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I dedicate this lectures to the memory of
Peter Wittek
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Outline: Storage Capacity of Quantum Neural Networks

2. Learning
• 2.1 Learning = adopting connections, interactions, thresholds
• 2.2 Learning rules
• 2.3 Learning from examples
• 2.4 Gardner’s program

1. Classical Neural Networks
• 1.1 Real and artificial neurons
• 1.2 Perceptrons
• 1.3 Attractor neural networks (ANN)
• 1.4 Storage capacity

3. Storage Capacity of Quantum Neural Networks
• 3.1 Some history
• 3.2 Quantum Attractor Neural Networks (QANN) – mathematical preliminaries 
• 3.3 Our theorem 1: For n qubit-neurons (diment¡sion of Hilbert space N= 2n), a quantum 

ANN can store up to p= N = 2n “patterns”. 
• 3.4 Our theorem 2: Relative volume of QANN, storing p patterns, decreases with (small) p 

as exp(-p2/(N4-N2)) and shrinks strictly to zero for p>N=2n. 

4. Outlook: Experiments?
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• 1.1 Real neurons and McCullogh-Pitts neuron

A neuron is an electrically excitable cell that receives,  processes, and transmits information through 
electrical and chemical signals. These signals between neurons occur via specialized connections called 
synapses. Neurons can connect to each other to form neural networks. Neurons are major components 
of the brain and spinal cord of the central nervous system, and of the autonomic ganglia of 
the peripheral nervous system. 

Santiago Felipe 
Ramón y Cajal
(1852-1934)
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Santiago Ramón y Cajal (1 May 1852 – 17 October 1934) was a Spanish neuroscientist and 
pathologist, specializing in neuroanatomy, particularly the histology of the central nervous system. 
He and Camillo Golgi received the Nobel Prize in Physiology or Medicine in 1906, with Ramón y Cajal
thereby becoming the first person of Spanish origin who won a scientific Nobel Prize. His original 
investigations of the microscopic structure of the brain made him a pioneer of modern neuroscience. 
Hundreds of his drawings illustrating the delicate arborizations of brain cells are still in use for 
educational and training purposes. 

As a child he was transferred many times from one school to another because of behaviour that was 
declared poor, rebellious, and showing an anti-authoritarian attitude. An extreme example of his 
precociousness and rebelliousness at the age of eleven is his 1863 imprisonment for destroying his 
neighbour's yard gate with a homemade cannon. 

Museum of RyC, 
Ayerbe, Navarra
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• 1.1 Real neurons and McCullogh-Pitts neuron

An artificial neuron is a mathematical function conceived as a model of biological neurons, a neural 
network. Artificial neurons are elementary units in an artificial neural network. The artificial neuron 
receives one or more inputs (representing dendrites) and sums them to produce an output (or activation) 
(representing a neuron's axon). 

Walter Pitts

Warren 
Sturgis
McCullogh
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• 1.2 Perceptrons, Minsky-Pappert no-go theorem

Frank Rosenblatt

In machine learning, the perceptron is an algorithm for supervised learning of binary classifiers
(functions that can decide whether an input, represented by a vector of numbers, belongs to some 
specific class or not).. It is a type of linear classifier, i.e. a classification algorithm that makes its 
predictions based on a linear predictor function combining a set of weights with the feature vector. 
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• 1.2 Perceptrons, Minsky-Papert no-go theorem

Minsky-Papert no-go theorem

Marvin Lee Minsky Seymour Aubrey Papert



• 1.3 Attractor Neural Networks

An attractor network is a type of recurrent dynamical network, that evolves toward a stable pattern 
over time. Nodes in the attractor network converge toward a pattern that may either be fixed-point 
(a single state), cyclic (with regularly recurring states), chaotic (locally but not globally unstable) or 
random (stochastic). Attractor networks have largely been used in computational neuroscience to model 
neuronal processes such as associative memory[2] and motor behavior, as well as in biologically inspired
methods of machine learning. An attractor network contains a set of n nodes, which can be 
represented as vectors in a d-dimensional space where n>d. Over time, the network state tends 
toward one of a set of predefined states on a d-manifold; these are the attractors.

si(t+1)=sign(∑jJijsj(t) – ti)
Stationary states = memorized patterns = memories

ANN =pattern recognizer = associative memory

Recognition = attraction toward a certain stationary state

https://en.wikipedia.org/wiki/Dynamical_system
https://en.wikipedia.org/wiki/Network_science
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Stochastic
https://en.wikipedia.org/wiki/Computational_neuroscience
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• 1.3 Attractor Neural Networks

Example: Hopfield model

si(t+1)=sign(∑jJijsj(t) – ti)

Stationary states = minima of (free) energy)

ANN =pattern recognizer = content-addressable  memory

Recognition = attraction toward a certain stationary state

with Jij = Jji

and H = ½ ∑jJijsisj(t) – ∑itisi
John J. Hopfield



• 1.4 Storage capacity

We want to store p patterns/memories/stationary states

{ξi
μ}, i = 1, …, N, μ = 1, …, p

If p<<N storage is possible with small errors

ANN =pattern recognizer = content-addressable  memory

If p=αN, storage possible for α < αc

ξi
μ = sign(∑jJij ξj

μ – ti) John J. Hopfield



• 1.4.1 Learning = adopting connections, interactions, 
thresholds

{ξi
μ}, i = 1, …, N, μ = 1, …, p

ξi
μ = sign(∑jJij ξi

μ – ti)

We want to store p patterns/memories/stationary states

Learning = adjusting/modifying Jij’s, hj’s etc.



• 1.4.2 Learning rules

{ξi
μ}, i = 1, …, N, μ = 1, …, p

ξi
μ = sign(∑jJij ξj

μ – ti)

We want to store p random patterns/memories/stationary states

Hebbian rule

Jij =  1/pN (∑μ ξi
μξj

μ),

with ξi
μ riidv with P(ξj

μ=±1)=½.
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• 2.1 Learning = adopting connections, interactions, 
thresholds

{ξi
μ}, i = 1, …, N, μ = 1, …, p

ξi
μ = sign(∑jJij ξi

μ – hi)

We want to store p patterns/memories/stationary states

Learning = adjusting/modifying Jij’s, hj’s etc.



• 2.1 Learning rules

{ξi
μ}, i = 1, …, N, μ = 1, …, p

ξi
μ = sign(∑jJijξj

μ – hi)

We want to store p random patterns/memories/stationary states

Hebbian rule

wij =  1/pN (∑μ ξi
μ ξj

μ)



• 2.2 Learning from examples

{ξi
μ}, i = 1, …, N, μ = 1, …, p

yμ = sign(∑jwjξj
μ – hj)

Let us consider a perceptron. Suppose we know  p examples 
patterns/memories/stationary states

For perceptrons there exist the famous perceptron learning algorithm
For feed-forward MNN there exist the famous error back 
propagation algorithm

For feed-forward ANN there exist similar error corrections algorithm



• 2.3 Gardner’s program





http://www.icrea.cat/web/home.aspx


• 3.1 Some history: Gardner’s program  for quantum perceptrons



• 3.1 Some history: Gardner’s program  for quantum perceptrons



• 3.1 Some history: Exponential storage capacity of QNN



• 3.1 Some history: Exponential storage capacity of QNN



• 3.2 Quantum Attractor Neural Networks (QANN) 
– mathematical preliminaries 

arXiv:2011.06113, in print Quantum 
Science and Technology (IOP). 

https://arxiv.org/abs/2011.06113


• 3.2 Quantum Attractor Neural Networks (QANN) 
– mathematical preliminaries 

Tr (Λ(ρ))= Tr (ρ)



• 3.2 Quantum Attractor Neural Networks (QANN) 
– mathematical preliminaries 

Stationary states/
Stored patterns
Λ(ρ) = ρ



• 3.3 Our theorem 1: For n qubit-neurons, a quantum ANN can 
store up to p=2n “patterns”

Theorem 1: For n qubits-neurons, a quantum 
ANN can store up to p=2n “patterns”. 

Proof: We consider N=2n dimensional Hilbert 
space and projectors on N linearly independent 
vectors |eμ〉. We transform them to the 
canonical orthonormal basis |eμ〉 → |μ〉. The 
desired map has as stationary states projectors 
on |μ〉.  



• 3.3 Our theorem 1: For n qubit-neurons, a quantum ANN can 
store up to p=2n “patterns”



• 3.4 Our theorem 2: Relative volume of QANN, storing p 
patterns, decreases with p as exp[-p2/d] 

Theorem 2: Relative volume of QANN, storing p 
patterns, decreases with p as exp(-p2/(N4-N2)) and 
shrinks strictly to zero for p> N=2n

Proof: The last point can be proven explicitly considering 
one more stationary state for The Map. It cannot have 
coherences… We consider N=2n dimensional Hilbert space, 
and estimate the total volume CPTP as a ball of radius 
exp(-1/4) in dimension d= N4-N2.
The result for relative volume is 

V = exp[-p2/d] 





• 3.4 Our theorem 3: Relative volume of QANN, storing p 
patterns, decreases with p as exp[-p2/d] 
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Conclusions

Conclusions?
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