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and my memory of Prof. Kossakowski



When I was student, I have interested in measurement problem.

What is 
observation?

No Reality?
Subjective or 
Objective ?

Schroedinger’ cat?
Wigner’s friend?

Wave function 
collapse?



But many great people around me kindly advised “Not to do that”.
(Gently they told something like “SHUT UP AND CALCULATE!”)

So, I decided to study Open Quantum Systems

What can you do
about what even 

Einstein couldn’t do !!

You cannot 
get any job! It’s too dangerous!!

You can think after 
you get old!

Someday!

keeping the problem always in mind (even now). 



Those times, many physicists used a beautiful master equation.

It was called the Lindblad master equation.

What’s that?

Positive and Trace 
preserving! 

general 
Quantum Markovian 

Dynamics 



I love generality and universality.

*Notice this paper is very clear and informative indeed !!

Many 
mathematics 
I don’t know..

I decided to study Lindblad’s paper.

Completely
Positive Map?



That’s how I encounter Prof. Kossakowski !!

I can read! 

How
impressive!



where

(effective) Hamiltonian＊Hamiltonian Part

＊Dissipative Part:

[Thm] (GKLS 1976) Generator of quantum dynamical semigroup is always written 

1) Completely Positive Trace Preserving Map 
2) One parameter (time) Dynamical Semigroup

Markov property

s.t.

Hille-Yoshida (1948)

[Quantum dynamical semigroup] …  General Markovian CP quantum dynamics We should call
GKLS (or GKSL)
master equation! 

Master equation
* In this talk, we restrict to a d-level quantum system (d < ∞)



But I still struggled with the completely positive condition.

system Reservoir

systemReservoir

Why 
necessary?

Should 
always be 
satisfied?

Initial 
Correlations?ancilla?



Experiments

But according to discipline of natural science,
we must rely on experiments in order to determine something is right or wrong !!

What is the 
physics of CP 

condition ??

Bell Theorem

Reality

Locality
“Free will”

Bell’s Inequality

CP 

Goal Experimentally 
testable condition.  



Quantum Process Tomography  ⇒ Check CP condition 

Quantum State Tomography  ⇒ Check Entanglement Criterion

Entanglement Witness 

Complete Positive Witness 

Direct physical 
appearance of CP 

condition ??
By Darek 



: Relaxation Times

: Relaxation Rates

For d level system, 
there are  d2-1 numbers 

of decaying time scale! 





Before I submitted this paper, I contacted Prof. Kossakowski for the first time by e-mail.  

Dear Professor Kossakowski,

Please forgive me for sending you a sudden e-mail.
I am Gen Kimura, currently a master course student of Waseda University (Tokyo, Japan).
I am interested in the study of completely positive dynamical semigroup which was established by you and your collaborators in the 
1970‘s. I had recently derived some relations of inverse relaxation times which hold universally in 2-level completely
positive dynamical semigroup, and I have found that this result is a generalization of your result in J. Math. Phys. 17. 821 (1976).
You were introduced to me by Dr. Takashi Matsuoka (Tokyo University of Science) and he suggested me to ask for your comments and
advice before submitting this to a journal.
Attached is a pdf file of my results and questions. [[[I‘m also sending a fax  with the same contens.]]] I appreciate much if you can give 
me some commentary. I apologize for taking your precious time and I would like to thank you in advance for your consideration. 
I have been much influenced by your work, I look forward to hearing from
you, and hopefully, meeting you in the future.

Yours sincerely,

Gen Kimura

His reply was always simple Please send a fax.



So, I sent him a fax: 

Congratulations!

His reply was  again simple enough:

It was the best message
I have ever got in my life! 



In 2003 with Prof. Kossakowski and his wife! 

Last meeting in 2018… 

His homemade SUSHI !

During my visit, we have mainly discussed about
Bloch vector representation and Positive maps.



[Theorem 1] (Kimura 2002) 

[Case 1] 

Longitudinal Relaxation Time
Transverse Relaxation Time

Experimentally Famous Relations*

[Case 2] 

Eigenvalues: 

Eigenvalues: ← Please let us know if you know of any such experiments!!

For                    2-level GKLS, Arbitrary

* Flakowski et al. (2016)

Three Damping Time Scales!!

For d=2: 2-level system (qubit)



Can we have similar results for general d-level system?

CP Experimentally testable condition.  

“Markovianity”

For qubit system

Goal: to find the best constant c(d) s.t.

is satisfied for arbitrary quantum dynamical semigroup in d-level system

“Witness” of Complete Positivity !! 

No single relaxation rate 
cannot be too large!!



[Theorem 2] (KAW 2017)

G. K., S. Ajisaka, K. Watanabe, Open Syst. Inform. Dynam. 24(4): 1-8 (2017).

[Proof] Omit. But we essentially used Böttcher-Wenzel Inequality (2008): 

For  any d-level GKLS, 



[Conjecture] (CKKS 2020)

D. Chruscinski, G. K., A. Kossakowski, Y. Shishido (arXiv:2011.10159).

*Numerically supported
*If this is true, c(d)=d is the best bound !!
*Satisfied in important classes of quantum dynamical semigroup

For  any d-level GKLS, 



(Rescaled) Eigenvalues of Randomly Generated GKLS generators 

* Chruściński, Kimura, Kossakowski, Shishido (2020)* Kimura, Ajisaka, Watabe (2017)* Kimura (2002)

Numerical Simulation



A Tight Model 

Moreover, the equality is attained iff

Proof 
based on  

The best constant would be d

* Chruściński, Kimura, Kossakowski, Shishido (2020)



Class of Covariant Generator

[Theorem 3] For any covariant GKLS generator, 

* Pauli Master equation
* Weakly interacting model with non-degenerate invariant state (Davies 1974)

Including 



Class of entropy non-decreasing 

[Theorem 4] For any unital generator, 

⇔ Class of unital semigroup 
Benatti (1988), Aniello, Chruscinski (2016)

[Proof] Omit. But through proving this, 
we have found a nice characterization of relaxation rate. 



* Invariant state 

* Eigen equation

[Theorem 5] For any GKLS generator

where

GKLS rep. reads: 

Taking                , 

which implies 

Since                      , first term vanishes. 

[Proof]

Characterization of Relaxation Rate



Approach based on r-function

D. Chruscinski, R. Fujii, G. K., H. Ohno (arXiv:2106.08016).

Hilbert-Schmidt Inner Prod. Frobenius (Hilbert-Schmidt) Norm

Commutator Anti-commutator



Approach based on r-function

D. Chruscinski, R. Fujii, G. K., H. Ohno (arXiv:2106.08016).

[Proof] 

- Re 

Universal Constraint !!



[Theorem 6]
[Proof] Omit. But we have first show 
this where A is normal first, and then 
used relation r(A,B) = r(AR,B)+i r(AI,B)

[Theorem 6’] (CFKO1) For  any d-level GKLS, 

D. Chruscinski, R. Fujii, G. K., H. Ohno (arXiv:2106.08016).

Approach based on r-function



D. Chruscinski, R. Fujii, G. K., H. Ohno (arXiv:2106.08016).

Approach based on r-function

**Eigenvector belonging to non-zero eigenvalue is traceless

Trace Preserving 
Property

[Theorem 7]

[Theorem 7’] (CFKO2) For  any d-level GKLS, 



Universal Constraints for GKLS generator

2              3             4              5             6              7             8              9            10

Already
complete! 

For d≧3, 
still in between this range!  



Complete 
Positivity 

Experimentally testable condition.  

“Markovianity”

Takeaway Message

1) Complete Positivity forces that 
any single relaxation rate cannot be too large !!

3) Best bound is conjectured to be c(d)=d, but still open. 

2) This may serve as Completely Positive (at least QDS) witness !



Complete 
Positivity 

Experimentally testable condition.  

“Markovianity”

Takeaway Message
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