


AvH

e:rc e:rc Feodor
ol Lynen
e:rc Advanced ERC Grant: . MPG
Advanced ERC Grant: QUAGATUA MPI
NOQIA Garching
Advanced ERC Grant: ¢ Obra Social
OSYRIS “ Fundacién "la Caixa
CERCA/Program 5 _ EU FET-Open
A G i " OPTOlogi
M Seesmaitets cepersmrsscar QP 1@lOQIC °9'°.‘.*
Quantum-Cat in quab‘ \ Y
d Learning

SGR 1341 iy aN
S orage COPOC‘ Y Ne\-\r“\ Ne‘\'WOrkS

Of Quan‘\‘\.\m Polish Scieict;laPFounda'rion

CELLEX n Templ o ®
JoFrc‘mncei:‘E::on Narodowe Centrum Nauki KOQ
= = g _\~®
Fundacio %)
FIDEUA R Catalunya - La Pedrera
g * i
th\‘:'g;'"“ T . @ Saiance and Tochnon
RECERCA | ESTUDIE CATS cience and lTechnology |CF°I;



Presenter
Presentation Notes















http://web.micinn.es/contenido.asp
http://www.gencat.cat/
http://erc.europa.eu/
http://obrasocial.lacaixa.es/laCaixaFoundation/home_en.html
http://ec.europa.eu/index_en.htm
http://www.icrea.cat/web/home.aspx
http://www.fundaciocatalunya-lapedrera.com/ca/home
http://www.micinn.es/portal/site/MICINN/menuitem.7eeac5cd345b4f34f09dfd1001432ea0/?vgnextoid=cba733a6368c2310VgnVCM1000001d04140aRCRD
http://erc.europa.eu/
http://erc.europa.eu/
https://productesdelaterra.cat/pins-estelada-catala/13554-comprar-pin-llac-groc-suport-presos-politics-catalans-2149282334.html

PhD ICFO:

Barbara Andrade (many body, QT)
Niccolo Baldelli (many body, QT)

Mohit Lal Bera (QThermo)

David Cirauqui Garcia (MC optimization)
Anna Dawid (many body, ML, molecules)
Jaime Diez Mérida (exp)

Gabriel Ferndndez Fernandez (ML, QI)
Joana Fraxanet Morales (many body)
Katerina Gratsea (ML)

Nils-Eric Guenther (many body)

Sergi Julia Farré (many body, Qthermo)
Korbinian Kottmann (QI, ML, many body)
Guillem Miiller Rigat (many body)

Jessica Oliveira de Almeida (quantum optics, QI)

Borja Requena Pozo (ML)
Tymoteusz Salamon (many body)

ICFO*®

ICFO - Quantum Optics Theory w ..

Fotoniques

Posfdocs ICFO:

Alexandre Dauphin (many body, ML)

Dr'.

Tobias 6rass (many body)

Dr.

Valentin Kasper (many body, ML)

Dr.

Albert Aloy Lépez (QI)

Dr.

Luca Barbiero(many body, QI)

Dr.

Utso Bhattacharya (many body, atto)

Dr.

Daniel Gonzdlez Cuadra (many body)

Dr.

Bernhard J. Irsigler (many body)

Dr.

Andrew Maxwell (atto)

Dr.

Gorka Muhoz Gil (statistical phys, ML)

Dr.

Andrés Ordofiez (atto)

Dr.

Reiko Yamada (art&technoiogy)

Ex-members and collaborators: Aditi Sen De, Ujjwal Sed (HRI, Alahabad), Manab Bera (IIT),
Frangois Dubin (CNRS), Chiara Menotti (Trento), Jonas Larsson (Nordita), 6. John Lapeyre
(IBM), Luca Tagliacozzo (UB), Alessio Celi (UAB), Tomek Sowinski (IFPAN), Phillip Hauke
(Trento), Omjyoti Dutta (6MV), Christian Trefzger (EC), Kuba Zakrzewski (UJ, Cracow), Mariusz
Gajda (IF PAN), Boris Malomed (Haifa), Ulrich Ebling (Kyoto), Bruno Julia Diaz (UB), Christine
Muschik (UoT), Marek Kus, Remigiusz Augusiak (CFT), Julia Stasinska (IFPAN), Alexander
Streltsov (FUB), Ravindra Chhajlany (UAM), Fernando Cucchietti (MareNostrum), Anna Sanpera
(UAB), Veronica Ahufinger (UAB), Jordi Tura (Leuven), Alexis Chacon (KIST, Corea), Przemek
Grzybowski (UAM), Swapan Rana (UW, Warsaw), Shi-Ju Ran (CNU), Irénée Frérot (Grenoble),
Giulia de Rosi (UPC), Maria Maffei (Grenoble), Christos Charampoulos (IFICS), Angelo Piga

(WWW Institute), Irénée Frérot (Grenoble)



https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1184
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=511
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1763
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1111
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1899
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1825
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1348
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1932
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1865
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1236
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1957
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1759
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1504
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1817
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1838
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1614
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1819
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1286
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1822
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1870
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1648
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1312
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1223
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1288
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1667
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1869
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1338
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1797
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1467

w
an



https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1184
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=511
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1763
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1111
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1899
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1825
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1348
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1932
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1865
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1236
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1957
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1759
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1504
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1817
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1838
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1614
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1819
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1286
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1822
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1870
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1648
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1312
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1223
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1288
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1667
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1869
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1338
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1797
https://www.icfo.es/lang/research/groups/member-details?gid=23&people_id=1467

I dedicate this lectures to the memory of
Peter Wittek


https://en.wikipedia.org/wiki/Estelada
https://www.google.pl/search?sa=G&hl=es-PL&q=Lazo+amarillo&tbm=isch&tbs=simg:CAQSlgEJIiHKmchlgzUaigELEKjU2AQaBAgVCAsMCxCwjKcIGmEKXwgDEifREr4CvwKBCZoK1wbQEiyDCaIUozSlNJQ-pDSoNKs0ojSnNKk2likaMGJK3u-iGOXMjvCUNbljOsxZzBma3H2BI-rMlgih0fYmAoJ6jZMAiujDLPvGOb-ZRCAEDAsQjq7-CBoKCggIARIEzSFjLQw&ved=0ahUKEwigz9Tg35PZAhXRsKQKHR0eDEoQwg4IJSgA

Outline: Storage Capacity of Quantum Neural Networks

1. Classical Neural Networks
1.1 Real and artificial neurons

1.2 Perceptrons
1.3 Attractor neural networks (ANN)

1.4 Storage capacity

2. Learning
- 2.1 Learning = adopting connections, interactions, thresholds

2.2 Learning rules
2.3 Learning from examples
2.4 Gardner's program

3. Storage Capacity of Quantum Neural Networks

3.1 Some history
3.2 Quantum Attractor Neural Networks (QANN) - mathematical preliminaries

3.3 Our theorem 1: For n qubit-neurons (dimentision of Hilbert space N= 2"), a quantum

ANN can store up to p= N = 2" "patterns”.
3.4 Our theorem 2: Relative volume of QANN, storing p patterns, decreases with (small) p

as exp(-p2/(N*-N?)) and shrinks strictly to zero for p>N=2",

4. Outlook: Experiments? ICFO®
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A neuron is an electrically excitable cell that receives, processes, and transmits information through
electrical and chemical signals. These signals between neurons occur via specialized connections called
synapses. Neurons can connect to each other to form neural networks. Neurons are major components
of the brain and spinal cord of the central nervous system, and of the autonomic ganglia of

the peripheral nervous system.

Cell body

Telodendria

——Axon hilﬂ\\ Synaptic terminals

Golgi apparatus

Endoplasmic -
reticulum

Dendrite

Santiago Felipe /’ kDendritic branches
Ramon y Cajal \
(1852-1934)
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Santiago Ramon y Cajal (1 May 1852 - 17 October 1934) was a Spanish neuroscientist and
pathologist, specializing in neuroanatomy, particularly the histology of the central nervous system.
He and Camillo Golgi received the Nobel Prize in Physiology or Medicine in 1906, with Ramén y Cajal
thereby becoming the first person of Spanish origin who won a scientific Nobel Prize. His original
investigations of the microscopic structure of the brain made him a pioneer of modern neuroscience.
Hundreds of his drawings illustrating the delicate arborizations of brain cells are still in use for

educational and training purposes.

As a child he was transferred many times from one school to another because of behaviour that was
declared poor, rebellious, and showing an anti-authoritarian attitude. An extreme example of his
precociousness and rebelliousness at the age of eleven is his 1863 imprisonment for destroying his
neighbour's yard gate with a homemade cannon. = =

; truccion elemental era
astan ‘ es de mi padre, que me enviaba al aula
municipal antes con la m arme que con la de que me ilustrara [...]
»Fué en la modesta escuela delilugar donde aprendf los primeros rudimentc;s
de las letras; pero en realidad'miverdadero maestro fué mi padre, que tomé
sobre sfila tarea'de ensefiarme a leer Yy a escribir, y de inculcarm’e nociones
elemgntales de geografia, fisica, aritmética Y gramatica. Tan enojosa misién
constltu‘fa para €l,-mas-que-obligacion inexcusable, necesidad irresistible d
su' espiritu;‘inclinado, por natural.vocacién; arla ensenanza. Sentia deleitg
despertar la curiosidad infantil y acelerar la evolucién

incomprensible en

Museum of RyC,
Ayerbe, Navarra
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An artificial neuron is a mathematical function conceived as a model of biological neurons, a neural
network. Artificial neurons are elementary units in an artificial neural network. The artificial neuron

receives one or more inputs (representing dendrites) and sums them to produce an output (or activation)
(representing a neuron's axon).

Walter Pitts Inputs  Weights
Wi

[

2

5

Threshold T

Warren
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McCullogh
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In machine learning, the perceptron is an algorithm for supervised learning of binary classifiers
(functions that can decide whether an input, represented by a vector of numbers, belongs to some
specific class or not).- It is a type of linear classifier, i.e. a classification algorithm that makes its
predictions based on a linear predictor function combining a set of weights with the feature vector.

iInputs  weights

®\ wo weighted sum step function

(D@ =

&EAT
Wy,

r‘ank Rosenbla'r’r
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Minsky-Papert no-go theorem

Mo 7

Marvin Lee Minsky  geymour Aubrey Papert

Expanded Edition

Perceptrons
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An attractor network is a type of recurrent dynamical network, that evolves toward a stable pattern
over time. Nodes in the attractor network converge toward a pattern that may either be fixed-point
(a single state), cyclic (with regularly recurring states), chaotic (locally but not globally unstable) or
random (stochastic). Attractor networks have largely been used in computational neuroscience to model
neuronal processes such as associative memory2l and motor behavior, as well as in biologically inspired
methods of machine learning. An attractor network contains a set of n nodes, which can be
represented as vectors in a d-dimensional space where n>d. Over time, the network state tends
toward one of a set of predefined states on a d-manifold; these are the attractors.

: . s (t+1)=sign(Z;T;5,(1) - 1)

b\:pu
\g” > minimum Stationary states = memorized patterns = memories
attractor energy
\ ° ° °
states ~ ANN =pattern recognizer = associative memory
basin of attraction

Recognition = attraction toward a certain stationary state
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Example: Hopfield model
si(t+1)=sign(X;J;;s(t) - 1)
with J;; = J;
and H = 3 2J ijsisj('r) - 2;ts;

energy
\ / \ / _ minimum Stationary states = minima of (free) energy)

Y

states ANN =pattern recognizer = content-addressable memory

John J. Hopfield

basin of attraction

Recognition = attraction toward a certain stationary state
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We want to store p patterns/memories/stationary states

€, i=1, .. N, u=1, _, E

giu = Sign(ZJJij §jl-l - Ti) John J. Hopfiel;i

If p<<N storage is possible with small errors
ey ‘\ /
I ’/'“'""““ If p=aN, storage possible for a < a,

Ny
/’
of attraction

ANN =pattern recognizer = content-addressable memory



ICFO”

* 1.4.1 Learning = adopting connections, interactions, ettt
thresholds Fotoniaues

We want to store p patterns/memories/stationary states

{f,i“}, i=1, ., N, puy=1, ., p
&Y = sign(Zdy; & - 1)

Learning = adjusting/modifying J;'s, h;'s etc.
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We want to store p random patterns/memories/stationary states

€43, i=1, ., N, u=1, ., p

&H = sign(Z;J; & - 1)

Hebbian rule
Ji;= 1/pN (Z, §4E"),
with & riidv with P(§#=+1)=3.
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We want to store p patterns/memories/stationary states

{f,i“}, i=1, ., N, puy=1, ., p
&Y = sign(ZJ;; & - h)

Learning = adjusting/modifying J;'s, h;'s etc.
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We want to store p random patterns/memories/stationary states

€43, i=1, ., N, u=1, ., p

&¥ = sign(Z;J;;€¥ - h;)

Hebbian rule

w;= 1/pN (X, &* &)
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Let us consider a perceptron. Suppose we know p examples
patterns/memories/stationary states

€, i=1, ., N u=1, _, 2
y* = sign(Zw;¢# - h;)

For perceptrons there exist the famous perceptron learning algorithm

For feed-forward MNN there exist the famous error back
propagation algorithm

For feed-forward ANN there exist similar error corrections algorithm
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The space of interactions in neural network models

The network is defined as follows. Ising spins, S, =+1, are defined on each site
i, i=1,..., N. They are updated according to the rule

S/(t+1)=sgn(h(1)~T)) (1)

where S;(r) is the Ising spin at time ¢ and the internal magnetic field h,(¢) at time ¢
and site i is given by

1
h.(t =\/_N_,§f JiS;(1) (2a)

where J;, is the interaction strength for the bond from site j to site i. The interactions
J; and J; need not in general be equal. The field T, is a local threshold at the site i

a solution of given « provided such solutions exist.
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* 3.1 Some history: Gardner’'s program for quantum perceptrons

In a recent letter Lloyd [9] has formulated three necessary conditions that must
be met by any computational system:

(1) One has to be able to prepare the input states of the computer, without
knowing beforehand the results of the computation.

(2) The system must transform the input states into the output states according
to its internal ‘computational’ dynamics and interactions with its environ-
ment. |

(3) One must be able to perform measurements on the system that allow
extraction of the results of computation.

Quantum perceptrons that I discuss in the present paper fulfil the above formulated
criteria, and are in fact closely related to Lloyd’s unitary computers.

ICFO~
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* 3.1 Some history: Gardner's

Quantum perceptrons

M. LEWENSTEIN+¢

Service des Photons, Atomes, et Molécules,

Centre d’Etudes de Saclay, Gif-sur-Yvette 91191 Cedex, France

and Joint Institute for Laboratory Astrophysics, University of Colorado
and National Institute of Standards and Technology, Boulder,
Colorado 80309-0440, USA

(Received 3 November 1993, revision recetved 29 April 1994)

Abstract. [ formulate a statistical theory of quantum perceptrons, i.e. ideal
quantum computing elements that process input states into output states through
unitary transforms.

1. Introduction

In recent years problems of quantum computing and information processing
have received increasing attention. Although quantum computation suffers from
various obstacles [1], several models of it have been formulated: ballistic quantum
computers of Benioff [2], Deutsch [3], and Feynman [4], dissipative enzymatic and
Brownian motion computers of Bennett [5], quantum cellular automata computers
ot Margolus [6], error-correcting computers of Zurek [7] and Peres [8], or quantum

I C F o lg unitary computers of Lloyd [9]. Quite recently Deutsch and Jozsa [10] have shown
that quantum mechanical interference between the computational paths might be

Institut very useful and might allow quantum computers to be superior to classical ones for

de Ciéncies some computational problems, such as recognition of ‘unanimous’ and ‘balanced’

Fotdniques Boolean functions [11].



3.1 Some history: Exponential storage capacity of QNN

Preprint submitted to IEEE Transactions on Neural Networks, June 16 1998

Quantum Associative Memory

Dan Ventura and Tony Martinez
Neural Networks and Machine Learning Laboratory (http://axon.cs.byu.edu)
Department of Computer Science
Brigham Young University

dan(@axon.cs.byu.edu, martinez@cs.byu.edu

Abstract This paper combines quantum computation with classical neural network theory to produce a
quantum computational learning algorithm. Quantum computation uses microscopic quantum level effects
to perform computational tasks and has produced results that in some cases are exponentially faster than
their classical counterparts. The unique characteristics of quantum theory may also be used to create a
quantum associative memory with a capacity exponential in the number of neurons. This paper combines
two quantum computational algorithms to produce such a quantum associative memory. The result 1s an

exponential increase in the capacity of the memory when compared to traditional associative memories such

ICFO~
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de Ciencies
Fotoniques of the memory, and it is noted that a small version should be physically realizable in the near future.

as the Hopfield network. The paper covers necessary high-level quantum mechanical and quantum

quant-ph/9807053 18 Jul 1998

computational ideas and mtroduces a quantum associative memory. Theoretical analysis proves the utility
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Quantum Hopfield neural network

Patrick Rebentrost,">” Thomas R. Bromley."" Christian Weedbrook,' and Seth Lloyd?
'Xanadu, 372 Richmond Street West, Toronto, Ontario, Canada M5V 1X6
’Department of Mechanical Engineering, Massachusetts Institute of Technology, 77 Massachusetts Avenue,
Cambridge, Massachusetts 02139, USA

® (Received 19 June 2018: published 5 October 2018)

Quantum computing allows for the potential of significant advancements in both the speed and the capacity of
widely used machine learning techniques. Here we employ quantum algorithms for the Hopfield network, which
can be used for pattern recognition, reconstruction, and optimization as a realization of a content-addressable
memory system. We show that an exponentially large network can be stored in a polynomial number of quantum
bits by encoding the network into the amplitudes of quantum states. By introducing a classical technique
for operating the Hopfield network, we can leverage quantum algorithms to obtain a quantum computational
complexity that is logarithmic in the dimension of the data. We also present an application of our method as a
genelic sequence recognizer.

I C F 0 DOI: 10.1103/PhysRevA.98.042308
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Storage capacity and learning capability of quantum neural
networks
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Abstract

We study the storage capacity of quantum neural networks (QNNs), described by completely
positive trace preserving (CPTP) maps acting on an N-dimensional Hilbert space. We demonstrate
that attractor QNNs can store in a non-trivial manner up to N linearly independent pure states.
For n qubits, QNN can reach an exponential storage capacity, O(2"), clearly outperforming
standard classical neural networks whose storage capacity scales linearly with the number of
neurons n. We estimate, employing the Gardner program, the relative volume of CPTP maps with
M < N stationary states and show that this volume decreases exponentially with M and shrinks to
zero for M = N + 1. We generalize our results to QNN s storing mixed states as well as
input—output relations for feed-forward QNNs. Our approach opens the path to relate storage
properties of QNNs to the quantum features of the input—output states. This paper is dedicated to
the memory of Peter Wittek.
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FIG. 1: Schematical representation of the action caused by
= /\ g repeated applications of the CPTP map A : B{H.) — B{H.4)
bringing arbitrary states p € B(H,4) to the set {p, } of sta-

/\ (Cg? O) 2 O tionary states of the map fulfilling A(p,) = p, (red area) .
(I N> DAV 8 (A@))= Tr (p)



, ICFO®
3.2 Quantum Attractor Neural Networks (QANN) institut

de Ciencies

- mathematical preliminaries Fotoniques

A com bo deeted o

/\( Q“% = ?U ) Stationary states/
NS Stored patterns

Ag0) = ¢ (t- OO) Ap) = p



ICFO?

* 3.3 Our theorem 1: For n qubit-neurons, a quantum ANN ¢ ™| .
de Ciéncies

store up to p=2" "patterns” Fotoniques

Theorem 1: For n qubits-neurons, a quantum
ANN can store up to p=2" "patterns”.

Proof: We consider N=2" dimensional Hilbert
space and projectors on N linearly independent
vectors |e ). We transform them to the
canonical or"rhonor'mal basis |le,) - |u). The
desired map has as s'ra'rlonar'y states projectors

on |u).
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Theorem 2: Relative volume of QANN, storing p
patterns, decreases with p as exp(-p?/(N%-N?)) and
shrinks strictly to zero for p> N=2"

Proof: The last point can be proven explicitly considering
one more stationary state for The Map. It cannot have
coherences.. We consider N=2" dimensional Hilbert space,
and estimate the total volume CPTP as a ball of radius
exp(-1/4) in dimension d= N*-NZ.

The result for relative volume is
V = exp[-p?/d]



/2

(d/2+1)

Vepre(d) = & exp(—d /4). (2)

M (d-M) /2
T((d—M)/2+1)

Vaqun(e, M, d) = e~ (d=M4 (4

V. Cappellini, H.-J. Sommers, and K. Zyczkowski, J.
Math. Phys. 48, 52110 (2007).

S. J. Szarek, E. Werner, and K. Zyezkowski, J. Math.
Phys. 49, 32113 (2008).

FIG. 2: Schematic representation of the volume Vis of CPPT
maps with M stationary states. The volume shrinks as we
increase the number of fixed states from Veprp for M =1 to
Vv for M = N.
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Definition 1 Let & = {p,} with p = 1,--- ;M be an
ensemble of N-dimensional density matrices in B(CY).
The ensemble & is called classical if there exists a single
invertible operation T' that diagonalizes all elements of
the ensemble; i.e., Tp,TT = D,,, where all D, are simul-
taneously diagonal. We call this basis the computational
basis.

D. A. Kronberg, Lobachevskii J. Math. 40, 1507 (2019).

Theorem 1° There exist non-trivial CPTP maps A,
s.t. Alpy,) = pu, where p, € € with p=1,..., M, and
arbitrary M.
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