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Open quantum systems: from foundations to  applications

• The systems we want to control and manipulate are subjected to interaction 
with the surrounding environment, i.e., they are open systems 

• Quantum properties (such as entanglement and coherences) are particularly 
fragile under such an interaction 
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Open quantum systems: from foundations to  applications

• The systems we want to control and manipulate are subjected to interaction 
with the surrounding environment, i.e., they are open systems 

• Quantum properties (such as entanglement and coherences) are particularly 
fragile under such an interaction 

Foundations of Quantum Mechanics

üBorder between classical and 
quantum (decoherence theory)

üA measurement is an interaction of 
the system with an “environment”

To what extent can the environment 
be seen as a monitoring apparatus?

1st goal



o Memory effects: bidirectional system-environment information flow
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Non-Markovian quantum dynamics

• Master equations

• Path integrals 

• Perturbative expansions

• Numerical ab-initio techniques

• Stochastic methods

o Variety of analytical and numerical methods

How can we treat memory effects in 
the description of the dynamics?
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Stochastic unraveling – general idea
Starting point: time-local master equation for the system state ⇢(t)
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Infinitely many possible mappings

Stochastic trajectories 
on the set of pure states 

(fixed by a SDE)

d

dt
⇢(t) = �i[HS(t), ⇢(t)] +

n2�1X

↵=1

c↵(t)

✓
L↵(t)⇢(t)L↵(t)

† � 1

2

�
L
†
↵(t)L↵(t), ⇢(t)

 ◆

<latexit sha1_base64="jbuXTHheKE2jqJiWxQabnYWcOXM="></latexit>

⇢(t) =
1

N

NX

i=1

| i(t)ih i(t)|
<latexit sha1_base64="uIGrT3NjsW2PvOnwsqDjkfuGvQU="></latexit>

Average of the trajectories

Starting point: time-local master equation for the system state ⇢(t)
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• Diffusive unraveling Gisin & Percival JPA 25-1992, Diosi & Strunz PLA 235-1997

• Jump unraveling                Dalibard, Castin & Molmer PRL 68-1992
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Carmichael An Open System Approach to Quantum Optics (1993)

• Deterministic evolution fixed by

Monte Carlo wave function (MCWF) method
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Basche, Kummer & Brauchle Nature 373 (1995)       Jelezko et al APL 81 (2002)                        

Peil & Gabrielse PRL 83 (1999)     Gleyzes et al Nature 446 (2007)
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MCWF: advantages and limits

State transformation due to a 
measurement with outcome a

Probability that the 
measurement gives outcome a

üPure states: the simulation cost scales linearly with the system dimension 

Routinely used for complex, many body OQS   Daley Adv. Phys. 63 (2014)

üPhysical interpretation in terms of continuous measurements
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Positivity of the coefficients corresponds to CP-divisibility of the dynamics 
Definition of Markovianity in
Generalization of MCWF to negative coefficients

Rivas, Huelga & Plenio  PRL 105 (2010)
Piilo, Maniscalco, Harkonen, 
Suominen PRL 100 (2008)
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<latexit sha1_base64="SQC5yBcjtQOOoaigFXPIe+gCNHY=">AAACDnicbVC7TgJBFJ31iesLtdNmIphgQ3ax0JJoY4mJPBIg5O5wgQmzD2fumpANiZ/gV9hqZWds/QUL/8UFKRQ81ck59+bec7xISUOO82ktLa+srq1nNuzNre2d3ezefs2EsRZYFaEKdcMDg0oGWCVJChuRRvA9hXVveDXx6/eojQyDWxpF2PahH8ieFECp1Mke5vO26CQtUNEAxgU65a0+3nHHzuc72ZxTdKbgi8SdkRybodLJfrW6oYh9DEgoMKbpOhG1E9AkhcKx3YoNRiCG0MdmSgPw0bSTaYYxP4kNUMgj1FwqPhXx90YCvjEj30snfaCBmfcm4n9eM6beRTuRQRQTBmJyiKTC6SEjtEzLQd6VGolg8jlyGXABGohQSw5CpGKctmWnfbjz6RdJrVR0z4qlm1KufDlrJsOO2DErMJedszK7ZhVWZYI9sCf2zF6sR+vVerPef0aXrNnOAfsD6+MbD+WZxA==</latexit>

Positivity of the coefficients corresponds to CP-divisibility of the dynamics 
Definition of Markovianity in
Generalization of MCWF to negative coefficients

Rivas, Huelga & Plenio  PRL 105 (2010)

Can we extend the continuous-measurement interpretation?    
Interplay of measurement backaction and backflow of information!  

Diosi PRL 100 (2008)         Wiseman & Gambetta PRL 101 (2008)

Piilo, Maniscalco, Harkonen, 
Suominen PRL 100 (2008)
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(C)P-divisible dynamics
t0

<latexit sha1_base64="+iwvHTkTJo5cor+r85GJm+olrec=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2o4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+ONZMC</latexit>

t1
<latexit sha1_base64="i54I22mfKLSamlIhFxvrqLEtYGQ=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2Y4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+Px5MD</latexit>

t2
<latexit sha1_base64="y/uTl28KOEHEvoqBmSMfuNxO4EU=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHYsB1nWK25dbcAXSZeSWqkRGtY/RqMIp4oCJFLZkzfc2P0U6ZRcAlze5AYiBmfsgn0MxoyBcZPi8BzepoYhhGNQVMhaSHC742UKWNmKsgmFcMHs+jl4n9eP8HxpZ+KME4QQp4fQiGhOGS4FlkTQEdCAyLLkwMVIeVMM0TQgjLOMzHJqrGzPrzF75dJp1H3zuuN20ateVU2UyHH5IScEY9ckCa5IS3SJpwo8kSeyYs1t16tN+v9Z3TFKneOyB9YH9+RWZME</latexit>

⇤(t2)
<latexit sha1_base64="qGFpEETMnDIOv84OvuO7Ecwn9LY=">AAACBnicbVC7TgJBFJ3FF64vxNJmIphgQ3bXQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDTnOp5VZWV1b38hu2lvbO7t7uf183USJFlgTkYp00weDSoZYI0kKm7FGCHyFDX94OfUb96iNjMJbGsXYCWAQyr4UQKnUzeWLRbt9neZ7UKKud2IXi91cwSk7M/Bl4s5Jgc1R7ea+2r1IJAGGJBQY03KdmDpj0CSFwondTgzGIIYwwFZKQwjQdMaz2yf8ODFAEY9Rc6n4TMTfE2MIjBkFfpoMgO7MojcV//NaCfXPO2MZxglhKKaLSCqcLTJCy7QU5D2pkQimlyOXIReggQi15CBEKiZpS3bah7v4/TKpe2X3tOzdeIXKxbyZLDtkR6zEXHbGKuyKVVmNCfbAntgze7EerVfrzXr/iWas+cwB+wPr4xsLU5Z9</latexit>

�(t2, t1)
<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

⇤(t2) = �(t2, t1) � ⇤(t1)
<latexit sha1_base64="mN4JvNrbyw9r0fRt9yIpOARFeE8=">AAACJnicbVDLSgNBEJz17fqKevQymAgJSNhdD3oRgl48eIhgVMiGpXfS0cHZBzO9Qgj5Dz/Br/CqJ28iHgQ/xd0Y8Fmnoqqa7q4wVdKQ47xaE5NT0zOzc/P2wuLS8kppde3MJJkW2BKJSvRFCAaVjLFFkhRepBohChWeh9eHhX9+g9rIJD6lfoqdCC5j2ZMCKJeCklep2P5xnu9ClQKvtu83r2TBtilwa76QWvAv363ZlUpQKjt1ZwT+l7hjUmZjNIPSm99NRBZhTEKBMW3XSakzAE1SKBzafmYwBXENl9jOaQwRms5g9NuQb2UGKOEpai4VH4n4fWIAkTH9KMyTEdCV+e0V4n9eO6PeXmcg4zQjjEWxiKTC0SIjtMxLQ96VGomguBy5jLkADUSoJQchcjHLW7TzPtzf3/8lZ17d3al7J165cTBuZo5tsE1WZS7bZQ12xJqsxQS7ZffsgT1ad9aT9Wy9fEYnrPHMOvsB6/0DD6miDA==</latexit>

The evolution of          can be split 
into (completely-)positive maps �(t2, t1)

<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

is (C)P
⇢(t)

<latexit sha1_base64="c10cz3N580A0Eb5k2d7wLXdJvGY=">AAAB/3icbVC7TsNAEDyHVzCvACXNiRgpNJEdCigjaCiDRBKkxIrOl01yyvnB3RopslLwFbRQ0SFaPoWCf8E2LiBhqtHMrnZ2vEgKjbb9aZRWVtfWN8qb5tb2zu5eZf+go8NYcWjzUIbqzmMapAigjQIl3EUKmO9J6HrTq8zvPoDSIgxucRaB67NxIEaCM0wl17LMvpqENTw1LWtQqdp1OwddJk5BqqRAa1D56g9DHvsQIJdM655jR+gmTKHgEuZmP9YQMT5lY+ilNGA+aDfJQ8/pSawZhjQCRYWkuQi/NxLmaz3zvXTSZzjRi14m/uf1YhxduIkIohgh4NkhFBLyQ5orkbYBdCgUILIsOVARUM4UQwQlKOM8FeO0HjPtw1n8fpl0GnXnrN64aVSbl0UzZXJEjkmNOOScNMk1aZE24eSePJFn8mI8Gq/Gm/H+M1oyip1D8gfGxzdePJSR</latexit>

⇤(t1)
<latexit sha1_base64="xafVSbwoxR23Bj6SQ7W3ruBYbFE=">AAACBnicbVC7TgJBFJ3FF66vFUubiWCCDdnFQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDbnup5VZWV1b38hu2lvbO7t7zn6ubqJEC6yJSEW66YNBJUOskSSFzVgjBL7Chj+8nPqNe9RGRuEtjWLsBDAIZV8KoFTqOrlCwW5fp/keFKnrndiFQtfJuyV3Br5MvDnJszmqXeer3YtEEmBIQoExLc+NqTMGTVIonNjtxGAMYggDbKU0hABNZzy7fcKPEwMU8Rg1l4rPRPw9MYbAmFHgp8kA6M4selPxP6+VUP+8M5ZhnBCGYrqIpMLZIiO0TEtB3pMaiWB6OXIZcgEaiFBLDkKkYpK2ZKd9eIvfL5N6ueSdlso35XzlYt5Mlh2yI1ZkHjtjFXbFqqzGBHtgT+yZvViP1qv1Zr3/RDPWfOaA/YH18Q0JwJZ8</latexit>



(C)P-divisible dynamics
t0

<latexit sha1_base64="+iwvHTkTJo5cor+r85GJm+olrec=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2o4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+ONZMC</latexit>

t1
<latexit sha1_base64="i54I22mfKLSamlIhFxvrqLEtYGQ=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2Y4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+Px5MD</latexit>

t2
<latexit sha1_base64="y/uTl28KOEHEvoqBmSMfuNxO4EU=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHYsB1nWK25dbcAXSZeSWqkRGtY/RqMIp4oCJFLZkzfc2P0U6ZRcAlze5AYiBmfsgn0MxoyBcZPi8BzepoYhhGNQVMhaSHC742UKWNmKsgmFcMHs+jl4n9eP8HxpZ+KME4QQp4fQiGhOGS4FlkTQEdCAyLLkwMVIeVMM0TQgjLOMzHJqrGzPrzF75dJp1H3zuuN20ateVU2UyHH5IScEY9ckCa5IS3SJpwo8kSeyYs1t16tN+v9Z3TFKneOyB9YH9+RWZME</latexit>

⇤(t2)
<latexit sha1_base64="qGFpEETMnDIOv84OvuO7Ecwn9LY=">AAACBnicbVC7TgJBFJ3FF64vxNJmIphgQ3bXQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDTnOp5VZWV1b38hu2lvbO7t7uf183USJFlgTkYp00weDSoZYI0kKm7FGCHyFDX94OfUb96iNjMJbGsXYCWAQyr4UQKnUzeWLRbt9neZ7UKKud2IXi91cwSk7M/Bl4s5Jgc1R7ea+2r1IJAGGJBQY03KdmDpj0CSFwondTgzGIIYwwFZKQwjQdMaz2yf8ODFAEY9Rc6n4TMTfE2MIjBkFfpoMgO7MojcV//NaCfXPO2MZxglhKKaLSCqcLTJCy7QU5D2pkQimlyOXIReggQi15CBEKiZpS3bah7v4/TKpe2X3tOzdeIXKxbyZLDtkR6zEXHbGKuyKVVmNCfbAntgze7EerVfrzXr/iWas+cwB+wPr4xsLU5Z9</latexit>

�(t2, t1)
<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

⇤(t2) = �(t2, t1) � ⇤(t1)
<latexit sha1_base64="mN4JvNrbyw9r0fRt9yIpOARFeE8=">AAACJnicbVDLSgNBEJz17fqKevQymAgJSNhdD3oRgl48eIhgVMiGpXfS0cHZBzO9Qgj5Dz/Br/CqJ28iHgQ/xd0Y8Fmnoqqa7q4wVdKQ47xaE5NT0zOzc/P2wuLS8kppde3MJJkW2BKJSvRFCAaVjLFFkhRepBohChWeh9eHhX9+g9rIJD6lfoqdCC5j2ZMCKJeCklep2P5xnu9ClQKvtu83r2TBtilwa76QWvAv363ZlUpQKjt1ZwT+l7hjUmZjNIPSm99NRBZhTEKBMW3XSakzAE1SKBzafmYwBXENl9jOaQwRms5g9NuQb2UGKOEpai4VH4n4fWIAkTH9KMyTEdCV+e0V4n9eO6PeXmcg4zQjjEWxiKTC0SIjtMxLQ96VGomguBy5jLkADUSoJQchcjHLW7TzPtzf3/8lZ17d3al7J165cTBuZo5tsE1WZS7bZQ12xJqsxQS7ZffsgT1ad9aT9Wy9fEYnrPHMOvsB6/0DD6miDA==</latexit>

The evolution of          can be split 
into (completely-)positive maps �(t2, t1)

<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

is (C)P
⇢(t)

<latexit sha1_base64="c10cz3N580A0Eb5k2d7wLXdJvGY=">AAAB/3icbVC7TsNAEDyHVzCvACXNiRgpNJEdCigjaCiDRBKkxIrOl01yyvnB3RopslLwFbRQ0SFaPoWCf8E2LiBhqtHMrnZ2vEgKjbb9aZRWVtfWN8qb5tb2zu5eZf+go8NYcWjzUIbqzmMapAigjQIl3EUKmO9J6HrTq8zvPoDSIgxucRaB67NxIEaCM0wl17LMvpqENTw1LWtQqdp1OwddJk5BqqRAa1D56g9DHvsQIJdM655jR+gmTKHgEuZmP9YQMT5lY+ilNGA+aDfJQ8/pSawZhjQCRYWkuQi/NxLmaz3zvXTSZzjRi14m/uf1YhxduIkIohgh4NkhFBLyQ5orkbYBdCgUILIsOVARUM4UQwQlKOM8FeO0HjPtw1n8fpl0GnXnrN64aVSbl0UzZXJEjkmNOOScNMk1aZE24eSePJFn8mI8Gq/Gm/H+M1oyip1D8gfGxzdePJSR</latexit>

o P-divisibility definition of Markovianity in

o It allows for negative coefficients :  MCWF does not apply!                                c↵(t)
<latexit sha1_base64="swl4RbKvmk0BVUflw1HKPGQXv40=">AAACBHicbVA9TwJBEN3DL8SvU0ubjWCCDbnDQkuijSUmgiRwucwtA2zY+8juHAkhtP4KW63sjK3/w8L/4oEUCr7q5b2ZzJsXJEoacpxPK7e2vrG5ld8u7Ozu7R/Yh0dNE6daYEPEKtatAAwqGWGDJClsJRohDBQ+BMObmf8wQm1kHN3TOEEvhH4ke1IAZZJv26VSQfgdUMkAynReKvl20ak4c/BV4i5IkS1Q9+2vTjcWaYgRCQXGtF0nIW8CmqRQOC10UoMJiCH0sZ3RCEI03mSefMrPUgMU8wQ1l4rPRfy9MYHQmHEYZJMh0MAsezPxP6+dUu/Km8goSQkjMTtEUuH8kBFaZpUg70qNRDBLjlxGXIAGItSSgxCZmGYdFbI+3OXvV0mzWnEvKtW7arF2vWgmz07YKSszl12yGrtlddZggo3YE3tmL9aj9Wq9We8/ozlrsXPM/sD6+AaaZpZV</latexit>

Breuer, Laine, Piilo & Vacchini  RMP 88 (2016)

⇤(t1)
<latexit sha1_base64="xafVSbwoxR23Bj6SQ7W3ruBYbFE=">AAACBnicbVC7TgJBFJ3FF66vFUubiWCCDdnFQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDbnup5VZWV1b38hu2lvbO7t7zn6ubqJEC6yJSEW66YNBJUOskSSFzVgjBL7Chj+8nPqNe9RGRuEtjWLsBDAIZV8KoFTqOrlCwW5fp/keFKnrndiFQtfJuyV3Br5MvDnJszmqXeer3YtEEmBIQoExLc+NqTMGTVIonNjtxGAMYggDbKU0hABNZzy7fcKPEwMU8Rg1l4rPRPw9MYbAmFHgp8kA6M4selPxP6+VUP+8M5ZhnBCGYrqIpMLZIiO0TEtB3pMaiWB6OXIZcgEaiFBLDkKkYpK2ZKd9eIvfL5N6ueSdlso35XzlYt5Mlh2yI1ZkHjtjFXbFqqzGBHtgT+yZvViP1qv1Zr3/RDPWfOaA/YH18Q0JwJZ8</latexit>



(C)P-divisible dynamics
t0

<latexit sha1_base64="+iwvHTkTJo5cor+r85GJm+olrec=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2o4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+ONZMC</latexit>

t1
<latexit sha1_base64="i54I22mfKLSamlIhFxvrqLEtYGQ=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHo2Y4zrNbculuALhOvJDVSojWsfg1GEU8UhMglM6bvuTH6KdMouIS5PUgMxIxP2QT6GQ2ZAuOnReA5PU0Mw4jGoKmQtBDh90bKlDEzFWSTiuGDWfRy8T+vn+D40k9FGCcIIc8PoZBQHDJci6wJoCOhAZHlyYGKkHKmGSJoQRnnmZhk1dhZH97i98uk06h75/XGbaPWvCqbqZBjckLOiEcuSJPckBZpE04UeSLP5MWaW6/Wm/X+M7pilTtH5A+sj2+Px5MD</latexit>

t2
<latexit sha1_base64="y/uTl28KOEHEvoqBmSMfuNxO4EU=">AAAB+3icbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeaDEis6XTTjlzrbu1kiRla+ghYoO0fIxFPwLtnEBCVONZna1sxPEUhh03U9rZXVtfWOzsmVv7+zu7VcPDjsmSjSHNo9kpHsBMyBFCG0UKKEXa2AqkNANpte5330EbUQU3uEsBl+xSSjGgjPMpHvHsXHYsB1nWK25dbcAXSZeSWqkRGtY/RqMIp4oCJFLZkzfc2P0U6ZRcAlze5AYiBmfsgn0MxoyBcZPi8BzepoYhhGNQVMhaSHC742UKWNmKsgmFcMHs+jl4n9eP8HxpZ+KME4QQp4fQiGhOGS4FlkTQEdCAyLLkwMVIeVMM0TQgjLOMzHJqrGzPrzF75dJp1H3zuuN20ateVU2UyHH5IScEY9ckCa5IS3SJpwo8kSeyYs1t16tN+v9Z3TFKneOyB9YH9+RWZME</latexit>

⇤(t2)
<latexit sha1_base64="qGFpEETMnDIOv84OvuO7Ecwn9LY=">AAACBnicbVC7TgJBFJ3FF64vxNJmIphgQ3bXQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDTnOp5VZWV1b38hu2lvbO7t7uf183USJFlgTkYp00weDSoZYI0kKm7FGCHyFDX94OfUb96iNjMJbGsXYCWAQyr4UQKnUzeWLRbt9neZ7UKKud2IXi91cwSk7M/Bl4s5Jgc1R7ea+2r1IJAGGJBQY03KdmDpj0CSFwondTgzGIIYwwFZKQwjQdMaz2yf8ODFAEY9Rc6n4TMTfE2MIjBkFfpoMgO7MojcV//NaCfXPO2MZxglhKKaLSCqcLTJCy7QU5D2pkQimlyOXIReggQi15CBEKiZpS3bah7v4/TKpe2X3tOzdeIXKxbyZLDtkR6zEXHbGKuyKVVmNCfbAntgze7EerVfrzXr/iWas+cwB+wPr4xsLU5Z9</latexit>

�(t2, t1)
<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

⇤(t2) = �(t2, t1) � ⇤(t1)
<latexit sha1_base64="mN4JvNrbyw9r0fRt9yIpOARFeE8=">AAACJnicbVDLSgNBEJz17fqKevQymAgJSNhdD3oRgl48eIhgVMiGpXfS0cHZBzO9Qgj5Dz/Br/CqJ28iHgQ/xd0Y8Fmnoqqa7q4wVdKQ47xaE5NT0zOzc/P2wuLS8kppde3MJJkW2BKJSvRFCAaVjLFFkhRepBohChWeh9eHhX9+g9rIJD6lfoqdCC5j2ZMCKJeCklep2P5xnu9ClQKvtu83r2TBtilwa76QWvAv363ZlUpQKjt1ZwT+l7hjUmZjNIPSm99NRBZhTEKBMW3XSakzAE1SKBzafmYwBXENl9jOaQwRms5g9NuQb2UGKOEpai4VH4n4fWIAkTH9KMyTEdCV+e0V4n9eO6PeXmcg4zQjjEWxiKTC0SIjtMxLQ96VGomguBy5jLkADUSoJQchcjHLW7TzPtzf3/8lZ17d3al7J165cTBuZo5tsE1WZS7bZQ12xJqsxQS7ZffsgT1ad9aT9Wy9fEYnrPHMOvsB6/0DD6miDA==</latexit>

The evolution of          can be split 
into (completely-)positive maps �(t2, t1)

<latexit sha1_base64="o4zpUyqmuB+f4PDqyqETuSSRk8Q=">AAACB3icbVC7TsNAEDyHVzCvQEqaEzFSkFBkmwLKCBrKIJGHlETW+bJJTjk/dLdGiqx8AF9BCxUdouUzKPgXHJMCEqYazexqZ8ePpdBo259GYW19Y3OruG3u7O7tH5QOj1o6ShSHJo9kpDo+0yBFCE0UKKETK2CBL6HtT27mfvsBlBZReI/TGPoBG4ViKDjDTPJKZcsye42xqKLnnqPnnJmW5ZUqds3OQVeJsyAVskDDK331BhFPAgiRS6Z117Fj7KdMoeASZmYv0RAzPmEj6GY0ZAHofpqHn9HTRDOMaAyKCklzEX5vpCzQehr42WTAcKyXvbn4n9dNcHjVT0UYJwghnx9CISE/pLkSWStAB0IBIpsnBypCypliiKAEZZxnYpLVZGZ9OMvfr5KWW3Muau6dW6lfL5opkmNyQqrEIZekTm5JgzQJJ1PyRJ7Ji/FovBpvxvvPaMFY7JTJHxgf30x9lpc=</latexit>

is (C)P
⇢(t)

<latexit sha1_base64="c10cz3N580A0Eb5k2d7wLXdJvGY=">AAAB/3icbVC7TsNAEDyHVzCvACXNiRgpNJEdCigjaCiDRBKkxIrOl01yyvnB3RopslLwFbRQ0SFaPoWCf8E2LiBhqtHMrnZ2vEgKjbb9aZRWVtfWN8qb5tb2zu5eZf+go8NYcWjzUIbqzmMapAigjQIl3EUKmO9J6HrTq8zvPoDSIgxucRaB67NxIEaCM0wl17LMvpqENTw1LWtQqdp1OwddJk5BqqRAa1D56g9DHvsQIJdM655jR+gmTKHgEuZmP9YQMT5lY+ilNGA+aDfJQ8/pSawZhjQCRYWkuQi/NxLmaz3zvXTSZzjRi14m/uf1YhxduIkIohgh4NkhFBLyQ5orkbYBdCgUILIsOVARUM4UQwQlKOM8FeO0HjPtw1n8fpl0GnXnrN64aVSbl0UzZXJEjkmNOOScNMk1aZE24eSePJFn8mI8Gq/Gm/H+M1oyip1D8gfGxzdePJSR</latexit>

P: any
CP: ⌘ � �/2

<latexit sha1_base64="rLzKYOxc1DL9U+TerI0VRUZe3jo=">AAACDXicbVC7TsNAEDzzDOZloEI0JxIkqmCHAsoIGsogkYcUR9H6sgmnnB/crZGiKOIT+ApaqOgQLd9Awb/ghBSQMNVoZke7O0GipCHX/bQWFpeWV1Zza/b6xubWtrOzWzNxqgVWRaxi3QjAoJIRVkmSwkaiEcJAYT3oX479+j1qI+PohgYJtkLoRbIrBVAmtZ39QsH2kYD7PbzjvsqSHTgp2YVC28m7RXcCPk+8KcmzKSpt58vvxCINMSKhwJim5ybUGoImKRSObD81mIDoQw+bGY0gRNMaTl4Y8aPUAMU8Qc2l4hMRfyeGEBozCINsMgS6NbPeWPzPa6bUPW8NZZSkhJEYLyKpcLLICC2zbpB3pEYiGF+OXEZcgAYi1JKDEJmYZmXZWR/e7PfzpFYqeqfF0nUpX76YNpNjB+yQHTOPnbEyu2IVVmWCPbAn9sxerEfr1Xqz3n9GF6xpZo/9gfXxDU2zmV0=</latexit>

� 0
<latexit sha1_base64="hNHEnfRTa7fb3S2y1Ry7ysMzCNo=">AAAB/XicbVC7TsNAEDyHVzCvACXNiRiJKrJDAWUEDWWQyENyrOh82YRTzg/u1kiRFfEVtFDRIVq+hYJ/wTYuIGGq0cyudnb8WAqNtv1pVFZW19Y3qpvm1vbO7l5t/6Cro0Rx6PBIRqrvMw1ShNBBgRL6sQIW+BJ6/vQq93sPoLSIwlucxeAFbBKKseAMM8m1LHMwgXtqW9awVrcbdgG6TJyS1EmJ9rD2NRhFPAkgRC6Z1q5jx+ilTKHgEubmINEQMz5lE3AzGrIAtJcWkef0JNEMIxqDokLSQoTfGykLtJ4FfjYZMLzTi14u/ue5CY4vvFSEcYIQ8vwQCgnFIc2VyLoAOhIKEFmeHKgIKWeKIYISlHGeiUlWjpn14Sx+v0y6zYZz1mjeNOuty7KZKjkix+SUOOSctMg1aZMO4SQiT+SZvBiPxqvxZrz/jFaMcueQ/IHx8Q004pPy</latexit>

o P-divisibility definition of Markovianity in

o It allows for negative coefficients :  MCWF does not apply!                                c↵(t)
<latexit sha1_base64="swl4RbKvmk0BVUflw1HKPGQXv40=">AAACBHicbVA9TwJBEN3DL8SvU0ubjWCCDbnDQkuijSUmgiRwucwtA2zY+8juHAkhtP4KW63sjK3/w8L/4oEUCr7q5b2ZzJsXJEoacpxPK7e2vrG5ld8u7Ozu7R/Yh0dNE6daYEPEKtatAAwqGWGDJClsJRohDBQ+BMObmf8wQm1kHN3TOEEvhH4ke1IAZZJv26VSQfgdUMkAynReKvl20ak4c/BV4i5IkS1Q9+2vTjcWaYgRCQXGtF0nIW8CmqRQOC10UoMJiCH0sZ3RCEI03mSefMrPUgMU8wQ1l4rPRfy9MYHQmHEYZJMh0MAsezPxP6+dUu/Km8goSQkjMTtEUuH8kBFaZpUg70qNRDBLjlxGXIAGItSSgxCZmGYdFbI+3OXvV0mzWnEvKtW7arF2vWgmz07YKSszl12yGrtlddZggo3YE3tmL9aj9Wq9We8/ozlrsXPM/sD6+AaaZpZV</latexit>

Breuer, Laine, Piilo & Vacchini  RMP 88 (2016)

✓
⇢11 ⇢10
⇢01 ⇢00

◆
7!

✓
⇢11e��t ⇢10e�⌘t

⇢01e�⌘t ⇢00e��t

◆
+ (1� e��t)

Id

2
<latexit sha1_base64="d1mSVgw8ZNs6Z/J5VP6/WQfB+kE="></latexit>

⌘,� � 0
<latexit sha1_base64="ThNUxWRmQILzGpy0T2fmeKPxB8Y=">AAACDnicbVC7TsNAEDzzDOZloIPmRIJEgSI7FFBG0FAGiTykOIrWl0045fzgbo0URZH4BL6CFio6RMsvUPAvOCEFJEw1mtnR7k6QKGnIdT+thcWl5ZXV3Jq9vrG5te3s7NZMnGqBVRGrWDcCMKhkhFWSpLCRaIQwUFgP+pdjv36P2sg4uqFBgq0QepHsSgGUSW1nv1CwfSQ44b7KUh3gfg/vuGsXCm0n7xbdCfg88aYkz6aotJ0vvxOLNMSIhAJjmp6bUGsImqRQOLL91GACog89bGY0ghBNazj5YcSPUgMU8wQ1l4pPRPydGEJozCAMsskQ6NbMemPxP6+ZUve8NZRRkhJGYryIpMLJIiO0zMpB3pEaiWB8OXIZcQEaiFBLDkJkYpq1ZWd9eLPfz5NaqeidFkvXpXz5YtpMjh2wQ3bMPHbGyuyKVViVCfbAntgze7EerVfrzXr/GV2wppk99gfWxzeiTZmC</latexit>

⇤(t1)
<latexit sha1_base64="xafVSbwoxR23Bj6SQ7W3ruBYbFE=">AAACBnicbVC7TgJBFJ3FF66vFUubiWCCDdnFQkuijYUFJvJIgJC7wwUnzD4yc9dICL1fYauVnbH1Nyz8FxekUPBUJ+ecm3vv8WMlDbnup5VZWV1b38hu2lvbO7t7zn6ubqJEC6yJSEW66YNBJUOskSSFzVgjBL7Chj+8nPqNe9RGRuEtjWLsBDAIZV8KoFTqOrlCwW5fp/keFKnrndiFQtfJuyV3Br5MvDnJszmqXeer3YtEEmBIQoExLc+NqTMGTVIonNjtxGAMYggDbKU0hABNZzy7fcKPEwMU8Rg1l4rPRPw9MYbAmFHgp8kA6M4selPxP6+VUP+8M5ZhnBCGYrqIpMLZIiO0TEtB3pMaiWB6OXIZcgEaiFBLDkKkYpK2ZKd9eIvfL5N6ueSdlso35XzlYt5Mlh2yI1ZkHjtjFXbFqqzGBHtgT+yZvViP1qv1Zr3/RDPWfOaA/YH18Q0JwJZ8</latexit>



Rate-operator quantum jumps
Rate Operator 

(RO)
Diosi PLA 114 (1986)

W J
 (t) =

n2�1X

↵=1

c↵(t)(L↵(t)� ` (t),↵)| (t)ih (t)|(L↵(t)� ` (t),↵)
†

<latexit sha1_base64="mstDtNnNPKHy1iKHez0uoCHsSHE="></latexit>

h (t)|L↵(t)| (t)i
<latexit sha1_base64="PoqdumHaR/o3jDpiPOsfaq2zvaU=">AAACJHicbVC7TsNAEDzzxrwClDQnEiRoIjsUUCJoKChAIoAUR9H6WMKJ8/l0t0aKAr/BJ/AVtFDRIQoK+BZs44LXVHMzs9rbiY2SjoLgzRsZHRufmJya9mdm5+YXaotLJy7NrMC2SFVqz2JwqKTGNklSeGYsQhIrPI2v9gr/9Bqtk6k+poHBbgJ9LS+kAMqlXi1oNPxIge4rjIyT67Rxww96EShzCcWjEiNbRvxGo1erB82gBP9LworUWYXDXu09Ok9FlqAmocC5ThgY6g7BkhQKb/0oc2hAXEEfOznVkKDrDsvLbvla5oBSbtByqXgp4veJISTODZI4TyZAl+63V4j/eZ2MLra7Q6lNRqhFsYikwnKRE1bmlSE/lxaJoPg5cqm5AAtEaCUHIXIxyzv08z7C39f/JSetZrjZbB216ju7VTNTbIWtsnUWsi22w/bZIWszwe7YA3tkT9699+y9eK9f0RGvmllmP+B9fAKYI6Me</latexit>



Rate-operator quantum jumps
Rate Operator 

(RO)
Diosi PLA 114 (1986)

W J
 (t) � 0 8| (t)i 2 HS () ⇤(t) P-divisible

<latexit sha1_base64="c1o1USKs0QxBL51b8sNWZ5vUg4k="></latexit>

Kossakowski On quantum statistical mechanics of non-Hamiltonian systems RepMathPhys 3 (1972)

W J
 (t) =

n2�1X

↵=1

c↵(t)(L↵(t)� ` (t),↵)| (t)ih (t)|(L↵(t)� ` (t),↵)
†

<latexit sha1_base64="mstDtNnNPKHy1iKHez0uoCHsSHE="></latexit>

h (t)|L↵(t)| (t)i
<latexit sha1_base64="PoqdumHaR/o3jDpiPOsfaq2zvaU=">AAACJHicbVC7TsNAEDzzxrwClDQnEiRoIjsUUCJoKChAIoAUR9H6WMKJ8/l0t0aKAr/BJ/AVtFDRIQoK+BZs44LXVHMzs9rbiY2SjoLgzRsZHRufmJya9mdm5+YXaotLJy7NrMC2SFVqz2JwqKTGNklSeGYsQhIrPI2v9gr/9Bqtk6k+poHBbgJ9LS+kAMqlXi1oNPxIge4rjIyT67Rxww96EShzCcWjEiNbRvxGo1erB82gBP9LworUWYXDXu09Ok9FlqAmocC5ThgY6g7BkhQKb/0oc2hAXEEfOznVkKDrDsvLbvla5oBSbtByqXgp4veJISTODZI4TyZAl+63V4j/eZ2MLra7Q6lNRqhFsYikwnKRE1bmlSE/lxaJoPg5cqm5AAtEaCUHIXIxyzv08z7C39f/JSetZrjZbB216ju7VTNTbIWtsnUWsi22w/bZIWszwe7YA3tkT9699+y9eK9f0RGvmllmP+B9fAKYI6Me</latexit>

Relying on



Rate-operator quantum jumps
Rate Operator 

(RO)
Diosi PLA 114 (1986)

• Deterministic evolution fixed byS(HS)
<latexit sha1_base64="abBaWJ8WEaBKpOb1HnkqkE9DAqg=">AAACCnicbVC7TsNAEDzzxrwCSDQ0JxKk0ER2KKBE0KQMCkmQEstaXxY4cX7obo0UmfwBX0ELFR2i5Sco+BfskAICU41mdrWzEyRKGnKcD2tmdm5+YXFp2V5ZXVvfKG1udUycaoFtEatYXwZgUMkI2yRJ4WWiEcJAYTe4PSv87h1qI+PogoYJeiFcR/JKCqBc8ks7lYrdqvZDoBsBKmuM/NaBXan4pbJTc8bgf4k7IWU2QdMvffYHsUhDjEgoMKbnOgl5GWiSQuHI7qcGExC3cI29nEYQovGycf4R308NUMwT1FwqPhbx50YGoTHDMMgni6Bm2ivE/7xeSlfHXiajJCWMRHGIpMLxISO0zItBPpAaiaBIjlxGXIAGItSSgxC5mOZN2Xkf7vT3f0mnXnMPa/XzevnkdNLMEttle6zKXHbETliDNVmbCXbPHtkTe7YerBfr1Xr7Hp2xJjvb7Bes9y+cSJh+</latexit>

Heff = HS � i

2

n2�1X

↵=1

c↵

⇣
L
†
↵L↵ � 2`⇤ (t),↵L↵ + |` (t),↵|2

⌘

<latexit sha1_base64="OfAe4TQxEuW2BjTOmNKUQKpKo4I="></latexit>

W J
 (t) =

n2�1X

↵=1

c↵(t)(L↵(t)� ` (t),↵)| (t)ih (t)|(L↵(t)� ` (t),↵)
†

<latexit sha1_base64="mstDtNnNPKHy1iKHez0uoCHsSHE="></latexit>

h (t)|L↵(t)| (t)i
<latexit sha1_base64="PoqdumHaR/o3jDpiPOsfaq2zvaU=">AAACJHicbVC7TsNAEDzzxrwClDQnEiRoIjsUUCJoKChAIoAUR9H6WMKJ8/l0t0aKAr/BJ/AVtFDRIQoK+BZs44LXVHMzs9rbiY2SjoLgzRsZHRufmJya9mdm5+YXaotLJy7NrMC2SFVqz2JwqKTGNklSeGYsQhIrPI2v9gr/9Bqtk6k+poHBbgJ9LS+kAMqlXi1oNPxIge4rjIyT67Rxww96EShzCcWjEiNbRvxGo1erB82gBP9LworUWYXDXu09Ok9FlqAmocC5ThgY6g7BkhQKb/0oc2hAXEEfOznVkKDrDsvLbvla5oBSbtByqXgp4veJISTODZI4TyZAl+63V4j/eZ2MLra7Q6lNRqhFsYikwnKRE1bmlSE/lxaJoPg5cqm5AAtEaCUHIXIxyzv08z7C39f/JSetZrjZbB216ju7VTNTbIWtsnUWsi22w/bZIWszwe7YA3tkT9699+y9eK9f0RGvmllmP+B9fAKYI6Me</latexit>

W J
 (t) � 0 8| (t)i 2 HS () ⇤(t) P-divisible

<latexit sha1_base64="c1o1USKs0QxBL51b8sNWZ5vUg4k="></latexit>

Kossakowski On quantum statistical mechanics of non-Hamiltonian systems RepMathPhys 3 (1972)

Relying on



Rate-operator quantum jumps
Rate Operator 

(RO)
Diosi PLA 114 (1986)

• Deterministic evolution fixed byS(HS)
<latexit sha1_base64="abBaWJ8WEaBKpOb1HnkqkE9DAqg=">AAACCnicbVC7TsNAEDzzxrwCSDQ0JxKk0ER2KKBE0KQMCkmQEstaXxY4cX7obo0UmfwBX0ELFR2i5Sco+BfskAICU41mdrWzEyRKGnKcD2tmdm5+YXFp2V5ZXVvfKG1udUycaoFtEatYXwZgUMkI2yRJ4WWiEcJAYTe4PSv87h1qI+PogoYJeiFcR/JKCqBc8ks7lYrdqvZDoBsBKmuM/NaBXan4pbJTc8bgf4k7IWU2QdMvffYHsUhDjEgoMKbnOgl5GWiSQuHI7qcGExC3cI29nEYQovGycf4R308NUMwT1FwqPhbx50YGoTHDMMgni6Bm2ivE/7xeSlfHXiajJCWMRHGIpMLxISO0zItBPpAaiaBIjlxGXIAGItSSgxC5mOZN2Xkf7vT3f0mnXnMPa/XzevnkdNLMEttle6zKXHbETliDNVmbCXbPHtkTe7YerBfr1Xr7Hp2xJjvb7Bes9y+cSJh+</latexit>

• Interrupted by jumps

| (t)i 7! |' (t),ji
<latexit sha1_base64="fgyyqzwbM+1Z87snuH7lH67GmFE="></latexit>

pj(t) = � (t),jdt
<latexit sha1_base64="vs/PADIwPM8hcvcbiUzBcaO/8jA=">AAACGHicbVC7TsNAEDzzxrwClDQnYiSQUGSHAhokBA0lSASQkshaXxY4ONunuzVSZOUH+AS+ghYqOkRLR8G/cAkpeE01mtnR7k6ilbQUhu/eyOjY+MTk1LQ/Mzs3v1BZXDq1eWEENkSucnOegEUlM2yQJIXn2iCkicKz5Oag75/dorEyz06oq7GdwmUmL6QAclJcCYLA1/H1Om3stpSLdSAuW9pKJ2xe93iHkx8EcaUa1sIB+F8SDUmVDXEUVz5anVwUKWYkFFjbjEJN7RIMSaGw57cKixrEDVxi09EMUrTtcvBNj68VFijnGg2Xig9E/J4oIbW2myZuMgW6sr+9vvif1yzoYqddykwXhJnoLyKpcLDICiNdTcg70iAR9C9HLjMuwAARGslBCCcWrjff9RH9/v4vOa3Xoq1a/bhe3dsfNjPFVtgqW2cR22Z77JAdsQYT7I49sEf25N17z96L9/o1OuINM8vsB7y3T1p1nag=</latexit>

Eigenvectors and positive eigenvaluesW J
 (t) =

nX

j=1

� (t),j |' (t),jih' (t),j |
<latexit sha1_base64="qc3StGP/XHf7b30jozBXoKfyWyM="></latexit>

Heff = HS � i

2

n2�1X

↵=1

c↵

⇣
L
†
↵L↵ � 2`⇤ (t),↵L↵ + |` (t),↵|2

⌘

<latexit sha1_base64="OfAe4TQxEuW2BjTOmNKUQKpKo4I="></latexit>

W J
 (t) =

n2�1X

↵=1

c↵(t)(L↵(t)� ` (t),↵)| (t)ih (t)|(L↵(t)� ` (t),↵)
†

<latexit sha1_base64="mstDtNnNPKHy1iKHez0uoCHsSHE="></latexit>

h (t)|L↵(t)| (t)i
<latexit sha1_base64="PoqdumHaR/o3jDpiPOsfaq2zvaU=">AAACJHicbVC7TsNAEDzzxrwClDQnEiRoIjsUUCJoKChAIoAUR9H6WMKJ8/l0t0aKAr/BJ/AVtFDRIQoK+BZs44LXVHMzs9rbiY2SjoLgzRsZHRufmJya9mdm5+YXaotLJy7NrMC2SFVqz2JwqKTGNklSeGYsQhIrPI2v9gr/9Bqtk6k+poHBbgJ9LS+kAMqlXi1oNPxIge4rjIyT67Rxww96EShzCcWjEiNbRvxGo1erB82gBP9LworUWYXDXu09Ok9FlqAmocC5ThgY6g7BkhQKb/0oc2hAXEEfOznVkKDrDsvLbvla5oBSbtByqXgp4veJISTODZI4TyZAl+63V4j/eZ2MLra7Q6lNRqhFsYikwnKRE1bmlSE/lxaJoPg5cqm5AAtEaCUHIXIxyzv08z7C39f/JSetZrjZbB216ju7VTNTbIWtsnUWsi22w/bZIWszwe7YA3tkT9699+y9eK9f0RGvmllmP+B9fAKYI6Me</latexit>

W J
 (t) � 0 8| (t)i 2 HS () ⇤(t) P-divisible

<latexit sha1_base64="c1o1USKs0QxBL51b8sNWZ5vUg4k="></latexit>

Kossakowski On quantum statistical mechanics of non-Hamiltonian systems RepMathPhys 3 (1972)

Relying on



MCWF vs ROQJ

| (t)i !
V (t),j | (t)i

kV (t),j | (t)ik
<latexit sha1_base64="2mzImae+7j3UPZh9SGikIe6S81M="></latexit>

pj(t) = kV (t),j | (t)ik2dt
<latexit sha1_base64="7YBGpiIvgRHPNNae4pf7i6GrlUU="></latexit>

possible jumps
between t and t+dt

probabilities

o Jumps and probabilities when the pre-jump state is | (t)i
<latexit sha1_base64="XZmy0vjw4VuMOcFCGHm1BhrzrPI=">AAACCHicbVC7TgJBFJ3FF+ILH53NRDDBhuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fc40dKWnLdTye1tLyyupZez2xsbm3vZHf3ajaMjcCqCFVoGj5YVFJjlSQpbEQGIfAV1v3B5cSv36GxMtQ3NIywHUBfy54UQInUyR7k85mHVmRlgU5aBnRfYT7fyebcojsFXyTejOTYDJVO9qvVDUUcoCahwNqm50bUHoEhKRSOM63YYgRiAH1sJlRDgLY9mqYf8+PYAoU8QsOl4lMRf2+MILB2GPjJZAB0a+e9ifif14ypd94eSR3FhFpMDpFUOD1khZFJLci70iARTJIjl5oLMECERnIQIhHjpKdM0oc3//0iqZWK3mmxdF3KlS9mzaTZITtiBeaxM1ZmV6zCqkywe/bEntmL8+i8Om/O+89oypnt7LM/cD6+ASKgmFI=</latexit>

V (t),j =
q
� (t),j |' (t),jih (t)|

<latexit sha1_base64="K/YWxanPMH7zJP9jSCLvnD8X0dY="></latexit>

Operators J↵(t) =
p
c↵(t)L↵(t)

<latexit sha1_base64="cOjxkTKBCv0QSyYFh2ez/RpqyPE=">AAACJXicbZC7SgNREIbPene9RS1tDiaCNmE3FtoIQRsRCwUThSQss8dJcsjZi+fMCmHJc/gIPoWtVnYiWIiv4mYT8DrVz/fPMDO/HytpyHHerInJqemZ2bl5e2FxaXmlsLpWN1GiBdZEpCJ95YNBJUOskSSFV7FGCHyFl37vaOhf3qI2MgovqB9jK4BOKNtSAGXIK7ilkn3ipU1QcRcG27Rz0DQ3mlLhjVBGBqdf2i6VvELRKTt58b/CHYsiG9eZV3hvXkciCTAkocCYhuvE1EpBkxQKB3YzMRiD6EEHG5kMIUDTSvPXBnwrMUARj1FzqXgO8ftECoEx/cDPOgOgrvntDeF/XiOh9n4rlWGcEIZiuIikwnyREVpmmSG/lhqJYHg5chlyARqIUEsOQmQwyUK0szzc39//FfVK2d0tV84rxerhOJk5tsE22TZz2R6rsmN2xmpMsDv2wB7Zk3VvPVsv1uuodcIaz6yzH2V9fAKO9aOe</latexit>

| (t)i ! J↵(t)| (t)i
kJ↵(t)| (t)ik

<latexit sha1_base64="eHwdxbrZmFQ9QQko01cCkknOEmc="></latexit>

p↵(t) = kJ↵(t)| (t)ik2dt
<latexit sha1_base64="aaCsKuItaqkBMXfDol1/MEegYKM="></latexit>



MCWF vs ROQJ

| (t)i !
V (t),j | (t)i

kV (t),j | (t)ik
<latexit sha1_base64="2mzImae+7j3UPZh9SGikIe6S81M="></latexit>

pj(t) = kV (t),j | (t)ik2dt
<latexit sha1_base64="7YBGpiIvgRHPNNae4pf7i6GrlUU="></latexit>

possible jumps
between t and t+dt

probabilities

o Jumps and probabilities when the pre-jump state is | (t)i
<latexit sha1_base64="XZmy0vjw4VuMOcFCGHm1BhrzrPI=">AAACCHicbVC7TgJBFJ3FF+ILH53NRDDBhuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fc40dKWnLdTye1tLyyupZez2xsbm3vZHf3ajaMjcCqCFVoGj5YVFJjlSQpbEQGIfAV1v3B5cSv36GxMtQ3NIywHUBfy54UQInUyR7k85mHVmRlgU5aBnRfYT7fyebcojsFXyTejOTYDJVO9qvVDUUcoCahwNqm50bUHoEhKRSOM63YYgRiAH1sJlRDgLY9mqYf8+PYAoU8QsOl4lMRf2+MILB2GPjJZAB0a+e9ifif14ypd94eSR3FhFpMDpFUOD1khZFJLci70iARTJIjl5oLMECERnIQIhHjpKdM0oc3//0iqZWK3mmxdF3KlS9mzaTZITtiBeaxM1ZmV6zCqkywe/bEntmL8+i8Om/O+89oypnt7LM/cD6+ASKgmFI=</latexit>

deterministic evolution

V (t),j =
q
� (t),j |' (t),jih (t)|

<latexit sha1_base64="K/YWxanPMH7zJP9jSCLvnD8X0dY="></latexit>

Operators J↵(t) =
p
c↵(t)L↵(t)

<latexit sha1_base64="cOjxkTKBCv0QSyYFh2ez/RpqyPE=">AAACJXicbZC7SgNREIbPene9RS1tDiaCNmE3FtoIQRsRCwUThSQss8dJcsjZi+fMCmHJc/gIPoWtVnYiWIiv4mYT8DrVz/fPMDO/HytpyHHerInJqemZ2bl5e2FxaXmlsLpWN1GiBdZEpCJ95YNBJUOskSSFV7FGCHyFl37vaOhf3qI2MgovqB9jK4BOKNtSAGXIK7ilkn3ipU1QcRcG27Rz0DQ3mlLhjVBGBqdf2i6VvELRKTt58b/CHYsiG9eZV3hvXkciCTAkocCYhuvE1EpBkxQKB3YzMRiD6EEHG5kMIUDTSvPXBnwrMUARj1FzqXgO8ftECoEx/cDPOgOgrvntDeF/XiOh9n4rlWGcEIZiuIikwnyREVpmmSG/lhqJYHg5chlyARqIUEsOQmQwyUK0szzc39//FfVK2d0tV84rxerhOJk5tsE22TZz2R6rsmN2xmpMsDv2wB7Zk3VvPVsv1uuodcIaz6yzH2V9fAKO9aOe</latexit>

| (t)i ! J↵(t)| (t)i
kJ↵(t)| (t)ik

<latexit sha1_base64="eHwdxbrZmFQ9QQko01cCkknOEmc="></latexit>

HS � i

2

X

↵

c↵L
†
↵L↵

<latexit sha1_base64="nREo16Or4VYl4cqWuGpgdxMP3nM="></latexit>

p↵(t) = kJ↵(t)| (t)ik2dt
<latexit sha1_base64="aaCsKuItaqkBMXfDol1/MEegYKM="></latexit>

HS � i

2

X

↵

c↵

⇣
L
†
↵L↵ � 2`⇤ (t),↵L↵ + |` (t),↵|2

⌘

<latexit sha1_base64="Zker/hUaBEuCXdQT7oYBDlF1BR4="></latexit>



MCWF vs ROQJ

| (t)i !
V (t),j | (t)i

kV (t),j | (t)ik
<latexit sha1_base64="2mzImae+7j3UPZh9SGikIe6S81M="></latexit>

pj(t) = kV (t),j | (t)ik2dt
<latexit sha1_base64="7YBGpiIvgRHPNNae4pf7i6GrlUU="></latexit>

possible jumps
between t and t+dt

probabilities

pj > 0
<latexit sha1_base64="7AUkFSp7gk1eWH5rAGW2v5dNHmI=">AAAB/nicbVC7TsNAEDzzDOYVoKQ5kSBRRXYooEIRNJRBIg8psaLzZROOnO3T3RopsiLxFbRQ0SFafoWCf8E2LiBhqtHMrnZ2fCWFQcf5tJaWV1bX1ksb9ubW9s5ueW+/baJYc2jxSEa66zMDUoTQQoESukoDC3wJHX9ylfmdB9BGROEtThV4ARuHYiQ4w1TqV6u2GtzTC8euVgflilNzctBF4hakQgo0B+Wv/jDicQAhcsmM6bmOQi9hGgWXMLP7sQHF+ISNoZfSkAVgvCTPPKPHsWEYUQWaCklzEX5vJCwwZhr46WTA8M7Me5n4n9eLcXTuJSJUMULIs0MoJOSHDNciLQPoUGhAZFlyoCKknGmGCFpQxnkqxmk7dtqHO//9ImnXa+5prX5TrzQui2ZK5JAckRPikjPSINekSVqEE0WeyDN5sR6tV+vNev8ZXbKKnQPyB9bHNzY1k+Q=</latexit>

also if some
The role of       and      in the MCWF is replaced 

by eigenvalues and eigenvectors of the RO
L↵

<latexit sha1_base64="RnSBvesSkt/eOmgYRabXbekmsN0=">AAACAHicbVC7TgJBFJ3FF64v1NJmIphYkV0stCTaWFhgIo8EVnJ3uMCE2Udm7poQQuNX2GplZ2z9Ewv/xQW3UPBUJ+fcm3vu8WMlDTnOp5VbWV1b38hv2lvbO7t7hf2DhokSLbAuIhXplg8GlQyxTpIUtmKNEPgKm/7oauY3H1AbGYV3NI7RC2AQyr4UQKl0XyrZN90OqHgIdqnULRSdsjMHXyZuRoosQ61b+Or0IpEEGJJQYEzbdWLyJqBJCoVTu5MYjEGMYIDtlIYQoPEm89RTfpIYoIjHqLlUfC7i740JBMaMAz+dDICGZtGbif957YT6F95EhnFCGIrZIZIK54eM0DKtA3lPaiSCWXLkMuQCNBChlhyESMUk7cdO+3AXv18mjUrZPStXbivF6mXWTJ4dsWN2ylx2zqrsmtVYnQmm2RN7Zi/Wo/VqvVnvP6M5K9s5ZH9gfXwDhbGVPg==</latexit>

c↵
<latexit sha1_base64="/67VuOoBmiPecVxmqdXTHZN+gYY=">AAACAHicbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeUiJidaXTXLK+aG7NVIUpeEraKGiQ7T8CQX/gh1SQMJUo5ld7ewEiZKGXPfTWlldW9/YLGzZ2zu7e/vFg8OGiVMtsC5iFetWAAaVjLBOkhS2Eo0QBgqbweg695sPqI2MozsaJ+iHMIhkXwqgTLp3HFt0O6CSIdiO0y2W3LI7A18m3pyU2By1bvGr04tFGmJEQoExbc9NyJ+AJikUTu1OajABMYIBtjMaQYjGn8xST/lpaoBinqDmUvGZiL83JhAaMw6DbDIEGppFLxf/89op9S/9iYySlDAS+SGSCmeHjNAyqwN5T2okgjw5chlxARqIUEsOQmRimvVjZ314i98vk0al7J2XK7eVUvVq3kyBHbMTdsY8dsGq7IbVWJ0JptkTe2Yv1qP1ar1Z7z+jK9Z854j9gfXxDapwlVU=</latexit>

c↵ < 0
<latexit sha1_base64="inCT1VpzhqmEk/N/g8pNoNY0sLE=">AAACA3icbVC7TgJBFJ3FF+ID1NJmIphYkV0stLAg2lhiIo8ECLk7XGDC7CMzd00IofQrbLWyM7Z+iIX/4u66hYKnOjnn3txzjxsqaci2P63c2vrG5lZ+u7Czu7dfLB0ctkwQaYFNEahAd1wwqKSPTZKksBNqBM9V2HanN4nffkBtZODf0yzEvgdjX46kAIqlQalYqRTEoAcqnMCVXakMSmW7aqfgq8TJSJllaAxKX71hICIPfRIKjOk6dkj9OWiSQuGi0IsMhiCmMMZuTH3w0PTnafAFP40MUMBD1Fwqnor4e2MOnjEzz40nPaCJWfYS8T+vG9Hosj+XfhgR+iI5RFJhesgILeNGkA+lRiJIkiOXPheggQi15CBELEZxRYW4D2f5+1XSqlWd82rtrlauX2fN5NkxO2FnzGEXrM5uWYM1mWARe2LP7MV6tF6tN+v9ZzRnZTtH7A+sj2/lxpXy</latexit>

o Jumps and probabilities when the pre-jump state is | (t)i
<latexit sha1_base64="XZmy0vjw4VuMOcFCGHm1BhrzrPI=">AAACCHicbVC7TgJBFJ3FF+ILH53NRDDBhuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fc40dKWnLdTye1tLyyupZez2xsbm3vZHf3ajaMjcCqCFVoGj5YVFJjlSQpbEQGIfAV1v3B5cSv36GxMtQ3NIywHUBfy54UQInUyR7k85mHVmRlgU5aBnRfYT7fyebcojsFXyTejOTYDJVO9qvVDUUcoCahwNqm50bUHoEhKRSOM63YYgRiAH1sJlRDgLY9mqYf8+PYAoU8QsOl4lMRf2+MILB2GPjJZAB0a+e9ifif14ypd94eSR3FhFpMDpFUOD1khZFJLci70iARTJIjl5oLMECERnIQIhHjpKdM0oc3//0iqZWK3mmxdF3KlS9mzaTZITtiBeaxM1ZmV6zCqkywe/bEntmL8+i8Om/O+89oypnt7LM/cD6+ASKgmFI=</latexit>

deterministic evolution

V (t),j =
q
� (t),j |' (t),jih (t)|

<latexit sha1_base64="K/YWxanPMH7zJP9jSCLvnD8X0dY="></latexit>

Operators J↵(t) =
p
c↵(t)L↵(t)

<latexit sha1_base64="cOjxkTKBCv0QSyYFh2ez/RpqyPE=">AAACJXicbZC7SgNREIbPene9RS1tDiaCNmE3FtoIQRsRCwUThSQss8dJcsjZi+fMCmHJc/gIPoWtVnYiWIiv4mYT8DrVz/fPMDO/HytpyHHerInJqemZ2bl5e2FxaXmlsLpWN1GiBdZEpCJ95YNBJUOskSSFV7FGCHyFl37vaOhf3qI2MgovqB9jK4BOKNtSAGXIK7ilkn3ipU1QcRcG27Rz0DQ3mlLhjVBGBqdf2i6VvELRKTt58b/CHYsiG9eZV3hvXkciCTAkocCYhuvE1EpBkxQKB3YzMRiD6EEHG5kMIUDTSvPXBnwrMUARj1FzqXgO8ftECoEx/cDPOgOgrvntDeF/XiOh9n4rlWGcEIZiuIikwnyREVpmmSG/lhqJYHg5chlyARqIUEsOQmQwyUK0szzc39//FfVK2d0tV84rxerhOJk5tsE22TZz2R6rsmN2xmpMsDv2wB7Zk3VvPVsv1uuodcIaz6yzH2V9fAKO9aOe</latexit>

| (t)i ! J↵(t)| (t)i
kJ↵(t)| (t)ik

<latexit sha1_base64="eHwdxbrZmFQ9QQko01cCkknOEmc="></latexit>

HS � i

2

X

↵

c↵L
†
↵L↵

<latexit sha1_base64="nREo16Or4VYl4cqWuGpgdxMP3nM="></latexit>

p↵(t) = kJ↵(t)| (t)ik2dt
<latexit sha1_base64="aaCsKuItaqkBMXfDol1/MEegYKM="></latexit>

HS � i

2

X

↵

c↵

⇣
L
†
↵L↵ � 2`⇤ (t),↵L↵ + |` (t),↵|2

⌘

<latexit sha1_base64="Zker/hUaBEuCXdQT7oYBDlF1BR4="></latexit>



MCWF vs ROQJ

| (t)i !
V (t),j | (t)i

kV (t),j | (t)ik
<latexit sha1_base64="2mzImae+7j3UPZh9SGikIe6S81M="></latexit>

pj(t) = kV (t),j | (t)ik2dt
<latexit sha1_base64="7YBGpiIvgRHPNNae4pf7i6GrlUU="></latexit>

possible jumps
between t and t+dt

probabilities

pj > 0
<latexit sha1_base64="7AUkFSp7gk1eWH5rAGW2v5dNHmI=">AAAB/nicbVC7TsNAEDzzDOYVoKQ5kSBRRXYooEIRNJRBIg8psaLzZROOnO3T3RopsiLxFbRQ0SFafoWCf8E2LiBhqtHMrnZ2fCWFQcf5tJaWV1bX1ksb9ubW9s5ueW+/baJYc2jxSEa66zMDUoTQQoESukoDC3wJHX9ylfmdB9BGROEtThV4ARuHYiQ4w1TqV6u2GtzTC8euVgflilNzctBF4hakQgo0B+Wv/jDicQAhcsmM6bmOQi9hGgWXMLP7sQHF+ISNoZfSkAVgvCTPPKPHsWEYUQWaCklzEX5vJCwwZhr46WTA8M7Me5n4n9eLcXTuJSJUMULIs0MoJOSHDNciLQPoUGhAZFlyoCKknGmGCFpQxnkqxmk7dtqHO//9ImnXa+5prX5TrzQui2ZK5JAckRPikjPSINekSVqEE0WeyDN5sR6tV+vNev8ZXbKKnQPyB9bHNzY1k+Q=</latexit>

also if some
The role of       and      in the MCWF is replaced 

by eigenvalues and eigenvectors of the RO
L↵

<latexit sha1_base64="RnSBvesSkt/eOmgYRabXbekmsN0=">AAACAHicbVC7TgJBFJ3FF64v1NJmIphYkV0stCTaWFhgIo8EVnJ3uMCE2Udm7poQQuNX2GplZ2z9Ewv/xQW3UPBUJ+fcm3vu8WMlDTnOp5VbWV1b38hv2lvbO7t7hf2DhokSLbAuIhXplg8GlQyxTpIUtmKNEPgKm/7oauY3H1AbGYV3NI7RC2AQyr4UQKl0XyrZN90OqHgIdqnULRSdsjMHXyZuRoosQ61b+Or0IpEEGJJQYEzbdWLyJqBJCoVTu5MYjEGMYIDtlIYQoPEm89RTfpIYoIjHqLlUfC7i740JBMaMAz+dDICGZtGbif957YT6F95EhnFCGIrZIZIK54eM0DKtA3lPaiSCWXLkMuQCNBChlhyESMUk7cdO+3AXv18mjUrZPStXbivF6mXWTJ4dsWN2ylx2zqrsmtVYnQmm2RN7Zi/Wo/VqvVnvP6M5K9s5ZH9gfXwDhbGVPg==</latexit>

c↵
<latexit sha1_base64="/67VuOoBmiPecVxmqdXTHZN+gYY=">AAACAHicbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeUiJidaXTXLK+aG7NVIUpeEraKGiQ7T8CQX/gh1SQMJUo5ld7ewEiZKGXPfTWlldW9/YLGzZ2zu7e/vFg8OGiVMtsC5iFetWAAaVjLBOkhS2Eo0QBgqbweg695sPqI2MozsaJ+iHMIhkXwqgTLp3HFt0O6CSIdiO0y2W3LI7A18m3pyU2By1bvGr04tFGmJEQoExbc9NyJ+AJikUTu1OajABMYIBtjMaQYjGn8xST/lpaoBinqDmUvGZiL83JhAaMw6DbDIEGppFLxf/89op9S/9iYySlDAS+SGSCmeHjNAyqwN5T2okgjw5chlxARqIUEsOQmRimvVjZ314i98vk0al7J2XK7eVUvVq3kyBHbMTdsY8dsGq7IbVWJ0JptkTe2Yv1qP1ar1Z7z+jK9Z854j9gfXxDapwlVU=</latexit>

c↵ < 0
<latexit sha1_base64="inCT1VpzhqmEk/N/g8pNoNY0sLE=">AAACA3icbVC7TgJBFJ3FF+ID1NJmIphYkV0stLAg2lhiIo8ECLk7XGDC7CMzd00IofQrbLWyM7Z+iIX/4u66hYKnOjnn3txzjxsqaci2P63c2vrG5lZ+u7Czu7dfLB0ctkwQaYFNEahAd1wwqKSPTZKksBNqBM9V2HanN4nffkBtZODf0yzEvgdjX46kAIqlQalYqRTEoAcqnMCVXakMSmW7aqfgq8TJSJllaAxKX71hICIPfRIKjOk6dkj9OWiSQuGi0IsMhiCmMMZuTH3w0PTnafAFP40MUMBD1Fwqnor4e2MOnjEzz40nPaCJWfYS8T+vG9Hosj+XfhgR+iI5RFJhesgILeNGkA+lRiJIkiOXPheggQi15CBELEZxRYW4D2f5+1XSqlWd82rtrlauX2fN5NkxO2FnzGEXrM5uWYM1mWARe2LP7MV6tF6tN+v9ZzRnZTtH7A+sj2/lxpXy</latexit>

o Jumps and probabilities when the pre-jump state is | (t)i
<latexit sha1_base64="XZmy0vjw4VuMOcFCGHm1BhrzrPI=">AAACCHicbVC7TgJBFJ3FF+ILH53NRDDBhuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fc40dKWnLdTye1tLyyupZez2xsbm3vZHf3ajaMjcCqCFVoGj5YVFJjlSQpbEQGIfAV1v3B5cSv36GxMtQ3NIywHUBfy54UQInUyR7k85mHVmRlgU5aBnRfYT7fyebcojsFXyTejOTYDJVO9qvVDUUcoCahwNqm50bUHoEhKRSOM63YYgRiAH1sJlRDgLY9mqYf8+PYAoU8QsOl4lMRf2+MILB2GPjJZAB0a+e9ifif14ypd94eSR3FhFpMDpFUOD1khZFJLci70iARTJIjl5oLMECERnIQIhHjpKdM0oc3//0iqZWK3mmxdF3KlS9mzaTZITtiBeaxM1ZmV6zCqkywe/bEntmL8+i8Om/O+89oypnt7LM/cD6+ASKgmFI=</latexit>

deterministic evolution

V (t),j =
q
� (t),j |' (t),jih (t)|

<latexit sha1_base64="K/YWxanPMH7zJP9jSCLvnD8X0dY="></latexit>

Operators J↵(t) =
p
c↵(t)L↵(t)

<latexit sha1_base64="cOjxkTKBCv0QSyYFh2ez/RpqyPE=">AAACJXicbZC7SgNREIbPene9RS1tDiaCNmE3FtoIQRsRCwUThSQss8dJcsjZi+fMCmHJc/gIPoWtVnYiWIiv4mYT8DrVz/fPMDO/HytpyHHerInJqemZ2bl5e2FxaXmlsLpWN1GiBdZEpCJ95YNBJUOskSSFV7FGCHyFl37vaOhf3qI2MgovqB9jK4BOKNtSAGXIK7ilkn3ipU1QcRcG27Rz0DQ3mlLhjVBGBqdf2i6VvELRKTt58b/CHYsiG9eZV3hvXkciCTAkocCYhuvE1EpBkxQKB3YzMRiD6EEHG5kMIUDTSvPXBnwrMUARj1FzqXgO8ftECoEx/cDPOgOgrvntDeF/XiOh9n4rlWGcEIZiuIikwnyREVpmmSG/lhqJYHg5chlyARqIUEsOQmQwyUK0szzc39//FfVK2d0tV84rxerhOJk5tsE22TZz2R6rsmN2xmpMsDv2wB7Zk3VvPVsv1uuodcIaz6yzH2V9fAKO9aOe</latexit>

| (t)i ! J↵(t)| (t)i
kJ↵(t)| (t)ik

<latexit sha1_base64="eHwdxbrZmFQ9QQko01cCkknOEmc="></latexit>

HS � i

2

X

↵

c↵L
†
↵L↵

<latexit sha1_base64="nREo16Or4VYl4cqWuGpgdxMP3nM="></latexit>

p↵(t) = kJ↵(t)| (t)ik2dt
<latexit sha1_base64="aaCsKuItaqkBMXfDol1/MEegYKM="></latexit>

o Average over jumps

HS � i

2

X

↵

c↵

⇣
L
†
↵L↵ � 2`⇤ (t),↵L↵ + |` (t),↵|2

⌘

<latexit sha1_base64="Zker/hUaBEuCXdQT7oYBDlF1BR4="></latexit>

nX

j=1

pj(t)
V (t),j | (t)ih (t)|V †

 (t),j

kV (t),j | (t)ik2
=

nX

j=1

� (t),j |' (t),jih' (t),j | = W J
 (t)dt

<latexit sha1_base64="XuPOg9vm3vI0lfejSu8COU582J4="></latexit>



MCWF vs ROQJ

| (t)i !
V (t),j | (t)i

kV (t),j | (t)ik
<latexit sha1_base64="2mzImae+7j3UPZh9SGikIe6S81M="></latexit>

pj(t) = kV (t),j | (t)ik2dt
<latexit sha1_base64="7YBGpiIvgRHPNNae4pf7i6GrlUU="></latexit>

possible jumps
between t and t+dt

probabilities

pj > 0
<latexit sha1_base64="7AUkFSp7gk1eWH5rAGW2v5dNHmI=">AAAB/nicbVC7TsNAEDzzDOYVoKQ5kSBRRXYooEIRNJRBIg8psaLzZROOnO3T3RopsiLxFbRQ0SFafoWCf8E2LiBhqtHMrnZ2fCWFQcf5tJaWV1bX1ksb9ubW9s5ueW+/baJYc2jxSEa66zMDUoTQQoESukoDC3wJHX9ylfmdB9BGROEtThV4ARuHYiQ4w1TqV6u2GtzTC8euVgflilNzctBF4hakQgo0B+Wv/jDicQAhcsmM6bmOQi9hGgWXMLP7sQHF+ISNoZfSkAVgvCTPPKPHsWEYUQWaCklzEX5vJCwwZhr46WTA8M7Me5n4n9eLcXTuJSJUMULIs0MoJOSHDNciLQPoUGhAZFlyoCKknGmGCFpQxnkqxmk7dtqHO//9ImnXa+5prX5TrzQui2ZK5JAckRPikjPSINekSVqEE0WeyDN5sR6tV+vNev8ZXbKKnQPyB9bHNzY1k+Q=</latexit>

also if some
The role of       and      in the MCWF is replaced 

by eigenvalues and eigenvectors of the RO
L↵

<latexit sha1_base64="RnSBvesSkt/eOmgYRabXbekmsN0=">AAACAHicbVC7TgJBFJ3FF64v1NJmIphYkV0stCTaWFhgIo8EVnJ3uMCE2Udm7poQQuNX2GplZ2z9Ewv/xQW3UPBUJ+fcm3vu8WMlDTnOp5VbWV1b38hv2lvbO7t7hf2DhokSLbAuIhXplg8GlQyxTpIUtmKNEPgKm/7oauY3H1AbGYV3NI7RC2AQyr4UQKl0XyrZN90OqHgIdqnULRSdsjMHXyZuRoosQ61b+Or0IpEEGJJQYEzbdWLyJqBJCoVTu5MYjEGMYIDtlIYQoPEm89RTfpIYoIjHqLlUfC7i740JBMaMAz+dDICGZtGbif957YT6F95EhnFCGIrZIZIK54eM0DKtA3lPaiSCWXLkMuQCNBChlhyESMUk7cdO+3AXv18mjUrZPStXbivF6mXWTJ4dsWN2ylx2zqrsmtVYnQmm2RN7Zi/Wo/VqvVnvP6M5K9s5ZH9gfXwDhbGVPg==</latexit>

c↵
<latexit sha1_base64="/67VuOoBmiPecVxmqdXTHZN+gYY=">AAACAHicbVC7TsNAEDzzDOYVoKQ5ESNRRXYooIygoQwSeUiJidaXTXLK+aG7NVIUpeEraKGiQ7T8CQX/gh1SQMJUo5ld7ewEiZKGXPfTWlldW9/YLGzZ2zu7e/vFg8OGiVMtsC5iFetWAAaVjLBOkhS2Eo0QBgqbweg695sPqI2MozsaJ+iHMIhkXwqgTLp3HFt0O6CSIdiO0y2W3LI7A18m3pyU2By1bvGr04tFGmJEQoExbc9NyJ+AJikUTu1OajABMYIBtjMaQYjGn8xST/lpaoBinqDmUvGZiL83JhAaMw6DbDIEGppFLxf/89op9S/9iYySlDAS+SGSCmeHjNAyqwN5T2okgjw5chlxARqIUEsOQmRimvVjZ314i98vk0al7J2XK7eVUvVq3kyBHbMTdsY8dsGq7IbVWJ0JptkTe2Yv1qP1ar1Z7z+jK9Z854j9gfXxDapwlVU=</latexit>

c↵ < 0
<latexit sha1_base64="inCT1VpzhqmEk/N/g8pNoNY0sLE=">AAACA3icbVC7TgJBFJ3FF+ID1NJmIphYkV0stLAg2lhiIo8ECLk7XGDC7CMzd00IofQrbLWyM7Z+iIX/4u66hYKnOjnn3txzjxsqaci2P63c2vrG5lZ+u7Czu7dfLB0ctkwQaYFNEahAd1wwqKSPTZKksBNqBM9V2HanN4nffkBtZODf0yzEvgdjX46kAIqlQalYqRTEoAcqnMCVXakMSmW7aqfgq8TJSJllaAxKX71hICIPfRIKjOk6dkj9OWiSQuGi0IsMhiCmMMZuTH3w0PTnafAFP40MUMBD1Fwqnor4e2MOnjEzz40nPaCJWfYS8T+vG9Hosj+XfhgR+iI5RFJhesgILeNGkA+lRiJIkiOXPheggQi15CBELEZxRYW4D2f5+1XSqlWd82rtrlauX2fN5NkxO2FnzGEXrM5uWYM1mWARe2LP7MV6tF6tN+v9ZzRnZTtH7A+sj2/lxpXy</latexit>

o Jumps and probabilities when the pre-jump state is | (t)i
<latexit sha1_base64="XZmy0vjw4VuMOcFCGHm1BhrzrPI=">AAACCHicbVC7TgJBFJ3FF+ILH53NRDDBhuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fc40dKWnLdTye1tLyyupZez2xsbm3vZHf3ajaMjcCqCFVoGj5YVFJjlSQpbEQGIfAV1v3B5cSv36GxMtQ3NIywHUBfy54UQInUyR7k85mHVmRlgU5aBnRfYT7fyebcojsFXyTejOTYDJVO9qvVDUUcoCahwNqm50bUHoEhKRSOM63YYgRiAH1sJlRDgLY9mqYf8+PYAoU8QsOl4lMRf2+MILB2GPjJZAB0a+e9ifif14ypd94eSR3FhFpMDpFUOD1khZFJLci70iARTJIjl5oLMECERnIQIhHjpKdM0oc3//0iqZWK3mmxdF3KlS9mzaTZITtiBeaxM1ZmV6zCqkywe/bEntmL8+i8Om/O+89oypnt7LM/cD6+ASKgmFI=</latexit>

deterministic evolution

V (t),j =
q
� (t),j |' (t),jih (t)|

<latexit sha1_base64="K/YWxanPMH7zJP9jSCLvnD8X0dY="></latexit>

Operators J↵(t) =
p
c↵(t)L↵(t)

<latexit sha1_base64="cOjxkTKBCv0QSyYFh2ez/RpqyPE=">AAACJXicbZC7SgNREIbPene9RS1tDiaCNmE3FtoIQRsRCwUThSQss8dJcsjZi+fMCmHJc/gIPoWtVnYiWIiv4mYT8DrVz/fPMDO/HytpyHHerInJqemZ2bl5e2FxaXmlsLpWN1GiBdZEpCJ95YNBJUOskSSFV7FGCHyFl37vaOhf3qI2MgovqB9jK4BOKNtSAGXIK7ilkn3ipU1QcRcG27Rz0DQ3mlLhjVBGBqdf2i6VvELRKTt58b/CHYsiG9eZV3hvXkciCTAkocCYhuvE1EpBkxQKB3YzMRiD6EEHG5kMIUDTSvPXBnwrMUARj1FzqXgO8ftECoEx/cDPOgOgrvntDeF/XiOh9n4rlWGcEIZiuIikwnyREVpmmSG/lhqJYHg5chlyARqIUEsOQmQwyUK0szzc39//FfVK2d0tV84rxerhOJk5tsE22TZz2R6rsmN2xmpMsDv2wB7Zk3VvPVsv1uuodcIaz6yzH2V9fAKO9aOe</latexit>

| (t)i ! J↵(t)| (t)i
kJ↵(t)| (t)ik

<latexit sha1_base64="eHwdxbrZmFQ9QQko01cCkknOEmc="></latexit>

HS � i

2

X

↵

c↵L
†
↵L↵

<latexit sha1_base64="nREo16Or4VYl4cqWuGpgdxMP3nM="></latexit>

p↵(t) = kJ↵(t)| (t)ik2dt
<latexit sha1_base64="aaCsKuItaqkBMXfDol1/MEegYKM="></latexit>

nX

j=1

pj(t)
V (t),j | (t)ih (t)|V †

 (t),j

kV (t),j | (t)ik2
=

nX

j=1

� (t),j |' (t),jih' (t),j | = W J
 (t)dt

<latexit sha1_base64="XuPOg9vm3vI0lfejSu8COU582J4="></latexit>

o Average over jumps

o Non-linearities from jump and deterministic parts cancel out

HS � i

2

X

↵

c↵

⇣
L
†
↵L↵ � 2`⇤ (t),↵L↵ + |` (t),↵|2

⌘

<latexit sha1_base64="Zker/hUaBEuCXdQT7oYBDlF1BR4="></latexit>



Continuous-measurement framework
The system is continuously monitored by 
n detectors: every dt two kinds of events

S



Continuous-measurement framework

• No detector clicks: null count ;
<latexit sha1_base64="rBPo6nbQ2auzjTuzIgyMiLji8Xo=">AAACA3icbVC7TsNAEDyHVzCPGChpTsRIVJEdCigjaCiDRB5SYkXnyyaccn7obo0UWSn5Clqo6BAtH0LBv2AbF5Aw1WhmVzs7fiyFRsf5NCpr6xubW9Vtc2d3b79mHRx2dZQoDh0eyUj1faZBihA6KFBCP1bAAl9Cz59d537vAZQWUXiH8xi8gE1DMRGcYSaNrJptm0MIYpxrQNO2R1bdaTgF6CpxS1InJdoj62s4jngSQIhcMq0HrhOjlzKFgktYmMNEQ8z4jE1hkNGQBaC9tAi+oKeJZhjRGBQVkhYi/N5IWaD1PPCzyYDhvV72cvE/b5Dg5NJLRRgnCCHPD6GQUBzSXImsEaBjoQCR5cmBipByphgiKEEZ55mYZBWZWR/u8verpNtsuOeN5m2z3roqm6mSY3JCzohLLkiL3JA26RBOEvJEnsmL8Wi8Gm/G+89oxSh3jsgfGB/fZiWWQw==</latexit>

S

The system is continuously monitored by 
n detectors: every dt two kinds of events



Continuous-measurement framework

• No detector clicks: null count

• The j-th detector clicks

;
<latexit sha1_base64="rBPo6nbQ2auzjTuzIgyMiLji8Xo=">AAACA3icbVC7TsNAEDyHVzCPGChpTsRIVJEdCigjaCiDRB5SYkXnyyaccn7obo0UWSn5Clqo6BAtH0LBv2AbF5Aw1WhmVzs7fiyFRsf5NCpr6xubW9Vtc2d3b79mHRx2dZQoDh0eyUj1faZBihA6KFBCP1bAAl9Cz59d537vAZQWUXiH8xi8gE1DMRGcYSaNrJptm0MIYpxrQNO2R1bdaTgF6CpxS1InJdoj62s4jngSQIhcMq0HrhOjlzKFgktYmMNEQ8z4jE1hkNGQBaC9tAi+oKeJZhjRGBQVkhYi/N5IWaD1PPCzyYDhvV72cvE/b5Dg5NJLRRgnCCHPD6GQUBzSXImsEaBjoQCR5cmBipByphgiKEEZ55mYZBWZWR/u8verpNtsuOeN5m2z3roqm6mSY3JCzohLLkiL3JA26RBOEvJEnsmL8Wi8Gm/G+89oxSh3jsgfGB/fZiWWQw==</latexit>

S

The system is continuously monitored by 
n detectors: every dt two kinds of events



Continuous-measurement framework

• No detector clicks: null count

• The j-th detector clicks

!t = (t1, j1; t2, j2; . . . tm, jm)
<latexit sha1_base64="3Cq7uA+I7tUc63rH7xT/nrIcR2E="></latexit>

;
<latexit sha1_base64="rBPo6nbQ2auzjTuzIgyMiLji8Xo=">AAACA3icbVC7TsNAEDyHVzCPGChpTsRIVJEdCigjaCiDRB5SYkXnyyaccn7obo0UWSn5Clqo6BAtH0LBv2AbF5Aw1WhmVzs7fiyFRsf5NCpr6xubW9Vtc2d3b79mHRx2dZQoDh0eyUj1faZBihA6KFBCP1bAAl9Cz59d537vAZQWUXiH8xi8gE1DMRGcYSaNrJptm0MIYpxrQNO2R1bdaTgF6CpxS1InJdoj62s4jngSQIhcMq0HrhOjlzKFgktYmMNEQ8z4jE1hkNGQBaC9tAi+oKeJZhjRGBQVkhYi/N5IWaD1PPCzyYDhvV72cvE/b5Dg5NJLRRgnCCHPD6GQUBzSXImsEaBjoQCR5cmBipByphgiKEEZ55mYZBWZWR/u8verpNtsuOeN5m2z3roqm6mSY3JCzohLLkiL3JA26RBOEvJEnsmL8Wi8Gm/G+89oxSh3jsgfGB/fZiWWQw==</latexit>

Count sequence: Instants and types of the (non-null) counts

It fixes the system state | (!t)i
<latexit sha1_base64="dM256jvBArCGm7MSHIttg82PZtw=">AAACEHicbVC7TsNAEDyHt3kFKKE4kSCFJrJDASWChhIkkiDFUbQ+lnDK+WzdrZGiQMMn8BW0UNEhWv6Agn/BDi6AMNVoZle7M2GipCXP+3BKU9Mzs3PzC+7i0vLKanltvWXj1AhsiljF5iIEi0pqbJIkhReJQYhChe1wcJz77Rs0Vsb6nIYJdiPoa3klBVAm9cpb1ap7GyRW1oI4wj70aDcwoPsK3Wq1V654dW8MPkn8glRYgdNe+TO4jEUaoSahwNqO7yXUHYEhKRTeuUFqMQExgD52MqohQtsdjVPc8Z3UAsU8QcOl4mMRf26MILJ2GIXZZAR0bf96ufif10np6qA7kjpJCbXID5FUOD5khZFZPcgvpUEiyD9HLjUXYIAIjeQgRCamWV9u1of/N/0kaTXq/l69cdaoHB4VzcyzTbbNasxn++yQnbBT1mSC3bNH9sSenQfnxXl13r5HS06xs8F+wXn/Au3gm3A=</latexit>

S

The system is continuously monitored by 
n detectors: every dt two kinds of events



Continuous-measurement framework

• No detector clicks: null count

• The j-th detector clicks

!t = (t1, j1; t2, j2; . . . tm, jm)
<latexit sha1_base64="3Cq7uA+I7tUc63rH7xT/nrIcR2E="></latexit>

Count sequence: Instants and types of the (non-null) counts

Quantum instrument: map from the set of outcomes to CP maps on

;
<latexit sha1_base64="rBPo6nbQ2auzjTuzIgyMiLji8Xo=">AAACA3icbVC7TsNAEDyHVzCPGChpTsRIVJEdCigjaCiDRB5SYkXnyyaccn7obo0UWSn5Clqo6BAtH0LBv2AbF5Aw1WhmVzs7fiyFRsf5NCpr6xubW9Vtc2d3b79mHRx2dZQoDh0eyUj1faZBihA6KFBCP1bAAl9Cz59d537vAZQWUXiH8xi8gE1DMRGcYSaNrJptm0MIYpxrQNO2R1bdaTgF6CpxS1InJdoj62s4jngSQIhcMq0HrhOjlzKFgktYmMNEQ8z4jE1hkNGQBaC9tAi+oKeJZhjRGBQVkhYi/N5IWaD1PPCzyYDhvV72cvE/b5Dg5NJLRRgnCCHPD6GQUBzSXImsEaBjoQCR5cmBipByphgiKEEZ55mYZBWZWR/u8verpNtsuOeN5m2z3roqm6mSY3JCzohLLkiL3JA26RBOEvJEnsmL8Wi8Gm/G+89oxSh3jsgfGB/fZiWWQw==</latexit>

I!t,j⇢ = V!t,j⇢V
†
!t,j

dt
<latexit sha1_base64="qi4h+TVyDWK6NP/UYqiowbaYCoI="></latexit>

I!t,;⇢ = F!t,;⇢F
†
!t,;

<latexit sha1_base64="oBWpPrNr9L4EK6R56MnnyRSf4iM="></latexit>

V!t,j =
q
� (!t),j |' (!t),jih (!t)|

<latexit sha1_base64="CCYF91Dn2uVKtTCF0FXYApK/v1w="></latexit>

It fixes the system state | (!t)i
<latexit sha1_base64="dM256jvBArCGm7MSHIttg82PZtw=">AAACEHicbVC7TsNAEDyHt3kFKKE4kSCFJrJDASWChhIkkiDFUbQ+lnDK+WzdrZGiQMMn8BW0UNEhWv6Agn/BDi6AMNVoZle7M2GipCXP+3BKU9Mzs3PzC+7i0vLKanltvWXj1AhsiljF5iIEi0pqbJIkhReJQYhChe1wcJz77Rs0Vsb6nIYJdiPoa3klBVAm9cpb1ap7GyRW1oI4wj70aDcwoPsK3Wq1V654dW8MPkn8glRYgdNe+TO4jEUaoSahwNqO7yXUHYEhKRTeuUFqMQExgD52MqohQtsdjVPc8Z3UAsU8QcOl4mMRf26MILJ2GIXZZAR0bf96ufif10np6qA7kjpJCbXID5FUOD5khZFZPcgvpUEiyD9HLjUXYIAIjeQgRCamWV9u1of/N/0kaTXq/l69cdaoHB4VzcyzTbbNasxn++yQnbBT1mSC3bNH9sSenQfnxXl13r5HS06xs8F+wXn/Au3gm3A=</latexit>

S

S(HS)
<latexit sha1_base64="abBaWJ8WEaBKpOb1HnkqkE9DAqg=">AAACCnicbVC7TsNAEDzzxrwCSDQ0JxKk0ER2KKBE0KQMCkmQEstaXxY4cX7obo0UmfwBX0ELFR2i5Sco+BfskAICU41mdrWzEyRKGnKcD2tmdm5+YXFp2V5ZXVvfKG1udUycaoFtEatYXwZgUMkI2yRJ4WWiEcJAYTe4PSv87h1qI+PogoYJeiFcR/JKCqBc8ks7lYrdqvZDoBsBKmuM/NaBXan4pbJTc8bgf4k7IWU2QdMvffYHsUhDjEgoMKbnOgl5GWiSQuHI7qcGExC3cI29nEYQovGycf4R308NUMwT1FwqPhbx50YGoTHDMMgni6Bm2ivE/7xeSlfHXiajJCWMRHGIpMLxISO0zItBPpAaiaBIjlxGXIAGItSSgxC5mOZN2Xkf7vT3f0mnXnMPa/XzevnkdNLMEttle6zKXHbETliDNVmbCXbPHtkTe7YerBfr1Xr7Hp2xJjvb7Bes9y+cSJh+</latexit>

F!t,; =
�
Id� iH

eff
!t

dt
�
| (!t)ih (!t)|

<latexit sha1_base64="xdG0BzjwTAdZwVdmNf6h5sDEUr4="></latexit>

The system is continuously monitored by 
n detectors: every dt two kinds of events



Trajectories of the continuous measurement

o State transformations and probabilities by postulates of quantum mechanics

⇢ 7!
I!t,j(;)⇢

Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="/AY3PjlwvahIYsIcbs25ezHHWYQ="></latexit>

pj(;)(t) = Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="cXz4KcitiQvjuO/374zqSpPdR3E="></latexit>



Trajectories of the continuous measurement

o State transformations and probabilities by postulates of quantum mechanics

⇢ 7!
I!t,j(;)⇢

Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="/AY3PjlwvahIYsIcbs25ezHHWYQ="></latexit>

pj(;)(t) = Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="cXz4KcitiQvjuO/374zqSpPdR3E="></latexit>

o When applied to the state                         fixed by the count sequence    

I!t,j | (!t)ih (!t)| = V!t,j | (!t)ih (!t)|V †
!t,j

dt
<latexit sha1_base64="V/V9GOQHkJmFKDvui4GdUSJPdY4="></latexit>

I!t,;| (!t)ih (!t)| = F!t,;| (!t)ih (!t)|F †
!t,;

<latexit sha1_base64="gl+1nV5QqGiYtat7Gu7FOAxJi8g="></latexit>

| (!t)ih (!t)|
<latexit sha1_base64="1vdWfFIXkAv1shuLjJTdML2SaMw=">AAACKHicbVC7TsNAEDzzDOYVoKQ5kSCFJrIDEpQIGsogkYAUR9H6WMKJ89m6WyNFCT/CJ/AVtFDRoRQ0fAl2cAGBaW40s6u9mTBR0pLnjZ2Z2bn5hcXSkru8srq2Xt7YbNs4NQJbIlaxuQrBopIaWyRJ4VViEKJQ4WV4d5r7l/dorIz1BQ0S7EbQ1/JGCqBM6pUPqlV3FCRW1oI4wj70aC8woPsKeaCK95c7cqvVXrni1b0J+F/iF6TCCjR75Y/gOhZphJqEAms7vpdQdwiGpFD44AapxQTEHfSxk1ENEdrucJLuge+mFijmCRouFZ+I+HNjCJG1gyjMJiOgWzvt5eJ/Xielm6PuUOokJdQiP0Qyy5sfssLIrDbk19IgEeQ/Ry41F2CACI3kIEQmplmPbtaHP53+L2k36v5+vXHeqByfFM2U2DbbYTXms0N2zM5Yk7WYYI/smb2wV+fJeXPenfH36IxT7GyxX3A+vwBciqUc</latexit>

!t
<latexit sha1_base64="ZHl5V2Yz2z1r6FuRImz5W/JAvEY=">AAACAHicbVC7TsNAEDyHVzCvACXNiRiJKrJDAWUEDWWQyENKQrS+bMIp54fu1khRlIavoIWKDtHyJxT8C7ZJAQlTjWZ2tbPjx0oact1Pq7Cyura+Udy0t7Z3dvdK+wdNEyVaYENEKtJtHwwqGWKDJClsxxoh8BW2/PFV5rceUBsZhbc0ibEXwCiUQymAUunOcexuFOAI+mQ7Tr9UdituDr5MvDkpsznq/dJXdxCJJMCQhAJjOp4bU28KmqRQOLO7icEYxBhG2ElpCAGa3jRPPeMniQGKeIyaS8VzEX9vTCEwZhL46WQAdG8WvUz8z+skNLzoTWUYJ4ShyA6RVJgfMkLLtA7kA6mRCLLkyGXIBWggQi05CJGKSdqPnfbhLX6/TJrVindWqd5Uy7XLeTNFdsSO2Snz2DmrsWtWZw0mmGZP7Jm9WI/Wq/Vmvf+MFqz5ziH7A+vjG8o2lWk=</latexit>

| (!t)ih (!t)| 7! |' (!t),jih' (!t),j |
<latexit sha1_base64="wAuhWRIz9YpUJ9wvwydCIsQm1Yo="></latexit>

pj(t) = � (!t),jdt
<latexit sha1_base64="9gyn8xd7aQPNKw4xsOwZBVATZDQ=">AAACHnicbVC7TsNAEDzzDOYVoKQ5kSAFhCI7FNAgRdBQgkQAKY6s9WUJB2f7dLdGQlb+gU/gK2ihokO0UPAvOCEFr6lGMzva3Ym0kpY8790ZG5+YnJouzbizc/MLi+Wl5VObZkZgS6QqNecRWFQywRZJUniuDUIcKTyLrg8G/tkNGivT5IRuNXZi6CXyQgqgQgrLm9Wqq8OrGm3sBaqIdSHMA21lLUhj7EFIG1tXfd4lt1oNyxWv7g3B/xJ/RCpshKOw/BF0U5HFmJBQYG3b9zR1cjAkhcK+G2QWNYhr6GG7oAnEaDv58Kc+X88sUMo1Gi4VH4r4PZFDbO1tHBWTMdCl/e0NxP+8dkYXu51cJjojTMRgEUmFw0VWGFmUhbwrDRLB4HLkMuECDBChkRyEKMSsaM8t+vB/f/+XnDbq/na9cdyoNPdHzZTYKltjNeazHdZkh+yItZhgd+yBPbIn5955dl6c16/RMWeUWWE/4Lx9AqxHoIg=</latexit>

P (t) = 1�
nX

j=1

pj(t)

<latexit sha1_base64="KiD8JV6oSmLHVuwaMsH6qtzgy8k=">AAACFXicbVC7TsNAEDzzDOZloKQ5SJCgILJDAU2kCBrKIJEQKQnW+Vjgwvls3a2RkJWaT+AraKGiQ7TUFPwLtkkBgalGM7vanQliKQy67oc1MTk1PTNbmrPnFxaXlp2V1baJEs2hxSMZ6U7ADEihoIUCJXRiDSwMJJwFN0e5f3YL2ohIneJdDP2QXSlxKTjDTPKdjUrFbm7jjl33dnsmCf10UPeG54rG/iCXKxXfKbtVtwD9S7wRKZMRmr7z2buIeBKCQi6ZMV3PjbGfMo2CSxjavcRAzPgNu4JuRhULwfTTIsqQbiWGYURj0FRIWojwcyNloTF3YZBNhgyvzbiXi/953QQvD/qpUHGCoHh+CIWE4pDhWmQdAb0QGhBZ/jlQoShnmiGCFpRxnolJVpqd9eGNp/9L2rWqt1etndTKjcNRMyWyTjbJNvHIPmmQY9IkLcLJPXkkT+TZerBerFfr7Xt0whrtrJFfsN6/ALyMm6Q=</latexit>

| (!t)ih (!t)| 7!
1

P (t)

�
1� iH

eff
!t

dt
�
| (!t)ih (!t)|

�
1 + iH

eff,†
!t

dt
�

<latexit sha1_base64="IRbPMi3I2A03GhvtNt8bYz1lnzA="></latexit>



Trajectories of the continuous measurement

o State transformations and probabilities by postulates of quantum mechanics

⇢ 7!
I!t,j(;)⇢

Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="/AY3PjlwvahIYsIcbs25ezHHWYQ="></latexit>

pj(;)(t) = Tr
�
I!t,j(;)⇢

 
<latexit sha1_base64="cXz4KcitiQvjuO/374zqSpPdR3E="></latexit>

If we identify the count sequence with the sequence of jumps, we get the 
same trajectories and associated probabilities as the unraveling!!

o When applied to the state                         fixed by the count sequence    

I!t,j | (!t)ih (!t)| = V!t,j | (!t)ih (!t)|V †
!t,j

dt
<latexit sha1_base64="V/V9GOQHkJmFKDvui4GdUSJPdY4="></latexit>

I!t,;| (!t)ih (!t)| = F!t,;| (!t)ih (!t)|F †
!t,;

<latexit sha1_base64="gl+1nV5QqGiYtat7Gu7FOAxJi8g="></latexit>

| (!t)ih (!t)|
<latexit sha1_base64="1vdWfFIXkAv1shuLjJTdML2SaMw=">AAACKHicbVC7TsNAEDzzDOYVoKQ5kSCFJrIDEpQIGsogkYAUR9H6WMKJ89m6WyNFCT/CJ/AVtFDRoRQ0fAl2cAGBaW40s6u9mTBR0pLnjZ2Z2bn5hcXSkru8srq2Xt7YbNs4NQJbIlaxuQrBopIaWyRJ4VViEKJQ4WV4d5r7l/dorIz1BQ0S7EbQ1/JGCqBM6pUPqlV3FCRW1oI4wj70aC8woPsKeaCK95c7cqvVXrni1b0J+F/iF6TCCjR75Y/gOhZphJqEAms7vpdQdwiGpFD44AapxQTEHfSxk1ENEdrucJLuge+mFijmCRouFZ+I+HNjCJG1gyjMJiOgWzvt5eJ/Xielm6PuUOokJdQiP0Qyy5sfssLIrDbk19IgEeQ/Ry41F2CACI3kIEQmplmPbtaHP53+L2k36v5+vXHeqByfFM2U2DbbYTXms0N2zM5Yk7WYYI/smb2wV+fJeXPenfH36IxT7GyxX3A+vwBciqUc</latexit>

!t
<latexit sha1_base64="ZHl5V2Yz2z1r6FuRImz5W/JAvEY=">AAACAHicbVC7TsNAEDyHVzCvACXNiRiJKrJDAWUEDWWQyENKQrS+bMIp54fu1khRlIavoIWKDtHyJxT8C7ZJAQlTjWZ2tbPjx0oact1Pq7Cyura+Udy0t7Z3dvdK+wdNEyVaYENEKtJtHwwqGWKDJClsxxoh8BW2/PFV5rceUBsZhbc0ibEXwCiUQymAUunOcexuFOAI+mQ7Tr9UdituDr5MvDkpsznq/dJXdxCJJMCQhAJjOp4bU28KmqRQOLO7icEYxBhG2ElpCAGa3jRPPeMniQGKeIyaS8VzEX9vTCEwZhL46WQAdG8WvUz8z+skNLzoTWUYJ4ShyA6RVJgfMkLLtA7kA6mRCLLkyGXIBWggQi05CJGKSdqPnfbhLX6/TJrVindWqd5Uy7XLeTNFdsSO2Snz2DmrsWtWZw0mmGZP7Jm9WI/Wq/Vmvf+MFqz5ziH7A+vjG8o2lWk=</latexit>

| (!t)ih (!t)| 7! |' (!t),jih' (!t),j |
<latexit sha1_base64="wAuhWRIz9YpUJ9wvwydCIsQm1Yo="></latexit>

pj(t) = � (!t),jdt
<latexit sha1_base64="9gyn8xd7aQPNKw4xsOwZBVATZDQ=">AAACHnicbVC7TsNAEDzzDOYVoKQ5kSAFhCI7FNAgRdBQgkQAKY6s9WUJB2f7dLdGQlb+gU/gK2ihokO0UPAvOCEFr6lGMzva3Ym0kpY8790ZG5+YnJouzbizc/MLi+Wl5VObZkZgS6QqNecRWFQywRZJUniuDUIcKTyLrg8G/tkNGivT5IRuNXZi6CXyQgqgQgrLm9Wqq8OrGm3sBaqIdSHMA21lLUhj7EFIG1tXfd4lt1oNyxWv7g3B/xJ/RCpshKOw/BF0U5HFmJBQYG3b9zR1cjAkhcK+G2QWNYhr6GG7oAnEaDv58Kc+X88sUMo1Gi4VH4r4PZFDbO1tHBWTMdCl/e0NxP+8dkYXu51cJjojTMRgEUmFw0VWGFmUhbwrDRLB4HLkMuECDBChkRyEKMSsaM8t+vB/f/+XnDbq/na9cdyoNPdHzZTYKltjNeazHdZkh+yItZhgd+yBPbIn5955dl6c16/RMWeUWWE/4Lx9AqxHoIg=</latexit>

P (t) = 1�
nX

j=1

pj(t)

<latexit sha1_base64="KiD8JV6oSmLHVuwaMsH6qtzgy8k=">AAACFXicbVC7TsNAEDzzDOZloKQ5SJCgILJDAU2kCBrKIJEQKQnW+Vjgwvls3a2RkJWaT+AraKGiQ7TUFPwLtkkBgalGM7vanQliKQy67oc1MTk1PTNbmrPnFxaXlp2V1baJEs2hxSMZ6U7ADEihoIUCJXRiDSwMJJwFN0e5f3YL2ohIneJdDP2QXSlxKTjDTPKdjUrFbm7jjl33dnsmCf10UPeG54rG/iCXKxXfKbtVtwD9S7wRKZMRmr7z2buIeBKCQi6ZMV3PjbGfMo2CSxjavcRAzPgNu4JuRhULwfTTIsqQbiWGYURj0FRIWojwcyNloTF3YZBNhgyvzbiXi/953QQvD/qpUHGCoHh+CIWE4pDhWmQdAb0QGhBZ/jlQoShnmiGCFpRxnolJVpqd9eGNp/9L2rWqt1etndTKjcNRMyWyTjbJNvHIPmmQY9IkLcLJPXkkT+TZerBerFfr7Xt0whrtrJFfsN6/ALyMm6Q=</latexit>

| (!t)ih (!t)| 7!
1

P (t)

�
1� iH

eff
!t

dt
�
| (!t)ih (!t)|

�
1 + iH

eff,†
!t

dt
�

<latexit sha1_base64="IRbPMi3I2A03GhvtNt8bYz1lnzA="></latexit>



Environment as a non-selective observer

o By construction, the average over the trajectories gives us

d

dt
⇢(t) = �i[HS(t), ⇢(t)] +

n2�1X

↵=1

c↵(t)

✓
L↵(t)⇢(t)L↵(t)

† � 1

2

�
L
†
↵(t)L↵(t), ⇢(t)

 ◆

<latexit sha1_base64="jbuXTHheKE2jqJiWxQabnYWcOXM="></latexit>



Environment as a non-selective observer

S E
S

non-selective 
measurement

o By construction, the average over the trajectories gives us

d

dt
⇢(t) = �i[HS(t), ⇢(t)] +

n2�1X

↵=1

c↵(t)

✓
L↵(t)⇢(t)L↵(t)

† � 1

2

�
L
†
↵(t)L↵(t), ⇢(t)

 ◆

<latexit sha1_base64="jbuXTHheKE2jqJiWxQabnYWcOXM="></latexit>

Consistent continuous-measurement picture Barchielli & Belavkin JPA 24 (1991)



Environment as a non-selective observer

S E
S

non-selective 
measurement

I!t,j(;)
<latexit sha1_base64="K6P/NyfKcC7wBtmCtUVeAu1bGA8="></latexit>

The instrument itself depends on the sequence of jumps 
Dynamics’ complete positivity not needed: positivity is enough

o By construction, the average over the trajectories gives us

d

dt
⇢(t) = �i[HS(t), ⇢(t)] +

n2�1X

↵=1

c↵(t)

✓
L↵(t)⇢(t)L↵(t)

† � 1

2

�
L
†
↵(t)L↵(t), ⇢(t)

 ◆

<latexit sha1_base64="jbuXTHheKE2jqJiWxQabnYWcOXM="></latexit>

Consistent continuous-measurement picture Barchielli & Belavkin JPA 24 (1991)



Case study 1:  Qubit evolution

d

dt
⇢(t) =

1

2

3X

k=1

�k(t) [�k⇢(t)�k � ⇢(t)]
<latexit sha1_base64="+c2f47RSIU8OIEI+Z6wUmX6LqP8="></latexit>

�1(t) = 1

�2(t) = 1

�3(t) = � tanh(t)
<latexit sha1_base64="64WrEYlL1Sff/E+LdyY79bBZFAk="></latexit>

Hall, Cresser, Li & Andersson PRA 89 (2014)

• The dynamics is completely positive and P-divisible      
• One negative coefficient for any t>0
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• One negative coefficient for any t>0

MCWF can never be applied (Eternal non-Markovianity)



Case study 1:  Qubit evolution

d

dt
⇢(t) =

1

2

3X

k=1

�k(t) [�k⇢(t)�k � ⇢(t)]
<latexit sha1_base64="+c2f47RSIU8OIEI+Z6wUmX6LqP8="></latexit>

�1(t) = 1

�2(t) = 1

�3(t) = � tanh(t)
<latexit sha1_base64="64WrEYlL1Sff/E+LdyY79bBZFAk="></latexit>

Hall, Cresser, Li & Andersson PRA 89 (2014)

• The dynamics is completely positive and P-divisible      
• One negative coefficient for any t>0

MCWF can never be applied (Eternal non-Markovianity)

time

0 0.5 1 1.5 2
-0.5

0

0.5

• Solid line: solution of the master equation
• Circles: average over 104 trajectories
• dt = 2 x 10-3

• Inset: example of 3 trajectories
• Error bars within the circles

Effective unraveling for all t>0; jumps associated with detectors’ “clicks” 



Outline

o

o

o Extension to general non-Markovian dynamics

o



Beyond P-divisible dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>



Beyond P-divisible dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>

Positive eigenvalues: as before | (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>



Beyond P-divisible dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>

Positive eigenvalues: as before 

Negative eigenvalues: we define reversed jumps, to avoid pj�(t) < 0
<latexit sha1_base64="Kd9HSf05QNLoGpOtJ9WRhO1dnWA=">AAACBnicbVC7TsNAEDyHVzAvE0qaEwlSKIjsUEBBEUFDGSTykJJgnS+bcOT80N0aEVnp+QpaqOgQLb9Bwb/gmBRAmGo0s6udHS+SQqNtfxi5hcWl5ZX8qrm2vrG5ZW0XmjqMFYcGD2Wo2h7TIEUADRQooR0pYL4noeWNzqd+6w6UFmFwheMIej4bBmIgOMNUcq1CqWRGbnJ7fTgp48GpbZZKrlW0K3YGOk+cGSmSGequ9dnthzz2IUAumdYdx46wlzCFgkuYmN1YQ8T4iA2hk9KA+aB7SZZ9QvdjzTCkESgqJM1E+LmRMF/rse+lkz7DG/3Xm4r/eZ0YBye9RARRjBDw6SEUErJDmiuRlgK0LxQgsmlyoCKgnCmGCEpQxnkqxmlLZtqH8/f7edKsVpyjSvWyWqydzZrJk12yR8rEIcekRi5InTQIJ/fkkTyRZ+PBeDFejbfv0Zwx29khv2C8fwEDF5Z3</latexit>

Piilo, Maniscalco, Harkonen, Suominen PRL 100 (2008)

| (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>



Beyond P-divisible dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>

Positive eigenvalues: as before 

Negative eigenvalues: we define reversed jumps, to avoid pj�(t) < 0
<latexit sha1_base64="Kd9HSf05QNLoGpOtJ9WRhO1dnWA=">AAACBnicbVC7TsNAEDyHVzAvE0qaEwlSKIjsUEBBEUFDGSTykJJgnS+bcOT80N0aEVnp+QpaqOgQLb9Bwb/gmBRAmGo0s6udHS+SQqNtfxi5hcWl5ZX8qrm2vrG5ZW0XmjqMFYcGD2Wo2h7TIEUADRQooR0pYL4noeWNzqd+6w6UFmFwheMIej4bBmIgOMNUcq1CqWRGbnJ7fTgp48GpbZZKrlW0K3YGOk+cGSmSGequ9dnthzz2IUAumdYdx46wlzCFgkuYmN1YQ8T4iA2hk9KA+aB7SZZ9QvdjzTCkESgqJM1E+LmRMF/rse+lkz7DG/3Xm4r/eZ0YBye9RARRjBDw6SEUErJDmiuRlgK0LxQgsmlyoCKgnCmGCEpQxnkqxmlLZtqH8/f7edKsVpyjSvWyWqydzZrJk12yR8rEIcekRi5InTQIJ/fkkTyRZ+PBeDFejbfv0Zwx29khv2C8fwEDF5Z3</latexit>

Piilo, Maniscalco, Harkonen, Suominen PRL 100 (2008)

| k(t)i 7! | k0(t)i
<latexit sha1_base64="LPSh3yoxv0BmmWIspHhYphjiaDw=">AAACKXicbVDLSgNBEJz17fqKevQymIh6CbsR0aPoxaOCUSEbQu/YxiGzs8NMrxDWfImf4Fd41ZM3FTz5I25iBF91Kqq66eqKjZKOguDFGxkdG5+YnJr2Z2bn5hdKi0unLs2swLpIVWrPY3CopMY6SVJ4bixCEis8izsHff/sGq2TqT6hrsFmAm0tL6UAKqRWabtS8W8i42Qr7/Q2aDOyoNsKowSMo5R/WevfPL9SaZXKQTUYgP8l4ZCU2RBHrdJbdJGKLEFNQoFzjTAw1MzBkhQKe36UOTQgOtDGRkE1JOia+eC9Hl/LHBRZDFouFR+I+H0jh8S5bhIXkwnQlfvt9cX/vEZGl7vNXGqTEWrRP0RS4eCQE1YWvSG/kBaJoJ8cudRcgAUitJKDEIWYFUX6RR/h7+//ktNaNdyq1o5r5b39YTNTbIWtsg0Wsh22xw7ZEaszwW7ZPXtgj96d9+Q9e6+foyPecGeZ/YD3/gErR6Yf</latexit>

| k(t)i = |' k0 (t),j�i
<latexit sha1_base64="AcyqBVHDqjYqV/MqYaMGZ3GcZK0="></latexit>

Constraint on the 
source&target states

p(k!k0)
j� (t) =

Nk0(t)

Nk(t)

��� k0 (t),j�
�� dt

<latexit sha1_base64="YMVXAvC0m6gvCpPZ1uzA0UhNecg="></latexit>

Probabilities relate 
different trajectories

| (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>



Beyond P-divisible dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>

Positive eigenvalues: as before 

Negative eigenvalues: we define reversed jumps, to avoid pj�(t) < 0
<latexit sha1_base64="Kd9HSf05QNLoGpOtJ9WRhO1dnWA=">AAACBnicbVC7TsNAEDyHVzAvE0qaEwlSKIjsUEBBEUFDGSTykJJgnS+bcOT80N0aEVnp+QpaqOgQLb9Bwb/gmBRAmGo0s6udHS+SQqNtfxi5hcWl5ZX8qrm2vrG5ZW0XmjqMFYcGD2Wo2h7TIEUADRQooR0pYL4noeWNzqd+6w6UFmFwheMIej4bBmIgOMNUcq1CqWRGbnJ7fTgp48GpbZZKrlW0K3YGOk+cGSmSGequ9dnthzz2IUAumdYdx46wlzCFgkuYmN1YQ8T4iA2hk9KA+aB7SZZ9QvdjzTCkESgqJM1E+LmRMF/rse+lkz7DG/3Xm4r/eZ0YBye9RARRjBDw6SEUErJDmiuRlgK0LxQgsmlyoCKgnCmGCEpQxnkqxmlLZtqH8/f7edKsVpyjSvWyWqydzZrJk12yR8rEIcekRi5InTQIJ/fkkTyRZ+PBeDFejbfv0Zwx29khv2C8fwEDF5Z3</latexit>

Piilo, Maniscalco, Harkonen, Suominen PRL 100 (2008)

| k(t)i 7! | k0(t)i
<latexit sha1_base64="LPSh3yoxv0BmmWIspHhYphjiaDw=">AAACKXicbVDLSgNBEJz17fqKevQymIh6CbsR0aPoxaOCUSEbQu/YxiGzs8NMrxDWfImf4Fd41ZM3FTz5I25iBF91Kqq66eqKjZKOguDFGxkdG5+YnJr2Z2bn5hdKi0unLs2swLpIVWrPY3CopMY6SVJ4bixCEis8izsHff/sGq2TqT6hrsFmAm0tL6UAKqRWabtS8W8i42Qr7/Q2aDOyoNsKowSMo5R/WevfPL9SaZXKQTUYgP8l4ZCU2RBHrdJbdJGKLEFNQoFzjTAw1MzBkhQKe36UOTQgOtDGRkE1JOia+eC9Hl/LHBRZDFouFR+I+H0jh8S5bhIXkwnQlfvt9cX/vEZGl7vNXGqTEWrRP0RS4eCQE1YWvSG/kBaJoJ8cudRcgAUitJKDEIWYFUX6RR/h7+//ktNaNdyq1o5r5b39YTNTbIWtsg0Wsh22xw7ZEaszwW7ZPXtgj96d9+Q9e6+foyPecGeZ/YD3/gErR6Yf</latexit>

| k(t)i = |' k0 (t),j�i
<latexit sha1_base64="AcyqBVHDqjYqV/MqYaMGZ3GcZK0="></latexit>

Constraint on the 
source&target states

p(k!k0)
j� (t) =

Nk0(t)

Nk(t)

��� k0 (t),j�
�� dt

<latexit sha1_base64="YMVXAvC0m6gvCpPZ1uzA0UhNecg="></latexit>

Probabilities relate 
different trajectories

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

� 1,j > 0
<latexit sha1_base64="HRkBrRLUDKzERlJb2vSNjNdhB+A=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFAhBA1lkEhAiiNrfdnAwfmhuzVSZKXiE/gKWqjoEC1fQMG/4BgXQJhqNDOr3Z0gUdKQ43xYE5NT0zOzc/P2wuLS8kplda1t4lQLbIlYxfoyAINKRtgiSQovE40QBgovgtuTkX9xh9rIODqnQYLdEK4i2ZcCKJf8ymatZnsqz/fAz7zESN/d5TdDfsgdu1bzK1Wn7hTg48QtSZWVaPqVT68XizTEiIQCYzquk1A3A01SKBzaXmowAXELV9jJaQQhmm5WvDHk26kBinmCmkvFCxF/TmQQGjMIgzwZAl2bv95I/M/rpNQ/6GYySlLCSIwWkVRYLDJCy7wf5D2pkQhGlyOXEReggQi15CBELqZ5YXbeh/v3+3HSbtTdvXrjrFE9Oi6bmWMbbIvtMJftsyN2ypqsxQS7Z4/siT1bD9aL9Wq9fUcnrHJmnf2C9f4FzxSaqA==</latexit>

| (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>



Beyond P-divisible dynamics

W J
 (t) =

X

j+

� (t),j+ |' (t),j+ih' (t),j+ |�
X

j�

��� (t),j�
�� |' (t),j�ih' (t),j� |

<latexit sha1_base64="7oLcdu4SC8GiyaYDzUWQHyV7+eg="></latexit>

Positive eigenvalues: as before 

Negative eigenvalues: we define reversed jumps, to avoid pj�(t) < 0
<latexit sha1_base64="Kd9HSf05QNLoGpOtJ9WRhO1dnWA=">AAACBnicbVC7TsNAEDyHVzAvE0qaEwlSKIjsUEBBEUFDGSTykJJgnS+bcOT80N0aEVnp+QpaqOgQLb9Bwb/gmBRAmGo0s6udHS+SQqNtfxi5hcWl5ZX8qrm2vrG5ZW0XmjqMFYcGD2Wo2h7TIEUADRQooR0pYL4noeWNzqd+6w6UFmFwheMIej4bBmIgOMNUcq1CqWRGbnJ7fTgp48GpbZZKrlW0K3YGOk+cGSmSGequ9dnthzz2IUAumdYdx46wlzCFgkuYmN1YQ8T4iA2hk9KA+aB7SZZ9QvdjzTCkESgqJM1E+LmRMF/rse+lkz7DG/3Xm4r/eZ0YBye9RARRjBDw6SEUErJDmiuRlgK0LxQgsmlyoCKgnCmGCEpQxnkqxmlLZtqH8/f7edKsVpyjSvWyWqydzZrJk12yR8rEIcekRi5InTQIJ/fkkTyRZ+PBeDFejbfv0Zwx29khv2C8fwEDF5Z3</latexit>

Piilo, Maniscalco, Harkonen, Suominen PRL 100 (2008)

| k(t)i 7! | k0(t)i
<latexit sha1_base64="LPSh3yoxv0BmmWIspHhYphjiaDw=">AAACKXicbVDLSgNBEJz17fqKevQymIh6CbsR0aPoxaOCUSEbQu/YxiGzs8NMrxDWfImf4Fd41ZM3FTz5I25iBF91Kqq66eqKjZKOguDFGxkdG5+YnJr2Z2bn5hdKi0unLs2swLpIVWrPY3CopMY6SVJ4bixCEis8izsHff/sGq2TqT6hrsFmAm0tL6UAKqRWabtS8W8i42Qr7/Q2aDOyoNsKowSMo5R/WevfPL9SaZXKQTUYgP8l4ZCU2RBHrdJbdJGKLEFNQoFzjTAw1MzBkhQKe36UOTQgOtDGRkE1JOia+eC9Hl/LHBRZDFouFR+I+H0jh8S5bhIXkwnQlfvt9cX/vEZGl7vNXGqTEWrRP0RS4eCQE1YWvSG/kBaJoJ8cudRcgAUitJKDEIWYFUX6RR/h7+//ktNaNdyq1o5r5b39YTNTbIWtsg0Wsh22xw7ZEaszwW7ZPXtgj96d9+Q9e6+foyPecGeZ/YD3/gErR6Yf</latexit>

| k(t)i = |' k0 (t),j�i
<latexit sha1_base64="AcyqBVHDqjYqV/MqYaMGZ3GcZK0="></latexit>

Constraint on the 
source&target states

p(k!k0)
j� (t) =

Nk0(t)

Nk(t)

��� k0 (t),j�
�� dt

<latexit sha1_base64="YMVXAvC0m6gvCpPZ1uzA0UhNecg="></latexit>

Probabilities relate 
different trajectories

� 1,j < 0
<latexit sha1_base64="7gFlgSsAVkEYsFEqrsEAHTT3iCA=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFBQIGgog0QCUhxZ68sGDs4P3a2RIisVn8BX0EJFh2j5Agr+Bce4AMJUo5lZ7e4EiZKGHOfDmpicmp6ZnZu3FxaXllcqq2ttE6daYEvEKtaXARhUMsIWSVJ4mWiEMFB4EdyejPyLO9RGxtE5DRLshnAVyb4UQLnkVzZrNdtTeb4HfuYlRvruLr8Z8kPu2LWaX6k6dacAHyduSaqsRNOvfHq9WKQhRiQUGNNxnYS6GWiSQuHQ9lKDCYhbuMJOTiMI0XSz4o0h304NUMwT1FwqXoj4cyKD0JhBGOTJEOja/PVG4n9eJ6X+QTeTUZISRmK0iKTCYpERWub9IO9JjUQwuhy5jLgADUSoJQchcjHNC7PzPty/34+TdqPu7tUbZ43q0XHZzBzbYFtsh7lsnx2xU9ZkLSbYPXtkT+zZerBerFfr7Ts6YZUz6+wXrPcvy+yapg==</latexit>

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

| (t)i 7! |' (t),j+i
<latexit sha1_base64="IqW00+CBiQtZUzH/lTDJ1IO7AmE="></latexit>

pj+(t) = � (t),j+dt
<latexit sha1_base64="QExlmDRx/PAM1QBDLezEqO3O/4U="></latexit>

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

� 1,j > 0
<latexit sha1_base64="HRkBrRLUDKzERlJb2vSNjNdhB+A=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFAhBA1lkEhAiiNrfdnAwfmhuzVSZKXiE/gKWqjoEC1fQMG/4BgXQJhqNDOr3Z0gUdKQ43xYE5NT0zOzc/P2wuLS8kplda1t4lQLbIlYxfoyAINKRtgiSQovE40QBgovgtuTkX9xh9rIODqnQYLdEK4i2ZcCKJf8ymatZnsqz/fAz7zESN/d5TdDfsgdu1bzK1Wn7hTg48QtSZWVaPqVT68XizTEiIQCYzquk1A3A01SKBzaXmowAXELV9jJaQQhmm5WvDHk26kBinmCmkvFCxF/TmQQGjMIgzwZAl2bv95I/M/rpNQ/6GYySlLCSIwWkVRYLDJCy7wf5D2pkQhGlyOXEReggQi15CBELqZ5YXbeh/v3+3HSbtTdvXrjrFE9Oi6bmWMbbIvtMJftsyN2ypqsxQS7Z4/siT1bD9aL9Wq9fUcnrHJmnf2C9f4FzxSaqA==</latexit>



Case study 2:  7-coupled-site system

• Coherent coupling among the sites

• 49 decay channels: transitions+dephasing

HS =
X

i 6=j

⌦i,j |iihj|
<latexit sha1_base64="qtBl/4tMYSriIm2TZH4WnAwxC7A="></latexit>

0 6 ⌦i,j 6 0.6
<latexit sha1_base64="iLzDZyt5PHSF2ZaVQ6WZbgz/STc=">AAACH3icbVDLSgNBEJyN7/UV9ehlMBEEJexGUI9BL95UMCaQhNA7duKY2dl1plcISz7CT/ArvOrJm3j14L+4iQGfdSqquumuCmIlLXnem5ObmJyanpmdc+cXFpeW8yurFzZKjMCqiFRk6gFYVFJjlSQprMcGIQwU1oLe0dCv3aKxMtLn1I+xFUJXy44UQJnUzm8Xi67XVHhjFWjizZMQu9BO5c71gH/JXmnPLRbb+YJX8kbgf4k/JgU2xmk7/968jEQSoiahwNqG78XUSsGQFAoHbjOxGIPoQRcbGdUQom2lo1ADvplYoIjHaLhUfCTi940UQmv7YZBNhkBX9rc3FP/zGgl1Dlqp1HFCqMXwEEmFo0NWGJm1hfxSGiSC4efIpeYCDBChkRyEyMQkq8/N+vB/p/9LLsolf7dUPisXKofjZmbZOttgW8xn+6zCjtkpqzLB7tgDe2RPzr3z7Lw4r5+jOWe8s8Z+wHn7ADG2oMM=</latexit>

uniformly random

c(t)|iihj|
<latexit sha1_base64="KtJgF30jZa32yCeEGtg9u8ehp9s=">AAACFHicbVC7TsNAEDyHt3kZKGlOJEihiexQQBlBQwkSCUhJFK2PTThyPlt3aySUpOUT+ApaqOgQLT0F/4KdpOA1zY1mdrU3EyZKWvL9D6cwMzs3v7C45C6vrK6texubDRunRmBdxCo2lyFYVFJjnSQpvEwMQhQqvAj7x7l/cYvGylif012C7Qh6WnalAMqkjsdLJVeUaY/zoWwZ0D2FvKUm783QLZU6XtGv+GPwvySYkiKb4rTjfbauYpFGqEkosLYZ+Am1B2BICoUjt5VaTED0oYfNjGqI0LYH4yQjvptaoJgnaLhUfCzi940BRNbeRWE2GQFd299eLv7nNVPqHrYHUicpoRb5IZJZxPyQFUZmFSG/kgaJIP85cqm5AANEaCQHITIxzTpzsz6C3+n/kka1EuxXqmfVYu1o2swi22Y7rMwCdsBq7ISdsjoT7J49sif27Dw4L86r8zYZLTjTnS32A877F3/2nC0=</latexit>

Dissipative network of coupled sites (transport phenomena, …)

c(t) < 0
<latexit sha1_base64="T+Zf4y2M2yrtiT3qj7cwp4pDgCk=">AAAB/nicbVC7TsNAEDyHVzCvACXNiRgpNJEdCigoImgog0QeUmJF58smnHJ+6G6NFFmR+ApaqOgQLb9Cwb9gGxeQMNVoZlc7O14khUbb/jRKK6tr6xvlTXNre2d3r7J/0NFhrDi0eShD1fOYBikCaKNACb1IAfM9CV1vep353QdQWoTBHc4icH02CcRYcIapNLAsk9fw9NI2LWtYqdp1OwddJk5BqqRAa1j5GoxCHvsQIJdM675jR+gmTKHgEubmINYQMT5lE+inNGA+aDfJM8/pSawZhjQCRYWkuQi/NxLmaz3zvXTSZ3ivF71M/M/rxzi+cBMRRDFCwLNDKCTkhzRXIi0D6EgoQGRZcqAioJwphghKUMZ5KsZpO2bah7P4/TLpNOrOWb1x26g2r4pmyuSIHJMaccg5aZIb0iJtwklEnsgzeTEejVfjzXj/GS0Zxc4h+QPj4xvlIZOx</latexit>

at some t



Case study 2:  7-coupled-site system

• Coherent coupling among the sites

• 49 decay channels: transitions+dephasing

HS =
X

i 6=j

⌦i,j |iihj|
<latexit sha1_base64="qtBl/4tMYSriIm2TZH4WnAwxC7A="></latexit>

0 6 ⌦i,j 6 0.6
<latexit sha1_base64="iLzDZyt5PHSF2ZaVQ6WZbgz/STc=">AAACH3icbVDLSgNBEJyN7/UV9ehlMBEEJexGUI9BL95UMCaQhNA7duKY2dl1plcISz7CT/ArvOrJm3j14L+4iQGfdSqquumuCmIlLXnem5ObmJyanpmdc+cXFpeW8yurFzZKjMCqiFRk6gFYVFJjlSQprMcGIQwU1oLe0dCv3aKxMtLn1I+xFUJXy44UQJnUzm8Xi67XVHhjFWjizZMQu9BO5c71gH/JXmnPLRbb+YJX8kbgf4k/JgU2xmk7/968jEQSoiahwNqG78XUSsGQFAoHbjOxGIPoQRcbGdUQom2lo1ADvplYoIjHaLhUfCTi940UQmv7YZBNhkBX9rc3FP/zGgl1Dlqp1HFCqMXwEEmFo0NWGJm1hfxSGiSC4efIpeYCDBChkRyEyMQkq8/N+vB/p/9LLsolf7dUPisXKofjZmbZOttgW8xn+6zCjtkpqzLB7tgDe2RPzr3z7Lw4r5+jOWe8s8Z+wHn7ADG2oMM=</latexit>

uniformly random

c(t)|iihj|
<latexit sha1_base64="KtJgF30jZa32yCeEGtg9u8ehp9s=">AAACFHicbVC7TsNAEDyHt3kZKGlOJEihiexQQBlBQwkSCUhJFK2PTThyPlt3aySUpOUT+ApaqOgQLT0F/4KdpOA1zY1mdrU3EyZKWvL9D6cwMzs3v7C45C6vrK6texubDRunRmBdxCo2lyFYVFJjnSQpvEwMQhQqvAj7x7l/cYvGylif012C7Qh6WnalAMqkjsdLJVeUaY/zoWwZ0D2FvKUm783QLZU6XtGv+GPwvySYkiKb4rTjfbauYpFGqEkosLYZ+Am1B2BICoUjt5VaTED0oYfNjGqI0LYH4yQjvptaoJgnaLhUfCzi940BRNbeRWE2GQFd299eLv7nNVPqHrYHUicpoRb5IZJZxPyQFUZmFSG/kgaJIP85cqm5AANEaCQHITIxzTpzsz6C3+n/kka1EuxXqmfVYu1o2swi22Y7rMwCdsBq7ISdsjoT7J49sif27Dw4L86r8zYZLTjTnS32A877F3/2nC0=</latexit>

Dissipative network of coupled sites (transport phenomena, …)
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• Different site populations
• Trajectory of populations  

with reversed jumps
• dt = 2x 10-3

• average 3x104 trajectories

c(t) < 0
<latexit sha1_base64="T+Zf4y2M2yrtiT3qj7cwp4pDgCk=">AAAB/nicbVC7TsNAEDyHVzCvACXNiRgpNJEdCigoImgog0QeUmJF58smnHJ+6G6NFFmR+ApaqOgQLb9Cwb9gGxeQMNVoZlc7O14khUbb/jRKK6tr6xvlTXNre2d3r7J/0NFhrDi0eShD1fOYBikCaKNACb1IAfM9CV1vep353QdQWoTBHc4icH02CcRYcIapNLAsk9fw9NI2LWtYqdp1OwddJk5BqqRAa1j5GoxCHvsQIJdM675jR+gmTKHgEubmINYQMT5lE+inNGA+aDfJM8/pSawZhjQCRYWkuQi/NxLmaz3zvXTSZ3ivF71M/M/rxzi+cBMRRDFCwLNDKCTkhzRXIi0D6EgoQGRZcqAioJwphghKUMZ5KsZpO2bah7P4/TLpNOrOWb1x26g2r4pmyuSIHJMaccg5aZIb0iJtwklEnsgzeTEejVfjzXj/GS0Zxc4h+QPj4xvlIZOx</latexit>

at some t



Case study 2:  7-coupled-site system

• Coherent coupling among the sites

• 49 decay channels: transitions+dephasing

HS =
X

i 6=j

⌦i,j |iihj|
<latexit sha1_base64="qtBl/4tMYSriIm2TZH4WnAwxC7A="></latexit>

0 6 ⌦i,j 6 0.6
<latexit sha1_base64="iLzDZyt5PHSF2ZaVQ6WZbgz/STc=">AAACH3icbVDLSgNBEJyN7/UV9ehlMBEEJexGUI9BL95UMCaQhNA7duKY2dl1plcISz7CT/ArvOrJm3j14L+4iQGfdSqquumuCmIlLXnem5ObmJyanpmdc+cXFpeW8yurFzZKjMCqiFRk6gFYVFJjlSQprMcGIQwU1oLe0dCv3aKxMtLn1I+xFUJXy44UQJnUzm8Xi67XVHhjFWjizZMQu9BO5c71gH/JXmnPLRbb+YJX8kbgf4k/JgU2xmk7/968jEQSoiahwNqG78XUSsGQFAoHbjOxGIPoQRcbGdUQom2lo1ADvplYoIjHaLhUfCTi940UQmv7YZBNhkBX9rc3FP/zGgl1Dlqp1HFCqMXwEEmFo0NWGJm1hfxSGiSC4efIpeYCDBChkRyEyMQkq8/N+vB/p/9LLsolf7dUPisXKofjZmbZOttgW8xn+6zCjtkpqzLB7tgDe2RPzr3z7Lw4r5+jOWe8s8Z+wHn7ADG2oMM=</latexit>

uniformly random

c(t)|iihj|
<latexit sha1_base64="KtJgF30jZa32yCeEGtg9u8ehp9s=">AAACFHicbVC7TsNAEDyHt3kZKGlOJEihiexQQBlBQwkSCUhJFK2PTThyPlt3aySUpOUT+ApaqOgQLT0F/4KdpOA1zY1mdrU3EyZKWvL9D6cwMzs3v7C45C6vrK6texubDRunRmBdxCo2lyFYVFJjnSQpvEwMQhQqvAj7x7l/cYvGylif012C7Qh6WnalAMqkjsdLJVeUaY/zoWwZ0D2FvKUm783QLZU6XtGv+GPwvySYkiKb4rTjfbauYpFGqEkosLYZ+Am1B2BICoUjt5VaTED0oYfNjGqI0LYH4yQjvptaoJgnaLhUfCzi940BRNbeRWE2GQFd299eLv7nNVPqHrYHUicpoRb5IZJZxPyQFUZmFSG/kgaJIP85cqm5AANEaCQHITIxzTpzsz6C3+n/kka1EuxXqmfVYu1o2swi22Y7rMwCdsBq7ISdsjoT7J49sif27Dw4L86r8zYZLTjTnS32A877F3/2nC0=</latexit>

Dissipative network of coupled sites (transport phenomena, …)

o n instead of n2 jump operators
o it can be applied to a larger set of dynamics

c(t) < 0
<latexit sha1_base64="T+Zf4y2M2yrtiT3qj7cwp4pDgCk=">AAAB/nicbVC7TsNAEDyHVzCvACXNiRgpNJEdCigoImgog0QeUmJF58smnHJ+6G6NFFmR+ApaqOgQLb9Cwb9gGxeQMNVoZlc7O14khUbb/jRKK6tr6xvlTXNre2d3r7J/0NFhrDi0eShD1fOYBikCaKNACb1IAfM9CV1vep353QdQWoTBHc4icH02CcRYcIapNLAsk9fw9NI2LWtYqdp1OwddJk5BqqRAa1j5GoxCHvsQIJdM675jR+gmTKHgEubmINYQMT5lE+inNGA+aDfJM8/pSawZhjQCRYWkuQi/NxLmaz3zvXTSZ3ivF71M/M/rxzi+cBMRRDFCwLNDKCTkhzRXIi0D6EgoQGRZcqAioJwphghKUMZ5KsZpO2bah7P4/TLpNOrOWb1x26g2r4pmyuSIHJMaccg5aZIb0iJtwklEnsgzeTEejVfjzXj/GS0Zxc4h+QPj4xvlIZOx</latexit>

at some t
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• Different site populations
• Trajectory of populations  

with reversed jumps
• dt = 2x 10-3

• average 3x104 trajectories

Compared to existing 
extensions of MCWF:



Markovian, non-Markovian and in-between

Non-Markovianity: memory effects influence the evolution



Markovian, non-Markovian and in-between

Strength of 
memory 
effects

Qualitative 
scale!

q All coefficients are positive (CP-divisible dynamics) 
MCWF and standard measurement interpretation apply 

p↵(t) = c↵kL↵| (t)ik2dt
<latexit sha1_base64="R/OhoOBXyBQc1G2loOhsT5hDBrU="></latexit>

The jump probabilities at t depend on the previous 
sequence of jumps

Non-Markovianity: memory effects influence the evolution
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Strength of 
memory 
effects

Qualitative 
scale!

q All coefficients are positive (CP-divisible dynamics) 
MCWF and standard measurement interpretation apply 

p↵(t) = c↵kL↵| (t)ik2dt
<latexit sha1_base64="R/OhoOBXyBQc1G2loOhsT5hDBrU="></latexit>

q P-divisible dynamics
ROQJ and novel measurement interpretation apply 

The jump probabilities and the kind of jumps depend 
on the previous sequence | (t)i 7! |' (t),ji

<latexit sha1_base64="fgyyqzwbM+1Z87snuH7lH67GmFE="></latexit>

pj(t) = � (t),jdt
<latexit sha1_base64="vs/PADIwPM8hcvcbiUzBcaO/8jA=">AAACGHicbVC7TsNAEDzzxrwClDQnYiSQUGSHAhokBA0lSASQkshaXxY4ONunuzVSZOUH+AS+ghYqOkRLR8G/cAkpeE01mtnR7k6ilbQUhu/eyOjY+MTk1LQ/Mzs3v1BZXDq1eWEENkSucnOegEUlM2yQJIXn2iCkicKz5Oag75/dorEyz06oq7GdwmUmL6QAclJcCYLA1/H1Om3stpSLdSAuW9pKJ2xe93iHkx8EcaUa1sIB+F8SDUmVDXEUVz5anVwUKWYkFFjbjEJN7RIMSaGw57cKixrEDVxi09EMUrTtcvBNj68VFijnGg2Xig9E/J4oIbW2myZuMgW6sr+9vvif1yzoYqddykwXhJnoLyKpcLDICiNdTcg70iAR9C9HLjMuwAARGslBCCcWrjff9RH9/v4vOa3Xoq1a/bhe3dsfNjPFVtgqW2cR22Z77JAdsQYT7I49sEf25N17z96L9/o1OuINM8vsB7y3T1p1nag=</latexit>

The jump probabilities at t depend on the previous 
sequence of jumps

Non-Markovianity: memory effects influence the evolution



Markovian, non-Markovian and in-between

Strength of 
memory 
effects

Qualitative 
scale!

q All coefficients are positive (CP-divisible dynamics) 
MCWF and standard measurement interpretation apply 

p↵(t) = c↵kL↵| (t)ik2dt
<latexit sha1_base64="R/OhoOBXyBQc1G2loOhsT5hDBrU="></latexit>

q P-divisible dynamics
ROQJ and novel measurement interpretation apply 

The jump probabilities and the kind of jumps depend 
on the previous sequence | (t)i 7! |' (t),ji

<latexit sha1_base64="fgyyqzwbM+1Z87snuH7lH67GmFE="></latexit>

pj(t) = � (t),jdt
<latexit sha1_base64="vs/PADIwPM8hcvcbiUzBcaO/8jA=">AAACGHicbVC7TsNAEDzzxrwClDQnYiSQUGSHAhokBA0lSASQkshaXxY4ONunuzVSZOUH+AS+ghYqOkRLR8G/cAkpeE01mtnR7k6ilbQUhu/eyOjY+MTk1LQ/Mzs3v1BZXDq1eWEENkSucnOegEUlM2yQJIXn2iCkicKz5Oag75/dorEyz06oq7GdwmUmL6QAclJcCYLA1/H1Om3stpSLdSAuW9pKJ2xe93iHkx8EcaUa1sIB+F8SDUmVDXEUVz5anVwUKWYkFFjbjEJN7RIMSaGw57cKixrEDVxi09EMUrTtcvBNj68VFijnGg2Xig9E/J4oIbW2myZuMgW6sr+9vvif1yzoYqddykwXhJnoLyKpcLDICiNdTcg70iAR9C9HLjMuwAARGslBCCcWrjff9RH9/v4vOa3Xoq1a/bhe3dsfNjPFVtgqW2cR22Z77JAdsQYT7I49sEf25N17z96L9/o1OuINM8vsB7y3T1p1nag=</latexit>

The jump probabilities at t depend on the previous 
sequence of jumps

q Not P-divisible dynamics: reversed jumps
The future on a trajectory depends on the past of all trajectories
No continuous measurement interpretation !!

Non-Markovianity: memory effects influence the evolution



Conclusion
ü Unified framework to quantum-jump unraveling based on rate operator

| (t)i 7! |' (t),ji
<latexit sha1_base64="fgyyqzwbM+1Z87snuH7lH67GmFE="></latexit>

pj(t) = � (t),jdt
<latexit sha1_base64="vs/PADIwPM8hcvcbiUzBcaO/8jA=">AAACGHicbVC7TsNAEDzzxrwClDQnYiSQUGSHAhokBA0lSASQkshaXxY4ONunuzVSZOUH+AS+ghYqOkRLR8G/cAkpeE01mtnR7k6ilbQUhu/eyOjY+MTk1LQ/Mzs3v1BZXDq1eWEENkSucnOegEUlM2yQJIXn2iCkicKz5Oag75/dorEyz06oq7GdwmUmL6QAclJcCYLA1/H1Om3stpSLdSAuW9pKJ2xe93iHkx8EcaUa1sIB+F8SDUmVDXEUVz5anVwUKWYkFFjbjEJN7RIMSaGw57cKixrEDVxi09EMUrTtcvBNj68VFijnGg2Xig9E/J4oIbW2myZuMgW6sr+9vvif1yzoYqddykwXhJnoLyKpcLDICiNdTcg70iAR9C9HLjMuwAARGslBCCcWrjff9RH9/v4vOa3Xoq1a/bhe3dsfNjPFVtgqW2cR22Z77JAdsQYT7I49sEf25N17z96L9/o1OuINM8vsB7y3T1p1nag=</latexit>

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

� 1,j < 0
<latexit sha1_base64="7gFlgSsAVkEYsFEqrsEAHTT3iCA=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFBQIGgog0QCUhxZ68sGDs4P3a2RIisVn8BX0EJFh2j5Agr+Bce4AMJUo5lZ7e4EiZKGHOfDmpicmp6ZnZu3FxaXllcqq2ttE6daYEvEKtaXARhUMsIWSVJ4mWiEMFB4EdyejPyLO9RGxtE5DRLshnAVyb4UQLnkVzZrNdtTeb4HfuYlRvruLr8Z8kPu2LWaX6k6dacAHyduSaqsRNOvfHq9WKQhRiQUGNNxnYS6GWiSQuHQ9lKDCYhbuMJOTiMI0XSz4o0h304NUMwT1FwqXoj4cyKD0JhBGOTJEOja/PVG4n9eJ6X+QTeTUZISRmK0iKTCYpERWub9IO9JjUQwuhy5jLgADUSoJQchcjHNC7PzPty/34+TdqPu7tUbZ43q0XHZzBzbYFtsh7lsnx2xU9ZkLSbYPXtkT+zZerBerFfr7Ts6YZUz6+wXrPcvy+yapg==</latexit>� 1,j > 0

<latexit sha1_base64="HRkBrRLUDKzERlJb2vSNjNdhB+A=">AAACEXicbVC7TsNAEDzzxrwClAjpRIJEgSI7FFAhBA1lkEhAiiNrfdnAwfmhuzVSZKXiE/gKWqjoEC1fQMG/4BgXQJhqNDOr3Z0gUdKQ43xYE5NT0zOzc/P2wuLS8kplda1t4lQLbIlYxfoyAINKRtgiSQovE40QBgovgtuTkX9xh9rIODqnQYLdEK4i2ZcCKJf8ymatZnsqz/fAz7zESN/d5TdDfsgdu1bzK1Wn7hTg48QtSZWVaPqVT68XizTEiIQCYzquk1A3A01SKBzaXmowAXELV9jJaQQhmm5WvDHk26kBinmCmkvFCxF/TmQQGjMIgzwZAl2bv95I/M/rpNQ/6GYySlLCSIwWkVRYLDJCy7wf5D2pkQhGlyOXEReggQi15CBELqZ5YXbeh/v3+3HSbtTdvXrjrFE9Oi6bmWMbbIvtMJftsyN2ypqsxQS7Z4/siT1bD9aL9Wq9fUcnrHJmnf2C9f4FzxSaqA==</latexit>

| 1i
<latexit sha1_base64="nxymewX/IPilp7wHBbagzm58JDo=">AAACCHicbVC7TgJBFJ3FF64vfHQ2E8HEiuxioSXRxhITeSRAyN3hghNmZzczd00Q+QG/wlYrO2PrX1j4Ly5IoeCpTs65N/fcE8RKWvK8TyeztLyyupZddzc2t7Z3crt7NRslRmBVRCoyjQAsKqmxSpIUNmKDEAYK68HgcuLX79BYGekbGsbYDqGvZU8KoFTq5A4KBfehFVvZ8VsGdF+hWyh0cnmv6E3BF4k/I3k2Q6WT+2p1I5GEqEkosLbpezG1R2BICoVjt5VYjEEMoI/NlGoI0bZH0/RjfpxYoIjHaLhUfCri740RhNYOwyCdDIFu7bw3Ef/zmgn1ztsjqeOEUIvJIZIKp4esMDKtBXlXGiSCSXLkUnMBBojQSA5CpGKS9uSmffjz3y+SWqnonxZL16V8+WLWTJYdsiN2wnx2xsrsilVYlQl2z57YM3txHp1X5815/xnNOLOdffYHzsc34MOYJw==</latexit>

| 2i = |' 1,ji
<latexit sha1_base64="j/CqAqw03km/JgaF+EW+oaMWYGk="></latexit>

ü Continuous-measurement interpretation: positivity is enough! No need of CP

S E S

ü Unraveling of general dynamics, for which other methods do not apply
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Phys. Rev. Lett. 124, 190402 (2020) 



Outlook
Exploit the definition of a family of rate operators

R (t) =
N2�1X

↵=1

c↵(t)L↵(t)(| (t)ih (t)|)L†
↵(t)

<latexit sha1_base64="X3CgeSURR4WJ1SMF1W+qrL11lwE="></latexit>

Heff = H � i

2

n2�1X

↵=1

c↵L
†
↵L↵

<latexit sha1_base64="z/Er9hg6rKKyQsFtWEQkKqa34hQ="></latexit>
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<latexit sha1_base64="z/Er9hg6rKKyQsFtWEQkKqa34hQ="></latexit>

R (t) > 0
<latexit sha1_base64="llbZM3iv/2+X/03pwkT6L2+rrpU=">AAACCHicbVC7TsNAEDyHVzAv8+hoTiRIoYnsUECFImgoAyIPKYmi82UTTjnbp7s1UrDyA3wFLVR0iJa/oOBfcEwKCEw1mtnVzo6vpDDouh9WbmFxaXklv2qvrW9sbjnbOw0TxZpDnUcy0i2fGZAihDoKlNBSGljgS2j6o4up37wDbUQU3uBYQTdgw1AMBGeYSj1nr1i0r3tJRxlRwqMJPXPtYrHnFNyym4H+Jd6MFMgMtZ7z2elHPA4gRC6ZMW3PVdhNmEbBJUzsTmxAMT5iQ2inNGQBmG6SpZ/Qw9gwjKgCTYWkmQg/NxIWGDMO/HQyYHhr5r2p+J/XjnFw2k1EqGKEkE8PoZCQHTJci7QWoH2hAZFNkwMVIeVMM0TQgjLOUzFOe7LTPrz57/+SRqXsHZcrV5VC9XzWTJ7skwNSIh45IVVySWqkTji5J4/kiTxbD9aL9Wq9fY/mrNnOLvkF6/0LdnmXQg==</latexit>

o Connection with different properties:                   if the dynamics is dissipative

arxiv:2009.11312

L
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†
t(X

†)X +X†
L
†
t(X) 8X 2 B(HS)
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<latexit sha1_base64="O85kAHH2j5FLBPBntsvcw9Rpu7w="></latexit>

o Different measurement schemes
for the same dynamics

Fixed basis after the 
jumps/measurements!

R1

R2

example trajectories asymptotic states
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