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Preliminaries

» Bell scenario: N observers performing measurements on their shares of the state

measurement choices
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measurements outcomes

p(d|Z) :=plai,...,an|z1,...,2n) = WPY|M & ... Q@ MIY|)
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correlations measurement operators




Preliminaries
Nonlocality and Bell inequalities [J. S. Bell, Physics 1, 195 (1964)]

» Local (classical) correlations Q nonlocal

p(al®) = 3" p(p(afer, ) - plalen, )

vaiaw’b)\ p(az‘x“)\) 6 {07 1}

)\ — hidden variable local deterministic
correlations

» Otherwise they are called nonlocal ===» nonlocality

Prm.d S 9Om.a



Preliminaries
Nonlocality and Bell inequalities

» Bell inequalities: Hyperplanes constraining the local set
Bell inequalities

I = Z&a,f (C_i‘f) S BC L \‘

50 — max [ (classical bound)

m,d

Local polytope

6@ — sup [ (quantum bound)

Qm,d
Examples = E : ag,z p(alT)>Fo
Clauser, Horne, Shimony, Holt (1969); a,r U
Collins et al. (CGLMP) (2002);
Barrett, Kent, Pironio (BKP) (2006); nonlocality




Preliminaries
CHSH Bell inequality

[Clauser, Horne, Shimony, Holt (1969)]

» Example: Clauser-Horne-Shimony-Holt (CHSH) Bell inequality

(ApBo) + (Ao B1) + (A1 Bg) — (A1 B1) <2



Preliminaries
CHSH Bell inequality [Clauser, Horne, Shimony, Holt (1969)]

» Example: Clauser-Horne-Shimony-Holt (CHSH) Bell inequality

(AgBo) + (AoB1) + (A1 Bg) — (A1 By) <2

|
Maximal quantum violation i
UF) = 25(00) + 1)) e P Pez2v2
Ay=X By=-L(X+2) e o =2
A =7 31:\%()(—2) 5” @'@@
mutually unbiased bases (MUB) g >




Non-locality

[» Non-locality is a resource for device-independent applications]

» Quantum key distribution
[Ekert, PRL (1991); A. Acin et al., PRL (2007)]

» Randomness certification/amplification
[Pironio et al., Nature (2010); Colbeck, Renner, Nat. Phys. (2012)]

» Device-independent entanglement certification
[J.-D. Bancal et al., PRL (2011)]

» Self-testing
[Mayers, Yao, QIC (2004)]




Self-testing [Mayers, Yao, 2004]

» The idea of device-independent certification
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Self-testing

» The idea of device-independent certification

[Mayers, Yao, 2004]

1 X2 N
\ \ A
@ @ ® ‘w>
\d \ A
aq ao an
p(al,...,aj\;|x1,...,xN)

> Given {p(d|7))

» or violation of some Bell inequality

» deduce properties of the state |))
and the underlying measurements

» Self-testing:

. Un

Ur®...0UN)[Y) =¢) ® |aux) |

/

VRN

the state we
want to certify

local isometries



Self-testing [Mayers, Yao, 2004]

» The idea of device-independent certification

1 o 35'3 TN
(S S v
® e o o ‘/gb)
v \ ¥ v
a1 a as an
p(a,l, ce e CLN|£13'1, ce e .CCN)
> Given {p(al7)} '» Self-testing:
» or violation of some Bell inequality 3un,.. . Un
Zaﬁfp =06 > Bc (h®@...0UN)Y) =|0)® \aux) |

» deduce properties of the state |?) Seems like a hopeless task! 68

and the underlying measurements but _ D a
often one can deduce everything!



Self-testlng [Tsirelson g3; S. Popescu, D. Rohrlich, 92]

» Example: Self-testing from violation of the CHSH Bell inequality

(AoBo) + (AoB1) + (A1By) — (A1B1) < 2V2

!

U4, Up Ua®@Ug|Yag) = %(|00> +[11)) ® |aux)
Us AUl =X ®1 UpBoUl = (X +2Z) @1

U AU =721

unique maximiser



Scalable Bell inequalities for graph states

F. Baccari, R.A., |. Supi¢, J. Tura, A. Acin
PRL 124, 020402 (2020)



Stabilizer formalism

» N-qubit Pauli group

N-fold tensor products of
the Pauli matrices

» Consider a subgroup

Sy = (G1,...,Gg) G, € Gy —generators

(independent elements of the group)

if it stabilizes a nontrivial subspace V' in Hy = (C*)®VN

’¢>\v€/ V SN‘¢> — ‘770} dim V = QN—k:



Stabilizer formalism

» Necessary and sufficient condition

sz‘ijESN [Giv Gj] =0 |
- &= Sy - nontrivial stabilizer
—-15% ¢ Sy |

» Applications:
» Quantum computing

» Quantum error correction

» Useful description of a class of multipartite systems

Ca

constructing Bell inequalities




Graph states [Hein et al. (2004)]

‘» Multiqubit graph states G = (V, E) 2
N 3
jen(i
N -1

» Graph state associated to a graph G:

Gilva) = [Ya) i=1,...,N ((1) (1))2:(1 0




Graph states [Hein et al. (2004)]

‘» Multiqubit graph states G = (V, E) 2
N 3
jen(i
N -1

» Graph state associated to a graph G:

Gilva) = [Ya) i=1,...,N X_((l) (1))2:(1 0

» A representative class of multiqubit entangled states

» GHZ states — multipartite cryptography (yo>®N 4+ |1>®N)

Sl

» Cluster states — quantum computing
» Absolutely maximally entangled states

» All stabilizer states are LU equivalent to graph states




CHSH-like Bell inequalities for graph states

» Step 1: Take a graph and the generators G = (V| E) %
N 3
1
G, = X; ® ® Z; n(l) = max n(7)
ien(i) 1=1,...,N N 1 4

» Step 2: Make a substitution

~

X, =AY + 4 X; = A

~

7, = Aél) —Agl) 7. = Agi) arbitrary

.
Aj
=1 observables

» Step 3: Construct Bell expression

Io =V2In()[ (G +v2 Y @+ Y (@)

jen(1) JEn(1)



Bell inequalities for graph states —example

» Example: the simplest graph

2-qubit maximally
G1 = X1 ® Z2 1 ) entangled state
Ga = 21 ® Xy *—0O 4y = Z5(100) + [11))
Step 2
Xl%j\(lleo—l—Al XQ%)A(/Q:BO | 61:)?1@22
=
Zl—>Z1:A0—A1 ZQ—>ZQZB1 / G2221®X2
Step 3

I = (G1) + (G1) = (Ao + A1)Bo) + (Ao — A1)By) < 2

The CHSH Bell inequality



Bell inequalities for graph states

Pr i | ions
» Properties previous constructions

— exponential scaling
O. Guhne et al., PRL (2005)

v Number of expectation values linearin N

v Analytical expressions for maximal classical and quantum values

¢ _ _

for any connected graph

B =N+ (2V2 — )npax — 1

e sum-of-squares decomposition

Q) _ o= MWl Gy ! 1—G,) 1-G)2 - Tr(Bgp) <
Bé G /2 ( 1)° + jg%)( i) +j;§1)( i) (Bap) < Bq

e optimal quantum realisation

AGh = (X £2)/V2

WelBslva) = B

(2)
Ap 1

= X/Z (i=2,...,N)



Bell inequalities for graph states

v Self-testing of all graph states ¥ v v v >
e 0 0 o ,(p
) € (CP)=N RAR AR Y
g e
A ?
: ) =lve)

sum-of-squares decomposition

Gilv)y=1¢) i=1,...,N

\

{Ag‘x A@} ~0 49) =1
U/ .

U1®...0 Un|Y) = [Ya) @ |aux) |




Bell inequalities for graph states

» We are not the first to provide Bell inequalities and self-testing methods
for graph states

| O. GUhne et al., Phys. Rev. Lett. (2005) | M.McKague,
G.Toth etal, Phys. Rev. A (2006) Lecture Notes in Computer Science

(2014)

» But:

v Scalable Bell inequalities —» minimal information?
v Maximal classical and quantum values direct to determine 58 > B
v Self-testing

v Potentially robust
Recent experiment:

v Possible generalization to entangled subspaces D.Wuetal,
arXiv:2105.10298



Self-testing of genuinely entangled subspaces

F. Baccari, R.A., |. Supi¢, A.Acin
PRL 125, 260507 (2020)



Self-testing of subspaces

» What about stabilizer subspaces of higher dimension?

Sy = (G1,...,Gg) SyV =V

dimV = 2N —F

» Can we construct Bell inequalities maximally
violated by whole subspace?

I(l4) =8° ) eV

!

genuinely entangled subspaces

‘¢> —genuinely entangled

V) 7 [¥1) @ [12) M. Demianowicz, RA,

Phys. Rev. A (2020)

Yypyev



Self-testing of subspaces

» Example: five-qubit code H = (C?)®° (allows for encoding 1 logical qubit)

S5 = (G1, G2, G3,Gy)

Gl — X12223X4 ‘ v
Go = XoZ3724 X5 o SPan{WO)» W1>}
Gg = X1X32425 genuinely entangled subspace

Gy = Z1 X9 Xy Zs5



Self-testing of subspaces

» Example: five-qubit code H = (C?)®° (allows for encoding 1 logical qubit)

S5 = (G1, G2, G3,Gy)

Gl — X12223X4 ) V
Gy = XoZ3/4 X5 . T Span{‘w())v \%)}
Gs = X1X32475 genuinely entangled subspace

Gy = Z1 X9 Xy Zs5

» Constructing a Bell inequality

Xy — AgY + AV X; — AD
o | i=2....5
Zl — AO — Al Zz — Agz)

1 1 2 3 4 2 3 4 5
Is = (AY + A AP AB AWy 1 (4D 43 4B 4Oy
1 1 3 4 5 1 1 2 4 5
+{(ASY + AN AP AW AP 4 2((AP — A AP AP AP <5




Self-testing of subspaces

I = <(j4(1)_+_14(1))14(2)14(3)14(4)> n
%_<(14(1) 4 fi(l))14(3)14(4)14(5)> 4 2<(j4(1)

<f4(2)f4(3)f4(4)f485)>
AP AP AP <5

» Quantum violations

Al = (X +2)/V2
AV =X/Z  (i=2,...,5)

Sum-of-squares decomposition

(4V2+ 1)1 - Bs = 25(1 - G1)?

+11—-Ga)? +

Bs = V2(G1 + Gy + 2G3) + Gy

(V|Bs|) = 4V2+1>5  V|yyev

(1 — G3)% 4+ V2(1 — Ga)?

N

any vector from the subspace
violates this inequality maximally

7




Self-testing of subspaces

» Geometric picture

|%0) |91)

Our Bell inequality identifies a nontrivial face structure
in the set of quantum correlations

Maximal violation by mixed states

p = plvoXto| + (1 — p)pl1 X1

" Can we self-test this entangled subspace? |




Self-testing of subspaces

But how one defines self-testing of a subspace?

» State self-testing C coee t}@)
D — ElUl,...,UN such that ay Xz X:s aN

U1®®UN’"¢> = \¢>®]aux> ﬁ: {p(@l,..-,an'ml,.--,mN)}



Self-testing of subspaces

But how one defines self-testing of a subspace?

T T2 T3 TN
| v Vv
» State self-testing cooe k%)
D — EIUl,...,UN such that ay !2 X?, aN
U@ ... Unl) = I¢) © Jaux) p={play,....anfzr,... 3w}

» Subspaces
consider a subspace V = Span{|¢1>, sy l¢k>}

// 7
/
—

p == dy, . Uy suchthat

U1 ®...@Unlt) =) pildi) ® |aux;)
i A

additional symmetry
that does not change the
observed correlations

N

partially correlated additional
degrees of freedom



Self-testing of subspaces

» Example: five-qubit code

S5 = (G1, G2, G3,Gy)

G1 = X12273X4 ) v
Gy = XoZ3/4 X5 . T Span{\%), ‘¢1>}
Gs = X1X32475 genuinely entangled subspace

Gy = Z1 X9 XuZx
Is = (g + AT AP AP AY) + (A5? AP AT A9
+((45" + AT AP AP AP + 2((45" — AP) AP APV AP <2

maximal

@7 () =4v2+1  yiglation

Ur®...0Us|Y) =pl1) ® lauxy) + /1 — plih2) ® |auxa)



Generalizations

» Graph states of local dimension d prime G = (V, E)

. : N
Gi=X;® Q) 2™ Xl =livl
jen(i) | Y i)
Zli) = w'li)
G; = ~ generalizations of Pauli matrices |
Ya) = va) 9 y

» Naive approach to constructing Bell inequalities

Xpis Al Ay X; — A AW
7 — A(()l) _ Agl) Z; — A(l'i) d-outcome unitary observables

» But

how to determine maximal
:> quantum violation?

ﬂ aX + BZ — unitary
a, e C



Generalizations [J. Kaniewski et al., Quantum (2020)]

» A possible solution
v mutually unbiased bases

in prime d
WFEHD X 7k k=0,....d—1
v certain combinations of these
give proper observables

» Example: AME(4,3) state H = (C?)®* e ,2
Gi=X12:25  Gs= 7 X372
) - |YamEEa)
Ga = 71 X274 Gy = Z275X,
i S
» Constructing a Bell inequality
G = X1 Zy73 G1G3 = (X2)1Z5(ZX)3Z}
G1Gy = (XZ2)1(ZX)2Z57, Gy = ZgZ§X4

G1G3 = (XZ*)1(ZX?)y 2375



Generalizations

» Substitution

Xy — A (A5 + ATV + A7) Zy — A
WX Z)1 - (45 +wA;? +w?A5Y) (ZX)y — AP otc.
(X2%)1 = S (AG + w? AP +wAD)) (ZX?)y — AY

AeC
w = exp(271/3)

» Bell inequality

Lane = ﬁ«flél) + AP + AY)BoCo) + (A5 +wATY +w? AY) B1 Co Do)

1
V3w

+ (A + WA + wAL)BCo D)

+ A (A + wAl + 02 AY) BoC1DR) + (BoC3Dy) + c.c. < e

maximally violated by the AME(4,3) state



Conclusion/Outlook

» Scalable Bell inequalities for multiqubit graph states + self-testing

» Self-testing of genuinely entangled subspaces (5-qubit and toric codes)

I graph states of arbitrary local dimension

» Possible generalizations \ J. Kaniewski et al., Quantum (2021)

maximally-dimensional stabilizer subspaces

O. Makuta, R. A., NJP (2021)

» Further questions

» Self-testing of multipartite states from minimal information

» Are all genuinely entangled subspaces self-testable?

are all multipartite genuinely
entangled states self-testable?
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