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 A quantum channel cannot be inverted.
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Can a quantum channel be quasi-inverted?
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Formal Definition of the Quasi-Inverse

1-The average fidelity should increase

2-Better than any other channel

F(Eqi ∘ E) > F(E)

F(Eqi ∘ E) ≥ F(E′ ∘ E) ∀E′ 



Qubit Channels

One of the joys of life is to listen to things 
you already know. 



Structure of qubit channels
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Average Fidelity of a Channel
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=

(Mqi, tqi)(M, t)

(MqiM, Mqit + tqi)

Maximize this.
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The average fidelity is a linear function 
on the convex set of all channels.

F (E) =

Z
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So it achieves its maximum on the extreme points of this set. 
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 The quasi inverse of a qubit channel can be chosen to be unital.

 is a channel  is also a channel

This is only true for qubit channels.

A qubit channel which is both 
 extreme and unital is a unitary map.

if (Mqi, tqi) (Mqi,0)



The explicit form of the quasi-inverse

E = U � Ec � V
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Rqi = T−1S−1

Rqi = T−1XS−1

The explicit form of the quasi-inverse



Higher dimensional 
Channels



1- We do not have the simple Bloch Sphere,

Qubits D-dimensional states
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2- The set is not symmetric anymore



3-Unitalization is not possible

(Mqi, tqi) (Mqi,0)



1-The quasi-inverse is again an extreme channel.



�E =
X

↵

K↵ ⌦K⇤
↵

<latexit sha1_base64="7+zl31QBHWeu2CIb3nKhtb0vX2w="></latexit>

E(⇢) =
X

↵

K↵⇢K
†
↵

<latexit sha1_base64="DkiZ9R4sm05c6CkI/jXV5IBrGk0="></latexit>

The dynamical and the Choi-Jamiolkowski Matrix
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The Choi Matrix

The Dynamical Matrix
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Goal: Find quantum channels 
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A basic theorem
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pm ≥ pi ∀ i .

Example one: Mixture of orthogonal Unitaries

Eqi(⇢) = V †
m⇢Vm

<latexit sha1_base64="QqTPikpjmIwYfFOm/Ic+O0v8piQ="></latexit>

�max = pm

<latexit sha1_base64="c5/qVcNj5TNxtZyrHmvC2bF9bMk="></latexit>

CE =
X

↵

p↵|V↵ihV↵|

<latexit sha1_base64="IdNuu6EJU3u31TcF0VlDrn0xoao="></latexit>



Example Two: Uniform mixture of orthogonal conjugations
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Channels which are their own inverse:
Landau-Streater channel
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Werner-Holevo Channel
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Werner-Holevo Channels
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Werner-Holevo Channels
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Example four: Mixture of commuting unitaries

E(⇢) =
Z

d⌧f(⌧)U(⌧)⇢U †(⌧)

<latexit sha1_base64="DJpHiCfjlTvxrzOWeRvRM0LGRF8="></latexit>

U(⌧) =

0

@
ei⌧

1
e�i⌧

1

A

<latexit sha1_base64="XO4kQ/06Il28XQl/YHh3IbDhBls="></latexit>



Classical Channels

Stochastic Matrices



Classical Channels
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The inverse of a stochastic matrix! 
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Average fidelity
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F (T ) :=
1

d

dX

i=1

F (|ii, T |ii)

<latexit sha1_base64="TrjMwOGo1vVlJQRhm9Hj/B3/Cl8="></latexit>

F (T ) =
1

d
Tr(T )

<latexit sha1_base64="URxcCXdQ0rK29jovsKpcfCo7tmw="></latexit>



The quasi-inverse

Maximize Tr(T 0T )

<latexit sha1_base64="y0vQCUBZC3+LfJOC8yzzVn8wnNU="></latexit>



x

<latexit sha1_base64="swUNrgUoF2Aa5lHnqpW05FJs6pE="></latexit>

y

<latexit sha1_base64="NLTCxNNTwgAmEShak88f4EXXS08=">AAACQXicbZDNSsNAEMc3flu/9eglWATxUBIp6FH04lHB2kJTymQ7SRc3u2F3opTgE3jVJ/IpfARv4tWL25qDWgcG/vObGXb2H+dSWAqCV29mdm5+YXFpubayura+sbm1fWN1YTi2uJbadGKwKIXCFgmS2MkNQhZLbMe35+N++w6NFVpd0yjHXgapEongQA5djfqb9aARTMKfFmEl6qyKy/6WdxgNNC8yVMQlWNsNg5x6JRgSXOJDLSos5sBvIcWukwoytL1ycumDv+/IwE+0canIn9CfGyVk1o6y2E1mQEP7tzeG//W6BSUnvVKovCBU/PuhpJA+aX/8bX8gDHKSIyeAG+Fu9fkQDHBy5tSiASaRgdKlSiefGAPpgPwFtANapUakQwJj9H3VcIMg8yFUZVxGMZKrnLvhXy+nxc1RI2w2jq+a9dOzyucltsv22AEL2TE7ZRfskrUYZ8ge2RN79l68N+/d+/genfGqnR32K7zPL6IKsDw=</latexit>

x

<latexit sha1_base64="swUNrgUoF2Aa5lHnqpW05FJs6pE="></latexit>

y

<latexit sha1_base64="NLTCxNNTwgAmEShak88f4EXXS08=">AAACQXicbZDNSsNAEMc3flu/9eglWATxUBIp6FH04lHB2kJTymQ7SRc3u2F3opTgE3jVJ/IpfARv4tWL25qDWgcG/vObGXb2H+dSWAqCV29mdm5+YXFpubayura+sbm1fWN1YTi2uJbadGKwKIXCFgmS2MkNQhZLbMe35+N++w6NFVpd0yjHXgapEongQA5djfqb9aARTMKfFmEl6qyKy/6WdxgNNC8yVMQlWNsNg5x6JRgSXOJDLSos5sBvIcWukwoytL1ycumDv+/IwE+0canIn9CfGyVk1o6y2E1mQEP7tzeG//W6BSUnvVKovCBU/PuhpJA+aX/8bX8gDHKSIyeAG+Fu9fkQDHBy5tSiASaRgdKlSiefGAPpgPwFtANapUakQwJj9H3VcIMg8yFUZVxGMZKrnLvhXy+nxc1RI2w2jq+a9dOzyucltsv22AEL2TE7ZRfskrUYZ8ge2RN79l68N+/d+/genfGqnR32K7zPL6IKsDw=</latexit>

I

<latexit sha1_base64="G4WMtbvnBecOwuZYlyTrUtwKcfA="></latexit>

�x

<latexit sha1_base64="MhtOzwEJSYD0hwMXa7RGX84cLNk="></latexit>

T =

✓
1� x y
x 1� y

◆

<latexit sha1_base64="H0h/TTB8ZHUwgb7YhgwE5bIVPhA="></latexit>

T qi

<latexit sha1_base64="Skntmgj5M49m1wMApCLMH1dk0rU="></latexit>

Example 1:



T =

0

@
1/4 3/4 1/4
1/2 1/8 1/8
1/4 1/8 5/8

1

A

<latexit sha1_base64="TdL6V8aneZqeXkd6HYgvmt2mBnQ="></latexit>

A permutation

T qi =

0

@
0 1 0
1 0 0
0 0 1

1

A

<latexit sha1_base64="Cli7cjp7pX2q2k229B9o4UuydBc="></latexit>

0

@
0 1 0
1 0 0
0 0 1

1

A

<latexit sha1_base64="+fbsLqx7VAhBJjgO7+NVYQtkAG4="></latexit>

Example 2:



T =

0

@
1/4 1/8 1/16
1/12 3/4 7/8
2/3 1/8 1/16

1

A

<latexit sha1_base64="pRyq7ie7uKw6MrgD0KaKHTYthSw="></latexit>

0

@
1 0 0
0 0 1
1 0 0

1

A

<latexit sha1_base64="OgcyskWcGKoZ3bwrTcm73d1lRwU="></latexit>

T qi =

0

@
1 0 1
0 0 0
0 1 0

1

A

<latexit sha1_base64="5um5n7EaxFYLuVJ/NncE03qUyys="></latexit>

Not a permutation

Example 3:



T qi =

0

@
� 1 0
0 0 1

1� � 0 0

1

A

<latexit sha1_base64="yKXyCKrGNromXOmllCECcTbsHRs="></latexit>

T =

0

@
1/3 1/8 1/3
1/2 1/4 1/4
1/6 5/8 5/12

1

A

<latexit sha1_base64="UR0C/8qHx/QXNSR1iWEUsu5qqP4="></latexit>

Not an extreme point

Example 4:



Statistical Properties of Classical Channels



Statistical Properties of Quantum Channels



Thank you for your attention


