl(tf):

A:_Z,B:_]-’ng

xl(tf):(D_zB) +B(D-B)+A=2

2 2

X, (t, )_ +Bt, + A 2_7—t —2

>> s=solve('x"2/2-x-4=0") tf
S =

4
_; x(tf)=2



Obliczenie momentu przetgczenia

Tmn-?
Tf-?

i1 ;xl(t) =%, (t),

%, (t) =1

io1 [X®)=x,(0),
sz (t) =-1

3

2

1
Z 0f
—

1

2

3

M,N

3 2 1

Xl(o) = A Xl(tf) =E

X, (O) =B,

X2(tf):D

128



Obliczenie momentu przetgczenia

. 2 Xl(tMN):M
= <Xl(t):E+C1t+C2:>C1:B,C2=A X, (tyn ) =N
\XZ(t)=t+C1 1:|\/||\| =N-B
t)-B)° _BY
xl(t):(XZ()2 ) +B(x2(t)—B)+A tMN:I\/lz(I\I ZB) +B(N—B)+A




Obliczenie momentu przetgczenia

Xl(tf) =E
=1 i 2 _
xl(t):—t—+C3t+C4 )=
i 2
X, (t) =—t+C, %ty ) = M
XZ(tNM): N

XZ(tMN) = —Tlun +C3 :>C3 =N + 1
N=D+t, —t,,
X,({t;)=-t,+C,=C,=D+t, ——
2 t2

xl(tf):—tf?Jr(Dthf )t +Cy=C =+ (D, )t

2 2 '[2

Xl(tTM):LVITN+BtMN +A:—t'\"£' +(D+tf )tMN +E+f7—(D+tf )tf

X, (try, ) ity + B =—ty + D+t



Obliczenie momentu przetaczenia

2 Gra ¥ Plot
: | | | . :
2r / \
jﬁ::_z E=_1 D=—1 E=3 1
%o
tmt = tf == 4 |
CHwet :
3
) . : . 1 2 3 4
HARIS
, 2

titty
T+E-t.mn+;-ﬁ;= +(D+tfj-mm+E+?—(D+t.fjtf:|

tintr + B = -t + D + tf

| 3,449
FndCtma, 1) = [ﬁ 895']
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Przyktad

J = Graph

# Plot
3 T T T T T T

Y Axig
(]

-3 -2 -1 0 1 2 3 4 Titme offset. 0
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Przyktad

b x¢ Graph
X ¥ Plat Fi 34
tnty, tf) =
. . , , : : : B
21 P ~ I
Al 4
o
Z 0Of |
2
At i
2t i
-3 1 1 L 1 L :

Titme offset. 0O
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Badanie

X Plat

1
Find(tmn tf) = »
~1282 % 10

) 2414
Find(tmn 1f) = -
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N R

Y oAKIS

A Plat
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Minimalizacja ilosci przetaczen

u=1

YoAN|S
—
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Ladowanie na Ksiezycu

mgi

h 9
u

mﬁ = —gm —+ «.

min J (")) = —j u(f)dt

O =v(0 . 1(0) =1,

o U J _
V() =—g+ () v(0) =,

. m(0) = m,
(t) = —hu(r) )

h(t)=0 and m(f)=0
u(t)e A=[0,1]

SpaceX successfully launches and lands
Starship, May 6, 2021
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Lgdowanie na Ksiezycu (cd.)

H(x,Au)y=f-A+L
u(t)
m(1)

=v(t)A, —gA + A, —ku(t)A —u(t)

), =——=0
oh
OH
A =———=4
ov
i}.ﬂ' — = 5H — I!(f)'? )'"v
| om m(t)
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Lgdowanie na Ksiezycu (cd.)

H(x(0),M0),u(r) = max H (x(1). M1). a) u(r) € A=[0,1]

0=a=

=v(1)A, (1) —gA, () + max {a (ﬁ A, (1) —kA, ()1 H

’v(r)ﬂ»m—g&(tw%m—k@(ﬂ—l i ——A,()~k2,(1)~1>0
Iy

_ m(r)
V(1) 2, (1) — g4, (1) T A(H)—kA (1) —1<0
. m(1)
1 it — A () —kA ()—1>0
m(1)
u(f) =+ |
0 if ——A)—kA (1)-1<0

m(t)

139



Lgdowanie na Ksiezycu (cd.)

0
u(1) —{ .

u(t)=0

(t) =v(7)
() =—g
(1) =0

e

1

if 0<t<t,

if t <t<7

hﬁgn:—agﬁ+nh+%

1V 50 () = =81+,

m ﬁw(f) = m,

m(t,) =m(0) =m,

(h(r)=0
v(r)=0

km(rs) =m,

e

u(t)=1

(1) =v(1)

A
-
o,
—
o
||
I
g

_|_
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Lgdowanie na Ksiezycu (cd.)

1 , -t 1 my—k(t—t.) ) 1,
h. (f)=tgt——gt" —————log| —> = |(my —k(t—t,))——gr
pmteam:f( ) & 2 : A_g b [ 1”0 —:{*(f—fs) ;;( 0 ( )) 2

f Y

my +k(t, — 1)
my + k(1. —1) J

1
1 Vpowered (1) = g(f o i'.") + o IOg

M pryereq (1) = 1y + K (1, —1)
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Lgdowanie na Ksiezycu (cd.)

W punkcie startu silnika ts

|
h(t,) = 3 gt +tv, +h,

v(rs) =—gf. +v,

| : — —k(t. —
h(.fs} — _lg(rs . T)_ n 'rS T B }"I}';} log ?ﬂlﬁl (rs ?_)
2 K Kk m,

L

V) = gt —7) +%l£}g[ my +k(1, —7) }

n,

m(7)=m, +k(f, —7)
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Lgdowanie na Ksiezycu (cd.)

Hmax ”?D Iﬂﬁ:éf k 1’0 hlﬂ g moon

400N 224kg | 204kg | 2.833x107kg/s | 100m/s | 100000m | 1.622m/s"
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Lgdowanie na Ksiezyc (cd.)

x10

Trajectary

Height (m)
=]
I

height vs vel_shooting.png

— 0

——-

-600 -500 -40

-0 -200 -100
Yelocity (m's)
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Ladowanie na Ksiezycu

mh = —gm + «.

mgl

h %
(04

e

Pla(-)] = _/o aft) dt

h(t) = 0,m(t) = 0

0 <a(t) <1

{ (t) 0
( } m( )
m(t) —l at).

( h(0) = hg >0
-1!([]) — 0

L.

g=1,623 m/s?

( )

L m(0) =mg >0
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Lgdowanie na Ksiezycu (cd.)

h(t) v
x(t)=1| v(t) |, f=| —g+a/m
m(t) —ka

H(Izpﬁ {1) — f P —|_ r
— (-1.1_ —q + a./m. —ff.a.) : (plgpz.. Pg) —a
a
= —a -+ p1v + P2 (—Q T 5) + p3(—ka)

a(l
H:f.i = Hp =0, H.T-Q = H, = p1. H:cg =H, = _izlz
(pl(t) =0
! p*(t) = —p'(t)
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Lgdowanie na Ksiezycu (cd.)

H(x(t),p(t),a(t)) = max H(x(t),p(t),a)

O0<a<l
— max {—a +pH(B)e(t) + pA() [—g + 2 } +p3m(—m}
0<a<l m(t)
e+
= pH(t)v(t) — p*(t)g + max {a (—l + b (t‘} — I.f-p?’(t]) } :
0<a<1 m(t)
| it 1- 20 4 kpd(r) <0
at) =
0 it 1- 20 4 kpd(n) >0
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Lgdowanie na Ksiezycu (cd.)

f?(ﬁ) = (1)

o) = { [1] Ei ii:tff:t-r o(t) = =g+ ri-((?)
- m(t) = —ka(t),

a=0

( f;? = v

{ V=—9

| m = 0;

m(t) = mg

§ vlt) = —gt+vo
\ h(t) = —%gfg + tvg + ho
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Lgdowanie na Ksiezycu (cd.)

| 1 ~ -
h(t) = ho — ﬂ(t’g(” — v))
2 2
h = hg — 5(1' — Vg)
h axis

|« freefall trajectory (o = 0)

.\ \
Qered trajectory (o= 1)

Vv axis

0<t<tY)
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Lgdowanie na Ksiezycu (cd.)

hit)=v(t)=0

| 0 for 0<t<t*
at) = _
1 for t*<t<r
<t <rT

( h(t) = v(t)
O(t) = 1
‘{(f) T g _|_ ’m-(t}
L m(t) = —k
h(t) =0, v(t) =0, m(t*) =myg
( m(t) =mg+ k(t* — 1)
o(t) = g(r — 1) + } log | 2|

. h(t) = complicated formula.

L

o
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Lgdowanie na Ksiezycu (cd.)

t=1t"
[ m(t*) = mg

) w(t*) = g(r — 1) + } log [ meth=n)]

mo

£\ g(t*—fr}g Mo | mo+E(T—7) t"—7
\ h{i_ ) — ) _ L2 10%[ Mg —l_ k

k(r —t") < mq Startz powrotem potrzebuje paliwa m1

h axis

0 <

|.f"-.

% _~ M4
! f‘ = ;{'

—t*=m, /k

*

\ |

@ descent trajectory (.= 1)

—

Vv axis
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Lgdowanie na Ksiezycu (cd.)

p(0) = A1, p?(0) = Xa. p?(0) = As.

(P =N (0<t<r7)
P()=Xo—Mt  (0<t<7)
| As (0<t<t)
p*(t) = Do .
\ { Az + . o k(e —s))2 45 (t* <t<7).
2
r(t) :=1- iz((:; +p()k

) Ik 2 2

+ D DM _ A n Doy A

?‘:—}—4—} ) +p’k = St ! 2(—&&)4— (E )fc.: :
m m m - m -
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Lgdowanie na Ksiezycu (cd.)

(A2 — Aqt")

’n

A < 0 .r{f_*) =1 —

r > 0 on [[:]. t*)

r<0on (7]

r(t*) =0

{ 1 ifr(t) <0
a(t) = e
0 iftr(t) >0
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