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Szczegdlne przypadki rownania Eulera

Rownanie Eulera—Lagrange’a jest rownaniem rézniczkowym
drugiego rzedu.
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Szczegdlne przypadki rOwnania Eulera

Rownanie Eulera—Lagrange’a jest rownaniem rozniczkowym d

drugiego rzedu. Fy _ Fy’ — O
dx

Funkcja podcatkowa nie zalezy od y: \
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6

F oF
F=F(xy(x)) F=% b5y

——F —O:D&

To jest rownanie rozniczkowe 1 rzedu




Przyktad

2%y'(x)=C

irst-order linear ordinary differe



Szczegdlne przypadki rownania Eulera

Funkcja podcatkowa nie zalezy od y’: F _/\dd_Zé\— O
y !

F=F(xy) / /

To nie jest réwnanie rozniczkowe



Przyktad

_ y
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F,=2(y-x) Fy =0 5 : X

y(x)=x




Szczegdlne przypadki rownania Eulera

d
F__Fr:O
y dX y
F=F(Y)
d

&Fy, =0=F,=C = y(x)=Cx+C,

y(x)=Cx+C,




Przyktad

yix=C
F — y’2

yix)y=C
I F —0=F, =cC =Cix+C
—X y = — y = :>y(X)— 1X+ 2 yixy=C

-Cdx+dy=10

first-order linear ordin:

yixp=c1+Cx



Rownania dla kilku funkcji

t

1
J(Xq, ooy Xn) = JF (Xg, ooy X Xq,yenny Xy, t)d

%

Uktad réwnan Eulera-Lagrange/a in —EFX. =0, 1=1...,n

Warunki Legendre’a

Przyktad dla funkcji 2-ch argumentow F).<1’).(1 >0, FX1,X1 |:).(2’).(2 - |:).(1’).(2 FXZ’Xl >0



Rownania wyzszych rzedow.
Rc')wnania Eulera - Poissona
J(x(t)) = j F [x(t), X(1), ..., x™(t), t]dt.

2 n
F —EF +d—|: + . +( 1) d—F(n)—O
dt dt? dt"

Warunek Legendre’a F(n) () = 20,



Zadanie

(x(1)) = [ (3* (1) + % (1)) . =0 )=
L X(t) =% X(t) =%,

F(x, X, X)=x%(t)+%X(t)

FX—%F +:TF _0, [ XY (t)-%(t)=0

Warunek Lagendre’a

F . 20; — F =2




Rozwigzanie

it -ty =0
Autonomous 2quation:

True

ODE classification:
higher-order linear ordinary differential equation
— N
X(to) — XO Alternate form:

x"it) = ¥ it

)'((to) — XO Differential equation solution:

I =
— Xity=c1e +Cxe +Cqgtb+iz

X (tl ) e Xl derivative of x(t) =cl et +c2eM-t) +cdt+c_3

Ifo Extended Keyboard * Upload

X(t) =%

i
i[x[t}:le{+C2¢=_(+C4t+53}:clf{—c2e_(+c4
[s

Alternate forms
cle +ed=c2e™ +x'(0)

Xity=e™ [lezr —-c2+ C4¢={}



Przyktad

clear all;
close all;

A=1[1_111001;; :J‘()'(2 (t)+x° (t))dt.

exp(1) exp(-1) 1 1; to

exp(1) -exp(-1) 1 0];
b=[0110]% tO — O tl —_ 1
C=AN-1%*Db;

Out=[];

for t=0:0.1:1

x=C(1)*exp(t)+C(2)*exp(-t)+C(3)*t+C(4); el ]

dx=C(1)*exp(t)-C(2)*exp(-t)+C(3); v 1. —

Out=[Out;x dx]; X(to) _ 10_8 X(tl) 1

end; N e

plot(Out(;,1)); |

hold on; |

plot(Out(:,2)); . 021

syms t X(to) =0 " o1 02 os o4 o5 o8 o7 o8 o
x=C(1)*exp(t)+C(2)*exp(-t)+C(3)*t+C(4); v _
dxdt=diff(x,t); X(tl) T O
d2xdt2=diff(dxdt,t);

J=vpa(int(dxdt*2+d2xdt272,0,1))

1=5.1316234851731756135551301066122



Sterowanie odwroconym wahadtem

MatLab - slcp

Uktad sklada sie z wozka 1 zamocowanego na elastycznym przegubie piono-
wego wahadla o masie m 1 dlugosci [
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Zachowanie systemu opisuje rownanie
rézniczkowe

—ml p7e) +mlg-sinf =17 = u(t)
at

gdzie 7 = u(t) jest sterowaniem (moment obrotowy), ktore nalezy przylozyé

w kierunku przeciwnym do wychylenia # aby utrzymaé¢ wahadlo w pozycji
pionowej.



Sterowanie odwroconym wahadtem
(cd)
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- Differential equation solution
AT P s |
A A x(t) = cysin(va t)+cytsin(Va t)+c;cos(Va t)+catcos(Va t)




Sterowanie odwréconym wahadtem
(cd)

close all;
clear all;
A=1;

B=-1;

T=2*pi;

Cl=A;

C2=-C1/T;
C3=B-C2;
C4=-(C2+C3)/T;
Out=[];

for t=0:pi/10:2*pi

x=C3*sin(t)+C4*t*sin(t)+C1*cos(t)+C2*t*cos(t)

dx=cos(t)*(C2+C3+C4*t)-sin(t)*(C1+C3*t-C4);
Out=[Out;t x dx];

end;

plot(Out(:,1),0ut(:,2),'r.-');

hold on;

plot(Out(:,1),0ut(:,3),'b.-"); invPendulumEulerLagr.m



Wahadto odwrocone |l

g mass o e car .5 ke
(M) f th + 8.5 k
(m) mass of the pendulum 8.2 kg
P
A (b) coefficient of friction for cart 2.1 Nim/sec
mg
(1) length to pendulum center of mass @.3m
N ( N
"’B (1) mass moment of inertia of the pendulum ©8.886 kg.m*2
friction
I E—
P = bx (F) force applied to the cart
Q o l (=) cart position coordinate
X
(theta) pendulum angle from vertical (down)
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Model

(7 + mL*)8 — mgLd = mLz

(M +m)z +bi —mLO — F

Yy

e

InvPendulumOS.slx




Przyktad w Matlabie

Disturbance dF

Mass m E )

Length L 1 g =9.81 m/s?
-

Mass m_ E

Damping K|, :

Input F X

https://www.mathworks.com/help/mpc/ug/control-of-an-inverted-pendulum-on-a-
cart.html



Przyktad w Matlabie (c
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Sterowanie wozkiem

Sterowanie wozkiem suwnicy przenoszgcej kontenery z jednego miejsca w inne

Podczas transportu konteneréw dochodzi
czesto do duzego ich kotysania (duze
odchylenie 0 od pionu). Przy ustawianiu
kontenera w punkcie docelowym, np.

na statku, kotysania sg niedopuszczalne. Na
skutek uderzenia kotyszgcego sie
kontenera w inne, juz ustawione, moze

i cel |
JH_ |—"ri HL nastgpic ich uszkodzenie.

Operator suwnicy steruje predkoscia v jej wdzka przy pomocy dzwigni majgcej dwa krancowe
potozenia. Potrzebne jest tu wyczucie reakcji wozka, jego bezwtadnosci i transportowanego
kontenera (zmienny ciezar) na zmiany potozenia dZzwigni. Sterowanie woézkiem suwnicy mogtoby
sie odbywac¢ dwoma bardzo prostymi metodami nie wymagajgcymi zadnej wiedzy eksperckie;j.



Model wodzka

2
(M +m)d £0 —mL 8 q)(t)coeqoﬂnL ap (t)sin (1) = F(1),
dr’ dr’ dt
2 2 s — odlegtos¢ wodzka od celu
—-mL d SE” cos(r) + mL’ ¢ fg” +mgLsin (1) =0, M- masa wozka, m — masa ciezaru
- dt

Linearyzacja modelu

dﬁs(r) — a0, ds(r)

dt” dt

=w(1),

=a(t)

"co(r) do()
=g(t), y

p=~0, cospx~l, sing=e, 0* ~0
(M +m)a(t)—mLe(t)=F(1),
—mlLa(t) + mLz.f::(f) +mLg (1) =0.




Zagadnienie sterowania optymalnego

sistema-optimalnogo-upravleniya-podveshennym-gruzom.pdf

— Fonp E M1=100kg;
g M2=200kg;
L L=5m;
T=5s; i _ |
S=10m;
O Mi=0.01;
N ' éf.—p 1/s +#{1/s 1 o
a(0)=0; 0)=0; x(0)=0; i(0)=0;
ouT)=0; aT)=0; WT)=0; x(T)=S;
HT)y=0; ¥T)=0. ¥
- . 1/500 ‘%’@
(my +my)x+nm, Lot = F —um,g; ¥
X+ Lo+ go =0, k2
F ., B

xX=—-Lo— g

—myLo.—(my +my)gon = F —pm, g



Optymalna trajektoria

a(0)=0; a0)=0; x(0)=0;
WT)=0; T)=0; &T)=0;
T

[#(dt=5: #(T)=0.

0

ol(1) = €° (¢y cos(Byt) + ¢y sin(By 1)) +
+e (e cos(Byt) + ¢y sin(By)) +
+e%! (c5cos(Bot) +cg sin(Pot)) +

i+ E_G?’{r? cos(Bot) + cgsin(B,1)).

2

2 2
Q:_[{cz“” +o P +6% + 6% + 0 )dt — min

0

00 d b d* 00 d> o0 d4 oD

=)
do.  dr 0it drz 0 dr 9o dr4 oo

200—26+20Y =209 420/ = 0.
p-p+ ;}4:;;2+ 1=0,

P12=C1tPi;  p3a=-012Pii;  pse=0,1Pai;
P15=-021Pai,

6,=0.25y10-2v5; ©,=0,25{10+2+5;

B =0.25(1+5); By =025(-1+4/5).
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u, panee, MckoMbie kKodqdunuents: c¢;=0,202; c;=-
0,000723; ¢3=-1,24; ¢,=-7.42; ¢5=0,0724; ¢=0,014;
c7=0,961; ¢4=19.4.

craneOPTOS

function F = fcn(d2a,a)

m1=100;m2=200;L=5;g=9.

81;mi=0.01;
F=mi*m2*g-m1*L*d2a-
(m1+m2)*g*a;

function D2alfa = fen(t)
¢1=0.202;c2=-0.000723;c3=-1.24,c4=-7.42;,c5=0.0724;
€6=0.014;c7=0.961;c8=19.4;
s1=0.25*sqrt(10-2*sqrt(5));
s2=0.25*sqrt(10+2*sqrt(5));

b1=0.25*(1+sqrt(5));

b2=0.25*(-1+sqrt(5));

%syms s1s2blb2clc2c3cdc5c6c7c8t

%alfa =exp(s1*t)*(cl*cos(b1*t)+c2*sin(b1*t))+exp(-
s1*t)*(c3*cos(b1*t)+c4*sin(b1*t))+exp(s2*t)*(c5*cos(b2*t)+c6*sin(b2*t))+exp(-
s2*t)*(c7*cos(b2*t)+c8*sin(b2*t));

%Dalfa=diff(alfa);

%D?2alfa=diff(Dalfa);

D2alfa=s1/2*exp(s1*t)*(c1*cos(b1*t) + c2*sin(b1*t)) - exp(-s1*t)*(b17r2*c3*cos(b1*t)
+ b17r2*c4*sin(b1*t)) - exp(s2*t)*(b2~2*c5*cos(b2*t) + b222*c6*sin(b2*t)) - exp(-
s2*t)*(b2A2*c7*cos(b2*t) + b2/2*c8*sin(b2*t)) - exp(s1*t)*(b1”r2*c1*cos(b1*t) +
b1nr2*c2*sin(b1*t)) + s1r2*exp(-s1*t)*(c3*cos(b1*t) + c4*sin(b1*t)) +
s2/2*exp(s2*t)*(c5*cos(b2*t) + c6*sin(b2*t)) + s2r2*exp(-s2*t)*(c7*cos(b2*t) +
c8*sin(b2*t)) + 2*s1*exp(s1*t)*(b1*c2*cos(b1*t) - b1*c1l*sin(b1*t)) - 2*s1*exp(-
s1*t)*(b1*c4*cos(b1*t) - b1*c3*sin(b1*t)) + 2*s2*exp(s2*t)*(b2*c6*cos(b2*t) -
b2*c5*sin(b2*t)) - 2*s2*exp(-s2*t)*(b2*c8*cos(b2*t) - b2*c7*sin(b2*t))



10

X7(t) = x(t)+ Lsinout)

0 1 2 3 4 1,c 5

Ruch wozka i tadunku jest jednostajny: na poczatku ruchu
(t<2,1 s) fadunek pozostaje w tyle za wdozkiem, a nastepnie,
zblizajgc sie do wspotrzednej x=10 m, wyprzedza go iw
punkcie x= 10, x 2 =10 uktad bez wahania konczy ruch.

0 1 2 3 41,¢ 5
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Block Parameters: PID Controller
PID 1dof (mask) (link)

X

~

This block implements continuous- and discrete-time PID control algorithms and includes advanced features such as anti-windup,
external reset, and signal tracking. You can tune the PID gains automatically using the 'Tune...' button (requires Simulink Control

Design).
Controller: PID
Time domain:

(® Continuous-time

(O Discrete-time

¥ Compensator formula

Main  Initialization =~ Output Saturation
Controller parameters

Source: internal

>~ Form: Parallel

Discrete-time settings

Sample time (-1 for inherited): -1

P+IXiD Nl
s 1+ N
5

Data Types State Attributes

Proportional (P): ‘2751.62854455126

Integral (I): |94.1124942564012

Derivative (D): ‘ 19759.9982056351

waw

Use filtered derivative

Filter coefficient (N): ‘3.88278564322259

Automated tuning
<

Canc

Help

Apply




Block Parameters: PID Controller1 X

PID 1dof (mask) (link) ~
This block implements continuous- and discrete-time PID control algorithms and includes advanced features such as anti-windup,
external reset, and signal tracking. You can tune the PID gains automatically using the 'Tune..." button (requires Simulink Control
Design).
Controller: PD - Form: Parallel

Time domain: Discrete-time settings

(® Continuous-time
Sample time (-1 for inherited): -1

() Discrete-time

¥ Compensator formula

P+D 7
1+ N
-

Main Initialization Output Saturation Data Types State Attributes
Controller parameters

Source: |internal

Proportional (P): ‘204370.101008071

Derivative (D): | 21515.6538274445

Use filtered derivative

Filter coefficient (N): |5053.95249806519

Automated tuning
Select tuning method: Transfer Function Based (PID Tuner App) ' Tune... .

< >

Cancel Help Apply




Block Parameters: Transfer Fen

Transfer Fcn

The numerator coefficient can be a vector or matrix expression. The
denominator coefficient must be a vector. The output width equals the
number of rows in the numerator coefficient. You should specify the

coefficients in descending order of powers of s.

Parameters

Numerator coefficients:

[173]

Denominator coefficients:

[1 1.75%1 2.15%172 1.*113]

Absolute tolerance:

‘auto

State Name: (e.g., 'position')

9 Cancel | Help

Apply




3 Model reference
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Typy uktadow sterowania

Uktad otwarty

Open-Loop u*(t) ()
Optimal Controller Plant f——

Sterowanie w ukfadzie otwartym (reczne lub automatyczne) polega na takim nastawieniu
wielkosci wejsciowej, aby znajgc charakterystyke obiektu i przewidujgc mozliwos¢ dziatania nan
zaktécen, otrzymac na wyjsciu pozgdang wartos¢. Poniewaz nie istnieje mozliwosc ttumienia
nieznanych zaktdcen oraz osiggniecie wartosci zadanej nie moze by¢ zweryfikowane, uktad
otwarty stosowany jest w przypadku prostych obiektow, dla ktorych znany jest doktadny model
matematyczny. W przypadku znanej wartosci zaktdcenia (np. temperatury na zewnatrz budynku,
w ktdrym znajduje sie kociot centralnego ogrzewania) uktad otwarty moze byc¢ uzyty do jego
kompensacji.

Podstawowga wadg takiego rodzaju sterowania jest wptyw dynamiki uktadu na wartos¢
wyjsciowg. W poréwnaniu do uktadu regulacji uktad otwarty jest bardziej czuty na zmiany
wzmochnienia statycznego w uktadzie.



Typy uktadow sterowania

Uktad zamkniety - Regulator ze sprzezeniem zwrotnym

u*{t)

] Plant LU

Closed-Loop 1
I;Il:@lu?l Controller

Uktad zamkniety (ang. closed-loop system) —
uktad sterowania, w ktérym przebieg sygnatu
nastepuje w dwodch kierunkach. Od wejscia do
wyjscia przebiega sygnat realizujgcy wzajemne
oddziatywanie elementdéw, natomiast od
wyjscia do wejscia przebiega sygnat sprzezenia
Zwrotnego.

Sterowanie w ukfadzie zamknietym (reczne lub automatyczne) rézni sie od sterowania w
uktadzie otwartym tym, ze cztowiek lub regulator otrzymujg dodatkowo poprzez sprzezenie

zwrotne informacje o stanie wielkosci wyjsciowej (lub o stanie obiektu). Informacja ta

(odczytana z miernika lub podana w postaci np. napiecia do regulatora) jest uzywana do

korygowania nastaw wielkosci wejsciowej.



Optymalizacja uktadu dynamicznego

<f>'<1(t) = X, (1),

e k(1) = u(t)
(M2 = !

dt>

X1=X, X2=X1=X

X1(0):X10:1’ X1(T):X1T =0,25,
Xz(o)zxzo =1 Xz(T):XzT =0,
T=5s.

f=ma

Acelleration a
Force f
—3| Massm > >

X1(0) = X109, X1(T)=Xq7,
X2(0) = X0, Xo(T)= Xor,
to =O, tl =T.

J = juz(t)dt — min J (x(t))z]'xz(t)dt.




F(x)=

|

X1 (1) = X, (1),
Xo(t) = u(t),

2
d2x
dt?

Rozwigzanie

_OF _
= =

ST

Ty

Rozwigzanie

Catkujgc dwa razy otrzymamy

0, Fy=—= .
ek at?

=

Ifa Extended Keyboard * Uple

Assuming ' is referring to math | U

Input:
xm{t} =0
ODE names:
Euler-Ca q
x‘”{t} =0
1omous equation
X J{t}= 0
Differential equat luti
Xity=cat t t



Catkujgc dalej otrzymamy

Spetnienie warunkow

Rozwigzanie

xz(t):%t2+C2t+C3;

C,

x(t)— Lt° + 22t* +Ct+C,.
2

X, (0) = x,, =l, X (T)=x; =0,25,

X,(0)=X%X, =1 X, (T)=x,; =0,
T=5s.

O=%25+C25+1,

0,25=%125+%25+5+1.



Rozwigzanie systemu w MatLabie

>>syms cl c2

eql= c1*(25/2)+c2*5+1; C,=0,312
— ~% * _ .

eq2= c1*(125/6)+c2*(25/2)+6-0.25; C, = 0,980

[c1,c2]= solve(eql, eq2)

cl=
39/125 Warunek Legende’a

c2 =
-49/50 F = ok,

X, X .s

OX

=2>0.

>>c1=39/125
cl=
0.3120

u(t) = 0,312t —0,980.

>> c2=-49/50

c2=
-0.9800 Sterowanie programowe



Symulacja

Slope: 0.312 x20=1 x10=1 u L
u 1 X2 1 x1
—> —> < B A
Ramp Integrator Integratorl X2 |—> Scope
Constant| 0.980
n p
X
s 2 =
z J:Iu (tH)dt — min
0
xq(T)=0,25
.-T:{T}z['

sterl.mdl



X"t =10 dtz B

x"(ty=0 o

"

4 Scopel — O X

x”l’t‘l- = |:| File Tools View Simulation Help LY
@-| 0P - a-|Cl-| F -

Xity=ca t +01q




Oscylator harmoniczny ttumiony

" 4 » »
r y AN . s A '

L [ d’x(t) dx(t)
g» "~ —I—CT—I— Kx(t)=u(t)
<

J :juz(t)dt — min

X(tg) =X X(ty) =X, x®)=x  X(t)=%



J(x(t)):tj(d;);(t)+cd);(tt)+Kx(t)j dt

b

F = (X+0x+Kx)



F = (%+0X+Kx)’

2
F—EF:d F, =0,
Codt 7 dtt ]

F, = 2K (X+cx+ Kx)
F, =2¢(X+cx+ Kx)

F, =2(X+cx+ Kx)




d

FXZZK(X_I_CX_I_KX) EFXZZC(.X.-FCX-F KX)

g d d?

&R =2(x+k+kt) F——F, +—F, =0,
at dt dt?

2'5<"+(4K —202)X+2K2x:0




2‘>'<'+(4K—2c2)>'<'+2K2x:0

X(t)=C,e"™ +C,e" +Ce ™ +C,e™

\
Kl[c (c*-ak)”

2 2
J

2 1/2
K, = E+(C 4K)
2 2




clear all

Program

syms t x Dx D2x D3x D4x c K SprezynaSYM,m
F=(D2x+c*Dx+K*x)"2;

t1=0;

x1=0;

dx1=0;

t2=1;

x2=1;

dx2=0;

dFdx=diff(F,x);

%2*K*(D2x + Dx*c + K*x)

dFdDx=diff(F,Dx);

%2*c*(D2x + Dx*c + K*x)

dFdD2x=diff(F,D2x);

%2*D2x + 2*¥Dx*c + 2*K*x

dFdtdFdx=2*c*(D3x+c*D2x+K*Dx);

d2Fdt2dFdD2x=2*(D4x+c*D3x+K*D2x);

%Poisson

Poisson=simple(dFdx-dFdtdFdx+d2Fdt2dFdD2x);

%2*¥Xx*¥KA2 + 4*D2x*K - 2*¥D2x*c 2 + 2*D4x

deqgPoisson=[char(Poisson) '=0'];

Sol=dsolve(deqgPoisson,'t');

%C2*exp(t*(c/2 + (c"2 - 4*K)A(1/2)/2)) + C3*exp(t*(c/2 - (c”2 - 4*K)*(1/2)/2)) + Ca*exp(-t*(c/2 - (cA2 - 4*K)*(1/2)/2)) + C5*exp(-t*(c/2 + (cA2 - 4*K)A(1/2)/2))
dSoldt= diff(Sol,t);

SolLeft=subs(Sol,t,t1); % t1

%C2+C3+C4+C5

SolRight=subs(Sol,t,t2); % t2

%C2*exp(c/2 + (cA2 - 4*K)M(1/2)/2) + C3*exp(c/2 - (cA2 - 4*K)A(1/2)/2) + C4*exp((cA2 - 4*K)M(1/2)/2 - ¢/2) + C5*exp(- ¢/2 - (cA2 - 4*K)M(1/2)/2)
difSolLeft=subs(dSoldt,t,t1); % t1

%C2*(c/2 + (c"2 - 4*K)M1/2)/2) + C3*(c/2 - (c"2 - 4*K)N(1/2)/2) - C4*(c/2 - (c”2 - 4*K)N1/2)/2) - C5*(c/2 + (cP2 - 4*K)M(1/2)/2)
difSolRight=subs(dSoldt,t,t2); % t2

%C2*exp(c/2 + (cA2 - 4*K)M1/2)/2)*(c/2 + (c2 - 4*K)A(1/2)/2) + C3*exp(c/2 - (cA2 - 4*K)A(1/2)/2)*(c/2 - (c”2 - 4*K)™(1/2)/2) - C4*exp((c2 - 4*K)M(1/2)/2 - ¢/2)*(c/2 - (c”2 - 4*¥K)N(1/2)/2) - C5*exp(-
c/2 - (c”2 - 4*K)M1/2)/2)*(c/2 + (c”2 - 4*K)N1/2)/2)

EqglLeft=[char(SolLeft) '=' char(sym(x1))]; % =x1

EqRight=[char(SolRight) '=' char(sym(x2))]; % =x2

Eqleft2=[char(difSolLeft) '=' char(sym(dx1))]; % =x1

EqRight2=[char(difSolRight) '=' char(sym(dx2))]; % =x2

Con=solve(EqLeft,EqRight,EqLeft2,EqRight2,'C2,C3,C4,C5");

C2=Con.C2;

C3=Con.C3;

C4=Con.C4;

C5=Con.C5;

dSol21=diff(Sol21,t);
d2Sol21=diff(dSol21,t);

Sol21=vpa(eval(Sol),14);



Rozwigzanie

(0.5*exp(u(1)*(0.5*c + 0.5*(c”2 - 4.0*K)"(1/2)))*(1.0*exp(0.5*c - 0.5%(c”2 - 4.0*K)*(1/2))*(4.0*K - 1.0*c”2) - c*2*exp(- 0.5%c - 0.5*(c 2 - 4.0*K)*(1/2)) -
exp(- 0.5%c - 0.5%(c”2 - 4.0*K)*(1/2))*(4.0*K - 1.0*c”2) + 1.0*cA2*exp(0.5*(c”2 - 4.0*K)*(1/2) - 0.5%c) + 1.0*c*exp(0.5*c - 0.5%(c”2 - 4.0*K)"(1/2))*(c 2 -
4.0%K)*(1/2) - c*exp(0.5%(c”2 - 4.0*K)"(1/2) - 0.5*c)*(c”2 - 4.0*K)*(1/2)))/(ch2*exp(0.5*c + 0.5*(c”2 - 4.0*K)"A(1/2))*exp(0.5*(c”2 - 4.0*K)*(1/2) - 0.5%c) -
8.0*K + c*2*exp(- 0.5*%c - 0.5%(c”2 - 4.0*K)"*(1/2))*exp(0.5%c - 0.5%(c”2 - 4.0*K)*(1/2)) + exp(0.5*c + 0.5%(c”2 - 4.0*K)*(1/2))*exp(0.5%c - 0.5*(c”2 -
4.0%K)*(1/2))*(4.0*K - 1.0*c”2) + exp(- 0.5*c - 0.5*%(c*2 - 4.0%K)*(1/2))*exp(0.5%(c2 - 4.0¥K)*(1/2) - 0.5*%c)*(4.0*K - 1.0*c”*2)) - (0.5*exp(-1.0*u(1)*(0.5*c -
0.5%(c”2 - 4.0%K)*(1/2)))*(exp(0.5*c - 0.5*(c*2 - 4.0%K)*(1/2))*(4.0*K - 1.0*c”2) - 1.0*c*2*exp(0.5%c + 0.5%(c”2 - 4.0%K)*(1/2)) - 1.0*exp(- 0.5%c - 0.5*(c"2 -
4.0%K)M1/2))*(4.0*K - 1.0*c”2) + cA2*exp(0.5*%c - 0.5%(c”2 - 4.0*K)*(1/2)) - 1.0*c*exp(0.5*c + 0.5*(c”2 - 4.0*K)"(1/2))*(c 2 - 4.0%K)M1/2) + c*exp(- 0.5%C -
0.5*%(c”2 - 4.0%K)*(1/2))*(c”2 - 4.0%K)(1/2)))/(cA2*exp(0.5%c + 0.5%(c”2 - 4.0%K)(1/2))*exp(0.5*(c 2 - 4.0*K)*(1/2) - 0.5*c) - 8.0%K + cA2*exp(- 0.5%c -
0.5*%(c”2 - 4.0%K)*(1/2))*exp(0.5%c - 0.5%(c”2 - 4.0*K)*(1/2)) + exp(0.5*c + 0.5%(c*2 - 4.0*K)*(1/2))*exp(0.5*%c - 0.5%(c"2 - 4.0%K)"(1/2))*(4.0*K - 1.0*c"2) +
exp(- 0.5%c - 0.5*%(c"2 - 4.0%K)M1/2))*exp(0.5*(c 2 - 4.0*¥K)*(1/2) - 0.5*c)*(4.0*K - 1.0*c”2)) + (0.5*exp(-1.0*u(1)*(0.5*c + 0.5*(c"2 -
4.0%K)*(1/2)))*(exp(0.5*(c”2 - 4.0*K)*(1/2) - 0.5%c)*(4.0*K - 1.0*c”2) - 1.0*c*2*exp(0.5%c + 0.5%(c 2 - 4.0¥K)*(1/2)) - 1.0*exp(0.5*c + 0.5*(c"2 -
4.0%K)*(1/2))*(4.0*K - 1.0*c”2) + cA2*exp(0.5%c - 0.5*(c”2 - 4.0*K)*(1/2)) - 1.0*c*exp(0.5*%c - 0.5%(c”2 - 4.0%K)A(1/2))*(c 2 - 4.0¥K)*(1/2) + c*exp(0.5*(c”2
4.0%K)*(1/2) - 0.5*c)*(c”2 - 4.0%K)*(1/2)))/(c"2*exp(0.5*%c + 0.5*(c"2 - 4.0%K)*(1/2))*exp(0.5%(c 2 - 4.0¥K)*(1/2) - 0.5*c) - 8.0%K + cA2*exp(- 0.5*c - 0.5*(cA
- 4.0%K)*1/2))*exp(0.5%c - 0.5*(c*2 - 4.0%K)1/2)) + exp(0.5*c + 0.5*(c*2 - 4.0*K)*(1/2))*exp(0.5*%c - 0.5*(c"2 - 4.0%K)"(1/2))*(4.0*K - 1.0*c"2) + exp(-
0.5%c - 0.5%(c/2 - 4.0%K)A(1/2))*exp(0.5*(cA2 - 4.0*K)A(1/2) - 0.5*¢)*(4.0*K - 1.0%cA2)) - (0.5*exp(u(1)*(0.5*c - 0.5*(c2 - 4.0%K)A(1/2)))*(1.0*exp(0.5*(cA2
4.0%K)A(1/2) - 0.5%¢)*(4.0%K - 1.0%cA2) - cA2*exp(- 0.5%c - 0.5%(cA2 - 4.0%K)A(1/2)) - exp(0.5*c + 0.5%(cA2 - 4.0%K)A(1/2))*(4.0%K - 1.0%cA2) +
1.0*cA2*exp(0.5%(c”2 - 4.0%K)"(1/2) - 0.5%c) + 1.0*c*exp(0.5*%c + 0.5%(c"2 - 4.0%K)*(1/2))*(c”2 - 4.0*K)M1/2) - c*exp(- 0.5%c - 0.5%(c"2 - 4.0%K)"(1/2))*(c 2
4.0%K)*(1/2)))/(c”2*exp(0.5%c + 0.5%(c 2 - 4.0%K)*(1/2))*exp(0.5%(c 2 - 4.0*K)A(1/2) - 0.5*c) - 8.0*K + c*2*exp(- 0.5*c - 0.5%(c2 - 4.0%K)*(1/2))*exp(0.5%c
0.5*%(c”2 - 4.0%K)*(1/2)) + exp(0.5*c + 0.5%(c”2 - 4.0%K)"(1/2))*exp(0.5%c - 0.5%(c 2 - 4.0*K)*(1/2))*(4.0*K - 1.0*c”2) + exp(- 0.5%c - 0.5%(c 2 -
4.0*K)M(1/2))*exp(0.5%(cA2 - 4.0%K)A(1/2) - 0.5%c)*(4.0*K - 1.0*cA2))

@ > flu) > [ ]

Clock

Fen Scope
optimtrajektorja.slx



Symulacja. Trajektoria optymalna.

n Scope — [] X

=20 aw s R BDas -

t1=0;
x1=0;
dx1=0;
t2=1;
x2=1;
dx2=0;

gl




Sterowanie optymalne

IXO L O | 1) =)

— dt? dt
n Scope?2 L] X n Scope

— ] X
B |aw iR Eas - m=1kg; Be | |a<w iR Eafk -
c=1kg/s;
K=100kg/s"2;
t1=0;
x1=0;
dx1=0;
t2=1;
x2=1;
dx2=0;
— 7
Z ]
=
o] ==
= sprezynaOpt.six




d"x(t)
dt"
x(M =y
F, =F, =F,
d2"x(t)
dth O’

/Zagadnienie

T

=u(t) I =[u(t)Pdt=[[x"®Fdt

0
SO > 9 E L =0
X—a )-(+dt—2 X+"‘+(_) dt_n xm =Y,

F =[x )

J e e — Fx(n_l) —_ O,

X(t)=Cgq+Cqt+...4 Con_ t*" L.




Przyktad

dxa)

3 —UU)-»~JJW (t)dt = ﬁwme-»J jwﬁaﬂdt
t

%(0)=x0)=1 x,(0)=%(0)=1 x;(0)=X(0)=1;
X (T)=x(T)=0,5 x,(T)=x(T)=0, x,(T)=X(T)=0;
T =5s.

//X/ X/F'F +(1)— ()—O

d*(%) _ o

dt’

F, =2X



Rozwigzanie

d2"x(t) d®x(t)
on 0, 6
dt dt

=0.

>> x1 = dsolve('D6x1=0")
x1 =
1/120*C1*tA5+1/24*C2*t"4+1/6*C3*tA3+1/2*C4*t"2+C5*t+C6

C15 C24 Cs3.3,C40
X (t X(t)=——1t" + —4t t+ t“+Cet+Ce.
1() = x(1) 120 24 6 2 > e



Obliczenie statych

>> x2 = dsolve('D5x2=0")
X2 =

X, (t) = X(t) = %t“ +%t3 +%C3t2 +C4t+Cs;
1/24*C1*t"4+1/6*C2*tA3+1/2*C3*t"A2+C4*t+C5
>> x3 = dsolve('D4x3=0")

X3 =

1/6*C1*tA3+1/2*C2*t"2+C3*t+C4

X5(t) = X(t) = %1 t3 + sz t?+Cat+Cy.

er(O)=C6;
X2(0)=C5;
X3(0)=C4;
< X1(T)=&T5 so274, Cags, Cag2 +CsT +Cg;
120 24 6 2

><2(T)=3T4+2T3 +%T2+C4T +Cs;
24 6 2

x3(T)=%T3+%T2+C3T+C4.



Rozwigzanie systemu

>>syms ¢l ¢c2 ¢3 c4 c5 c6

%warunki koncowe

x10=1; x20=1; x30=1;

x1T=0.5; x2T=0; x3T=0;

T=5;

%system réwnan algebraicznych

eql=c6-x10;

eq2=c5-x20;

eq3=c4-x30;
eq4=c1/120*TA5+c2/24*Tr4+c3/6*TA3+c4/2*TA2+c5*T+c6-x1T;
eq5=c1/24*Tr4+c2/6*TA3+c3/2*TA2+c4*T+c5-x2T;
eq6=c1/6*TA3+c2/2*TA2+c3*T+c4-x3T;

%rozwagzanie

[c1,c2,c3,c4,c5,c6]= solve(eql, eq2, eq3, eq4, eq5, eqb)

C,=-11712 C, = 3,2640,C, =—3,4800,C, =1;Cs =1; Cx = 1.



Sposob drugi

0 0 0 0 0
o 0 o0 0 1
0o 0 0 1 0
5 T4 T3 T2

.
120 24 6 2
4 3 2
L S
2 6 2
3 2
LR 10

6 2

c=A"1x
.
0 x1(0) |
X,(0)
1|, X3(0)
’ X1(T)
0 Xo(T)
X3(T).
0

x(0)
x(0)
x(0)
X(T) |
X(T)
X(T)_




Macierz odwrotna

>>syms ¢l c2 c3 c4 ¢c5 cb

%warunki koncowe i macierz

x10=1; x20=1; x30=1;

x1T=0.5; x2T=0; x3T=0;

T=5;

x=[ x10; x20; x30; x1T; x2T; x3T];
A=E000001,000010000100;
TA5/120 TA4/24 TA3/6 TA2/2 T 1;

TA4/24 TA3/6 TA2/2 T 1 0;TA3/6 TA2/2 T 1
0 0];

%rozwigzanie

c=inv(A)*x



Sterowanie optymalne

d3x(t)
dt>

X(t) = S +Cot+Cae uU(t) = X(t) = o + Ggt + Gt

=u(t)

0o =C3 =—3,4800, q; = C, = 3,2640, g, =C, / 2=-0,5856

>>t=0:0.01:5;
u=-3.4800+3.2640*t-0.5856*t.A2;
plot(t,u)

xlabel('t'), ylabel('u')

A L M A o a P
.




Symulacja

Slope: 3.2640

3

/.._%

Ramp *

i

u 1 | x3

Constant|-3.48

-0.5856

Math u2
Function

i
Rampl /

Slope: 1

Gain

Integrator

x10=1 L
1 [ x1

Integrator?2 |—*
"’ Scope




Przyktad

X(s) _ 1
U(s) s?(zs+1)

7 X(t)+ () = u(t)

X1 = Xo;

W (s) =

X2=X3;

: 1 1
X3 =—— Xz +—U,
T T

X(0)=x(0) =1 %,(0)=X(0)=0, x,(0)=X(0)=0;
(T)=x(T)=0, X, (T)=x(T)=0, x,(T)=X(T)=0;
r=1s;T =25s.



Rozwigzanie

d d? d3

F, ——F; +—F ——F = 0.
dt dt? dt>
oF _OF
(7 X+ X) X = gy « = o
Fy = gi—Z(z‘X+X) Fy (ZI):(—ZT(TX‘FX)-

2(z x® + xD) =27 (z x® + xO) =,

72 x® —x® =0,




Rozwigzanie

>> x = dsolve('taur2*D6x-D4x=0")

X =
C1+C2*t+C3*tA2+CA4*t"3+C5*exp(-1/tau*t)+C6*exp(1/tau*t)

t t
X(t) —_ Cl + Czt + C3t2 + C4t3 + C5e 7 + CGET .

t t
X(t)=C2+2C3t+3C4t2—EC5€ 4 +EC6eT;
T T

t t
X(t)=2C5; +6C,t + %CSe T+ %Cfsef.
T T



Rozwigzanie

(%1(0)=Cy +C, +Cg;

X2(0)=C2 _%C5 +%C6;

1 1
X3(O)=2C3+—2C5+—2C6;
T T
< _I I
Xl(T)=C1+C2T+C3T2+C4T3+C5e T+C6ef;
D P
XZ(T)=C2+2C3T+3C4T2——C56 T +_C6e’l';
T T
T T

Xg(T)=2C5 +6C,T + = Cge © +=Cee.
T T

"



Reguta sterowania

t t
1 —_ —
—Cse 7 +—5Cqe”.
T T

(1) =6C, —

u(t)=7 X(t)+ X(t)=7| 6C, ——Cge *+—Cgxe” |+

+2C4 +6C,t + %C5e_f +=Cget =
T T

1
L2

t

= 2C4 +6C,7+6C,t + 2 Cge?,

t

0o =2C3 +6Cy7; 01 =6C4; g = 2%2(36- U(t) =(p + qlt + quT ,



Program

>>syms ¢l c2 ¢c3 ¢4 c¢5 c6 c3 =
tau=1; T=2; -12.3165
x10=1; x20=0; x30=0; c4 =
x1T=0; x2T=0; x3T=0; 4.1055
eql=cl+c5+c6-x10; c5=
eqg2=c2-1/tau*c5+1/tau*c6-x20; 28.4884
eq3=2*c3+1/taur2*c5+1/tau2*c6-x30; c6 =
eq4=cl+c2*T+c3*TA2+c4*T 3+c5%exp(- -3.8555

T/tau)+c6*exp(T/tau)-x1T;
eq5=c2 +2*c3*T+3*c4*TA2-1/tau*c5*exp(- g0=2*c3+6*c4*tau;

T/tau)+1/tau*c6*exp(T/tau)-x2T; ql=6*c4,;
eq6=2*c3 +6*c4*T+1/tau2*c5*exp(- q2=2/tau”2*c6;
T/tau)+1/tau2*c6*exp(T/tau)-x3T; [g0], [a1], [92]
[c1,c2,c3,c4,c5,c6]= solve(eql, eq2, eq3, eqd, 0=
eq>5, eqb) 0
cl= ql =

-23.6329 24.6329
c2 = g2 =

32.3439 -7.7110



Model

X(s 1
W(s)= =
U(s) s“(zs+1)
Slope:24.6329
b x30=0 x20=0 x10=1 L
u
/-——»*— 1 X3 | 1 [x2 1 | x1
= . >) W S > o
LS - Gain2 Integratorl | Integrator2 Integrator3’_*
onstantl| 0 ’—’ Scope
' Gqinl
-7.7110
T Simulation time
U Math | Start time: 0.0  Stop time: 2
Function

- | z
Ramp2 / 2 / ]
0

Slope: 1/tau S ok

_8 r r r -2 ! N N
0 0.5 1 15 2 0 0.5 1 15 2



Analiza

4 :
>> x1=cl+c2*t+c3*t.A2+c4*t.A3+c5%exp(- 0
1./tau*t)+c6*exp(1./tau*t); s 2f
plot(t,x1, 'k -") 4r
hold on oy
X2=c2 +2*c3*t+3*c4*t.A2-1/tau*c5*exp(- 89 05 1 15 2

1./tau*t)+1/tau*c6*exp(1./tau*t);
plot(t,x2, 'k-')

hold on

x3= 2*c3 +6*c4*t+1/taur2*c5*exp(-
1./tau*t)+1/taur2*c6*exp(1./tau*t);
plot(t,x3, 'k-')

xlabel('t'), ylabel('x") 2} - 1. . )




Oscylator harmoniczny ttumiony (2)

X(s) » §

U(s) s?2+280 03+a)§

W (s) =

X(t) + 2@ X (1) + @EX(1) = @5u(t),

x,(0) =x(0)=1, x,(0)=x(0) =1,
X(T)=x(T)=0, x,(T)=x(T)=0;
£=01w,=05s";T=5s.

T T T
J :det :juz(t)dt =j[( X+ 28w X+ w2x) | 0] dt,
0 0 0



Uktad dynamiczny Il rzedu

Uktad dynamiczny Il rzedu - uktad dynamiczny opisany rownaniem:

d*y(t) dy(t)

Ay— = + @ + agy(t) = u(t)
dt? dt (
Jego transmitancja dana jest wzorem:
1
G(s) = : ;
(5) az(s? + 27s +~?)
gdzie:
a1 o tlp
Ar=— ' = —
2 Ly,
Gdy:
. 7'2 > ,?.21 jest to ukiad przettumiony
. 7-2 = -:,-2, jest to ukiad ttumiony krytycznie

. 7'2 < _"_'21 jest to uktad niedottumiony

https://pl.wikipedia.org/wiki/Uk%C5%82ad_dynamiczny |l rz%C4%99du



Symulacja

%(0) =X(0) =L %,(0) = X(0) =1
X(T)=x(T)=0, Xx,(T)=x(T)=0;
sprezynaKsiOmega.slx f — O,]_’ @ ,= O, 5 S_l; T =55,



Ttumienie

Ksi=0.1 Ksi=2

B Scope — [] X

B Scope — ] X =20 Qv K BaFH -
2o awd O 0aF -




Rozwigzanie

F =[(%+2moX + w5x)] @§]°.

2 N
||: —EF +d—|: +( 1) d—F(n)—O
dt dt? dt"
n=2
d d?

Fx = Fx+——5Fx=0.
dt dt?



Obliczenia w MatLabie

>>syms ksi omega0 x xdot xdotdot
F=((xdotdot+2*ksi*omegaO*xdot+omega0”2*x)/omega0”2)"2;
Fx=diff(F,'x")

Fxdot=diff(F,'xdot')

Fxdotdot=diff(F,'xdotdot')

Fx = 2*(xdotdot+2*ksi*omegaO*xdot+omega0”2*x)/omega0”2
Fxdot = 4*(xdotdot+2*ksi*omega0*xdot+omega0”2*x)/omega0”3*ksi
Fxdotdot = 2*(xdotdot+2*ksi*omegaO*xdot+omega0”2*x)/omega0”4

FX=6—F=2(X+2§G)OX+&)%X)/G)6, d
dx o Fx = 46X+ 2600 + 0§ X) | 0
F
Fx:‘?j_x=4.§(>‘<+2§a)o>‘<+a)(2)x)/w8, 42
e _2|:X =2(xW + 28w X + 05 %) 0§,
Fx=ﬁ=2(x+2§a)ox+a)8x)/a)8. dt



Rownanie Eulera-Poissona
2(X + 25w0>‘<+w8x)/w8— 4E(X + 2§wox+w8>'<)/a)8+

+2(x™ + 2w X+ w5X) w3=0,

w x4 2021-282)%+ @ix =0.

>> x = dsolve('D4x+2*omega0”2*(1-2*ksi*2)*D2x+omega0”74*x=0');
pretty(x)

2 1/2 (—§w0+a)0\/§2—1)t —(5w0+wo\/§2—1)
C1 exp((-ksi + (ksi - 1) ) omega0 t) X = Cle + Cze
2 1/2
+ C2 exp(-(ksi + (ksi - 1) ) omega0 t) (§w0+w0\/§2—l)t —(—§w0+0)0\/§2—1)
2 172 +Cje +C,e
+ C3 exp((ksi + (ksi -1) ) omegaOt)
2 1/2

+ C4 exp(-(-ksi + (ksi - 1) ) omega0 t)

t
+

t



Rozwigzanie

2

. . 2
—ca(l @wo\V1-¢~ t —Joo\1l-¢~ t
x=e° O(CleJ A I }+

0 2
+e"ewot[c3emO et o et l0vie tj.

x = *?%(C sinwg1— &2 t+C,cosmgy1— &2 t)+
+egwot(Cgsinwm/l—4‘2 t+C, cosaJm/l—é‘2 t).



waanm| WYNIKi obliczenia

xdot =

-omegaO*ksi*exp(-omega0*ksi*t)*(C1*sin(omega0*(1-ksi*2)*(1/2)*t)+C2*cos(omega0*(1-ksi*2)N(1/2)*t))+exp(-
omega0*ksi*t)*(C1*cos(omegal*(1-ksi*2)*(1/2)*t)*omegal*(1-ksi*2)™(1/2)-C2*sin(omega0*(1-
ksi*2)N(1/2)*t)*omega0*(1-ksi*2)"(1/2))+omegal*ksi*exp(omegaO*ksi*t)*(C3*sin(omega0*(1-
ksin2)N(1/2)*t)+C4*cos(omegal*(1-ksit2)™(1/2)*t))+exp(omegal*ksi*t)*(C3*cos(omegal*(1-
ksin2)N(1/2)*t)*omega0*(1-ksi*2)"(1/2)-C4*sin(omega0*(1-ksi*2)(1/2)*t)*omegal*(1-ksi*2)(1/2))

xdotdot =

omega0”2*ksi*2*exp(-omegal*ksi*t)*(C1l*sin(omega0*(1-ksi*2)"(1/2)*t)+C2*cos(omegal*(1-ksi*2)N(1/2)*1))-
2*omega0*ksi*exp(-omegaO0*ksi*t)*(C1*cos(omegal*(1-ksi*2)"(1/2)*t)*omegal*(1-ksi*2)*(1/2)-C2*sin(omega0*(1-
ksin2)N(1/2)*t)*omegal*(1-ksi*2)(1/2))+exp(-omegal*ksi*t)*(-C1*sin(omega0*(1-ksi*2)N(1/2)*t)*omega0”2*(1-
ksin2)-C2*cos(omegal*(1-ksit2)™N(1/2)*t)*omega0”2*(1-
ksin2))+omega0”2*ksi*2*exp(omega0*ksi*t)*(C3*sin(omega0*(1-ksi*2)*(1/2)*t)+C4*cos(omega0*(1-
ksin2)N(1/2)*t))+2*omega0*ksi*exp(omega0*ksi*t)*(C3*cos(omegal*(1-ksi*2)"(1/2)*t)*omegal*(1-ksi*2)N(1/2)-
C4*sin(omega0*(1-ksi*2)N(1/2)*t)*omega0*(1-ksi*2)N(1/2))+exp(omegal*ksi*t)*(-C3*sin(omegal0*(1-
ksif2)M(1/2)*t)*omega0”2*(1-ksi*2)-C4*cos(omega0*(1-ksit2)N(1/2)*t)*omega0”2*(1-ksi*2))



Wyznaczenie wspotczynnikow
C,,C,,C3,Cy

x(0)=x(0)=1 x,(0)=x(0) =1,
X(T)=x(T)=0, x,(T)=x(T)=0;
£=01w,=0,55"T=5s.

syms ksi omega0 C1 C2 C3 C4 t

% wprowadzenie X
x=exp(-ksi*omegaO0*t)*(C1*sin(omegaO*sqrt(1-
ksin2)*t)+C2*cos(omegaO*sqrt(1-
ksin2)*t))+exp(ksi*omega0*t)*(C3*sin(omegal*sqrt(1-
ksin2)*t)+C4*cos(omegal*sqrt(1-ksi*2)*t));
xdot=diff(x,'t")

xdotdot= diff(xdot,'t")



Uktad rownan

>> t=0;
x0=exp(-ksi*omegaO*t)*(C1l*sin(omega0*sqrt(1-ksi*2)*t)+C2*cos(omegaO*sqrt(1-
ksin2)*t))+exp(ksi*omegaO*t)*(C3*sin(omegal0*sqrt(1-ksi*2)*t)+C4*cos(omegal*sqrt(1-ksi*2)*t))

x0 =C2+C4

xdotO=-omegaO*ksi*exp(-omega0*ksi*t)*(C1*sin(omega0*(1-ksi*2)(1/2)*t)+C2*cos(omega0*(1-
ksin2)N(1/2)*t))+exp(-omega0*ksi*t)*(Cl*cos(omegal*(1-ksi*2)N(1/2)*t)*omegal*(1-ksi*2)N(1/2)-
C2*sin(omegal0*(1-ksi*2)N(1/2)*t)*omegal*(1-ksi*2)(1/2))+omega0*ksi*exp(omega0*ksi*t)*(C3*sin(omegal*(1-
ksin2)N(1/2)*t)+C4*cos(omega0*(1-ksit2)™(1/2)*t))+exp(omegal*ksi*t)*(C3*cos(omegal*(1-
ksi"2)N(1/2)*t)*omega0*(1-ksi*2)"(1/2)-C4*sin(omega0*(1-ksi*2)N(1/2)*t)*omegal*(1-ksi*2)(1/2))

xdot0 = -omega0*ksi*C2+C1l*omega0*(1-ksi*2)(1/2)+omega0*ksi*C4+C3*omegal*(1-ksi*2)(1/2)

>>syms T
xT=exp(-ksi*omegaO0*T)*(C1*sin(omegaO*sqrt(1-ksi*2)*T)+C2*cos(omega0*sqrt(1-
ksi"2)*T))+exp(ksi*omega0*T)*(C3*sin(omega0*sqrt(1-ksi*2)*T)+C4*cos(omega0*sqrt(1-ksi*2)*T));

>>xdotT=-omegaO*ksi*exp(-omega0*ksi*T)*(C1l*sin(omega0*(1-ksi*2)(1/2)*T)+C2*cos(omega0*(1-
ksin2)N1/2)*T))+exp(-omegal*ksi*T)*(C1*cos(omegal*(1-ksi*2)™(1/2)*T)*omegal*(1-ksi*2)N(1/2)-
C2*sin(omega0*(1-ksi*2)(1/2)*T)*omega0*(1-ksi*2)*(1/2))+omegal0*ksi*exp(omega0*ksi*T)*(C3*sin(omega0*(1-
ksi*2)N(1/2)*T)+C4*cos(omegaO*(1-ksi*2)(1/2)*T))+exp(omega0*ksi*T)*(C3*cos(omegaO*(1-
ksi*2)N1/2)*T)*omega0*(1-ksi*2)™(1/2)-C4*sin(omega0*(1-ksi*2)(1/2)*T)*omega0*(1-ksi*2)N(1/2))



Rozwigzanie systemu rownan

T=5;
ksi=0.1; omega0=0.5;
x0=1; xdot0=1; xT=0; xdotT=0;
eql= C2+C4-x0;
eq2=-omega0*ksi*C2+C1*omega0*(1-ksi*2)"(1/2)+omegaO*ksi*C4+C3*omegal*(1-ksi*2)"(1/2)-xdotO;
eq3=exp(-ksi*omega0*T)*(C1l*sin(omegaO0*sqrt(1-ksi*2)*T)+C2*cos(omegaO*sqrt(1-
ksi*2)*T))+exp(ksi*omegaO0*T)*(C3*sin(omegal*sqrt(1-ksi*2)*T)+C4*cos(omega0*sqrt(1-ksi*2)*T))-XT;
eq4=-omega0*ksi*exp(-omega0*ksi*T)*(C1l*sin(omega0*(1-ksi*2)N1/2)*T)+C2*cos(omega0*(1-
ksin2)N1/2)*T))+exp(-omegal*ksi*T)*(C1*cos(omegal*(1-ksi*2)™(1/2)*T)*omegal*(1-ksi*2)N(1/2)-
C2*sin(omega0*(1-ksi*2)(1/2)*T)*omega0*(1-ksi*2)"(1/2))+omega0*ksi*exp(omega0*ksi*T)*(C3*sin(omega0*(1-
ksi*2)N(1/2)*T)+C4*cos(omegaO*(1-ksi*2)N(1/2)*T))+exp(omega0*ksi*T)*(C3*cos(omega0*(1-
ksin2)N(1/2)*T)*omega0*(1-ksi*2)(1/2)-C4*sin(omega0*(1-ksi*2)N(1/2)*T)*omega0*(1-ksi*2)"(1/2))- xdotT;

[C1,C2,C3,C4]=solve(eql, eq2, eq3, eqd)
Cl=
6.7790
C2=
2.8872
C3=
-4.2890
C4 =
-1.8872



Symulacja

T=5;
ksi=0.1; omega0=0.5; C1 =6.7790; C2 =2.8872; C3 =-4.2890;
C4 =-1.8872;
t=0:0.01:5;
x=exp(-ksi*omega0*t).*(C1*sin(omegaO0*sqrt(1-ksi*2)*t)+C2*cos(omega0*sqrt(1-
ksin2)*t))+exp(ksi*omega0*t).*(C3*sin(omegal0*sqrt(1-ksi*2)*t)+C4*cos(omegal0*sqrt(1-ksi*2)*t));
xdot=-omegaO*ksi*exp(-omega0*ksi*t).*(C1*sin(omega0*(1-ksi*2)*(1/2)*t)+C2*cos(omega0*(1-
ksin2)N(1/2)*t))+exp(-omegal*ksi*t).*(C1l*cos(omegal*(1-ksi*2)™(1/2)*t)*omegal*(1-ksi*2)N(1/2)-
C2*sin(omega0*(1-ksi*2)(1/2)*t)*omega0*(1-ksi*2)"(1/2))+omega0*ksi*exp(omegaO*ksi*t).*(C3*sin(omega0*(1-
ksi*2)"(1/2)*t)+C4*cos(omegal*(1-ksit2)(1/2)*t))+exp(omegal*ksi*t).*(C3*cos(omegal*(1-
ksi*2)N(1/2)*t)*omega0*(1-ksi*2)"(1/2)-C4*sin(omega0*(1-ksi®2)N(1/2)*t)*omegal*(1-ksi*2)N(1/2));
xdotdot=omega0"2*ksi*2*exp(-omegaO*ksi*t).*(C1l*sin(omega0*(1-ksi*2)(1/2)*t)+C2*cos(omegaO0*(1-
ksi*2)N(1/2)*t))-2*omega0*ksi*exp(-omega0*ksi*t).*(C1l*cos(omegal0*(1-ksi*2)*(1/2)*t)*omega0*(1-ksi*2)(1/2)-
C2*sin(omega0*(1-ksi*2)"(1/2)*t)*omega0*(1-ksi*2)"(1/2))+exp(-omegal*ksi*t).*(-C1*sin(omega0*(1-
ksi*2)™(1/2)*t)*omega0”2*(1-ksi*2)-C2*cos(omegal0*(1-ksi*2)N(1/2)*t)*omega0”2*(1-
ksi*2))+omega0”2*ksi*2*exp(omega0*ksi*t).*(C3*sin(omegaO*(1-ksi*2)(1/2)*t)+C4*cos(omegal0*(1-
ksi"2)N(1/2)*t))+2*omega0*ksi*exp(omega0*ksi*t).*(C3*cos(omegal*(1-ksi*2)*(1/2)*t)*omega0*(1-ksi*2)N(1/2)-
C4*sin(omega0*(1-ksi*2)(1/2)*t)*omega0*(1-ksi*2)(1/2))+exp(omegal0*ksi*t).*(-C3*sin(omega0*(1-
ksin2)N(1/2)*t)*omega0”2*(1-ksi*2)-C4*cos(omega0*(1-ksi*2)"(1/2)*t)*omega0”2*(1-ksi*2));



Wyznaczenie sterowania

u(t) = (X + 2wy X + @§X)/ @§.

®,=0,5 £=0,1

u=(xdotdot+2*ksi*omegaO*xdot+omegaO”
2*X) lomega0”2;

plot(t,x)

hold on

plot(t,xdot, '--")

hold on

plot(t,u, '-.")

xlabel('t"), ylabel('x,xdot,u’)

x,xdot,u




Symulacja

sprezynakKsiOmegaSterowanie.slx



Sterowanie optymalne
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