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1. Introduction

I first met Andrzej Kossakowski at ICTP in Trieste, Italy, at a conference. I
was too young to know who he was and understand the reach and importance
of his contribution to Physics.

His hair was white, he had a jovial attitude that would contrast with his
imposing figure. His laugh was loud, yet elegant. When he was calculating, he
would isolate so much from the rest of the world that you felt you didn’t had
the right to disturb him. His favorite game was to solve (crack) di↵erential
equations. He loved examples.

During the years that followed, I had the fortune to meet Andrzej many
times, and interact with him. I learned about complete positivity from him.
He was able to read into people’s mind. After explaining CP to me, he looked
at me, paused for a few seconds, then added: no, there is no characterization
of positive maps; why don’t you work at it? I tried, but the problem was so
di�cult that it survived him.

Andrzej was a dominating figure in the realm of open quantum systems.
His pupil (and my friend) Darek Chruscinski once told me: the GKLS equa-
tion [1, 2] stands next to the Schrödinger equation. I hesitated for a split
second, then I got the point.

I like to remember Andrzej not only for his seminal contributions to
physics, but also for his character and human side. I think that the best
way to celebrate him is to resort to some personal recollections.
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electric and magnetic fields on the surface S read

Ex|S = 0 and
@Bx

@n

����
S

= 0, (A1)

with @/@n denoting the normal derivative with respect to
the surface. Transverse electric (TE) modes are charac-
terized by Ex = 0 everywhere in the guide and obtained
by imposing @Bx/@n = 0 on the surface. On the other
hand, transverse magnetic (TM) modes have Bx = 0
identically. If the waveguide is rectangular, the bound-
ary conditions for TE modes reduce to

@Bx

@y

����
y=0

=
@Bx

@y

����
y=Ly

=
@Bx

@z

����
z=0

=
@Bx

@z

����
z=Lz

= 0,

(A2)
which limits the form of the longitudinal magnetic field
to the real part of

Bx = B
0

cos

✓
m⇡y

Ly

◆
cos

✓
n⇡z

Lz

◆
ei(kx�!m,n(k)t), (A3)

with m,n 2 N2\{(0, 0)} and B
0

a constant.
The integers m and n label the mode TEm,n. The disper-
sion relation with respect to the longitudinal momentum
has the same form as a massive relativistic particle,

!m,n(k) =
q

(vk)2 + !m,n(0)2, (A4)

with !m,n(0) = v

⇣
m⇡y
Ly

⌘
2

+
⇣

n⇡z
Lz

⌘
2

� 1
2

, where the mass

term is called the cuto↵ frequency of the mode, and v =
(µ✏)�1/2 is the phase velocity in the waveguide, assumed
isotropic and nondispersive with magnetic permeability µ
and dielectric constant ✏. Since Ly < Lz, the TE1,0 mode
has the lowest cuto↵ frequency. It can be proved [48] that
!
1,0(0) is also lower than the cuto↵s of all TM modes.

Thus, at su�ciently low energy the contribution of the
higher energy modes can be neglected, and propagation
occurs e↵ectively in one dimension.

The TE
1,0 mode is characterized by the following be-

havior of the fields

Bx = B
0

cos

✓
⇡y

Ly

◆
ei(kx�!1,0(k)t), (A5)

By = �i
kLyB0

⇡
sin

✓
⇡y

Ly

◆
ei(kx�!1,0(k)t), (A6)

Ez = i
!
1,0(k)LyB0

⇡
sin

✓
⇡y

Ly

◆
ei(kx�!1,0(k)t), (A7)

with the other three components vanishing. These fields
can be derived from the (transverse) vector potential

Az =
LyB0

⇡
sin

✓
⇡y

Ly

◆
ei(kx�!1,0(k)t). (A8)

The mode can be quantized by introducing the time-0

field operators

A(1,0)(r) =

Z
dk

✓
~

2⇡✏!
1,0(k)LyLz

◆ 1
2

sin

✓
⇡y

Ly

◆

⇥ ⇥
a(k)eikx + a†(k)e�ikx

⇤
ûz, (A9)

E(1,0)(r) = i

Z
dk

✓
~!

1,0(k)

2⇡✏LyLz

◆ 1
2

sin

✓
⇡y

Ly

◆

⇥ ⇥
a(k)eikx � a†(k)e�ikx

⇤
ûz, (A10)

with [a(k), a†(k0)] = �(k � k0) and ûz = (0, 0, 1). The
electric field energy operator associated to the mode thus
reads

E(1,0)
el =

✏

2

Z
dr :

⇣
E(1,0)

z (r)
⌘
2

:

=
1

2

Z
dk ~!

1,0(k)
h
a†(k)a(k)

�a(k)a(�k) + a†(k)a†(�k)

2

i
(A11)

with : (...) : denoting normal ordering, while the magnetic
field energy can be evaluated using the relation B(1,0) =
r⇥A(1,0):

E(1,0)
mag =

✏

2

Z
dr :

⇣
@yA

(1,0)
z (r)

⌘
2

+
⇣
�@xA

(1,0)
z (r)

⌘
2

:

=
1

2

Z
dk ~!

1,0(k)
h
a†(k)a(k)

+
a(k)a(�k) + a†(k)a†(�k)

2

i
. (A12)

Thus, the free Hamiltonian for the electromagnetic field
takes the diagonal form

H(1,0) = E(1,0)
el + E(1,0)

mag

=

Z
dk ~!

1,0(k)a
†(k)a(k)

= ~v
Z

dk

s

k2 +

✓
⇡

Ly

◆
2

a†(k)a(k). (A13)

It is worth noticing that the analogy with a massive bo-
son is not limited to the dispersion relation. Indeed, the
quantum theory of the mode can be mapped onto a real
scalar theory in one dimension, by introducing the oper-
ators

↵(x) =

Z
dx

s
~

2(2⇡)!
1,0(k)

⇥
a(k)eikx + a†(k)e�ikx

⇤
,

⇧(x) = �i

Z
dx

s
~!

1,0(k)

2(2⇡)

⇥
a(k)eikx � a†(k)e�ikx

⇤
,

(A14)

satisfying

[↵(x),⇧(x0)] = i~�(x� x0) (A15)
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ûz, (A9)

E(1,0)(r) = i

Z
dk

✓
~!

1,0(k)

2⇡✏LyLz

◆ 1
2

sin

✓
⇡y

Ly

◆

⇥ ⇥
a(k)eikx � a†(k)e�ikx

⇤
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by imposing @Bx/@n = 0 on the surface. On the other
hand, transverse magnetic (TM) modes have Bx = 0
identically. If the waveguide is rectangular, the bound-
ary conditions for TE modes reduce to
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y=0

=
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@y

����
y=Ly

=
@Bx

@z

����
z=0

=
@Bx
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����
z=Lz

= 0,

(A2)
which limits the form of the longitudinal magnetic field
to the real part of

Bx = B
0

cos

✓
m⇡y

Ly

◆
cos

✓
n⇡z

Lz

◆
ei(kx�!m,n(k)t), (A3)

with m,n 2 N2\{(0, 0)} and B
0

a constant.
The integers m and n label the mode TEm,n. The disper-
sion relation with respect to the longitudinal momentum
has the same form as a massive relativistic particle,

!m,n(k) =
q

(vk)2 + !m,n(0)2, (A4)

with !m,n(0) = v

⇣
m⇡y
Ly

⌘
2

+
⇣

n⇡z
Lz

⌘
2

� 1
2

, where the mass

term is called the cuto↵ frequency of the mode, and v =
(µ✏)�1/2 is the phase velocity in the waveguide, assumed
isotropic and nondispersive with magnetic permeability µ
and dielectric constant ✏. Since Ly < Lz, the TE1,0 mode
has the lowest cuto↵ frequency. It can be proved [48] that
!
1,0(0) is also lower than the cuto↵s of all TM modes.

Thus, at su�ciently low energy the contribution of the
higher energy modes can be neglected, and propagation
occurs e↵ectively in one dimension.

The TE
1,0 mode is characterized by the following be-

havior of the fields

Bx = B
0

cos

✓
⇡y

Ly

◆
ei(kx�!1,0(k)t), (A5)

By = �i
kLyB0

⇡
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✓
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◆
ei(kx�!1,0(k)t), (A6)

Ez = i
!
1,0(k)LyB0

⇡
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✓
⇡y
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◆
ei(kx�!1,0(k)t), (A7)

with the other three components vanishing. These fields
can be derived from the (transverse) vector potential

Az =
LyB0

⇡
sin

✓
⇡y

Ly

◆
ei(kx�!1,0(k)t). (A8)

The mode can be quantized by introducing the time-0

field operators

A(1,0)(r) =

Z
dk

✓
~

2⇡✏!
1,0(k)LyLz

◆ 1
2

sin

✓
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◆

⇥ ⇥
a(k)eikx + a†(k)e�ikx

⇤
ûz, (A9)
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Z
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✓
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2
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✓
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a(k)eikx � a†(k)e�ikx
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ûz, (A10)

with [a(k), a†(k0)] = �(k � k0) and ûz = (0, 0, 1). The
electric field energy operator associated to the mode thus
reads

E(1,0)
el =

✏

2

Z
dr :

⇣
E(1,0)

z (r)
⌘
2

:

=
1

2

Z
dk ~!

1,0(k)
h
a†(k)a(k)

�a(k)a(�k) + a†(k)a†(�k)

2

i
(A11)

with : (...) : denoting normal ordering, while the magnetic
field energy can be evaluated using the relation B(1,0) =
r⇥A(1,0):

E(1,0)
mag =

✏

2

Z
dr :

⇣
@yA

(1,0)
z (r)

⌘
2

+
⇣
�@xA
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⌘
2
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=
1

2

Z
dk ~!

1,0(k)
h
a†(k)a(k)

+
a(k)a(�k) + a†(k)a†(�k)

2

i
. (A12)

Thus, the free Hamiltonian for the electromagnetic field
takes the diagonal form

H(1,0) = E(1,0)
el + E(1,0)
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Z
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1,0(k)a
†(k)a(k)

= ~v
Z

dk

s

k2 +

✓
⇡

Ly

◆
2

a†(k)a(k). (A13)

It is worth noticing that the analogy with a massive bo-
son is not limited to the dispersion relation. Indeed, the
quantum theory of the mode can be mapped onto a real
scalar theory in one dimension, by introducing the oper-
ators

↵(x) =

Z
dx

s
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⇥
a(k)eikx + a†(k)e�ikx

⇤
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dx
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1,0(k)

2(2⇡)

⇥
a(k)eikx � a†(k)e�ikx

⇤
,

(A14)

satisfying

[↵(x),⇧(x0)] = i~�(x� x0) (A15)
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and related to the vector potential and the electric field
by multiplication. The Hamiltonian can be expressed
in terms of the field operator ↵(x) and its canonically
conjugated momentum ⇧(x0) as

H(1,0) =
1

2

Z
dx :

h
(⇧(x))2 + v2 (@x↵(x))

2

+v4
✓
M

~

⌘
2

(@x↵(x))
2

�
: (A16)

with M := ⇡~
vLy

, which also allows to identify a linear

Hamiltonian density H(x) such that H(1,0) =
R
dxH.

Appendix B: Interaction Hamiltonian

The interaction between the field and an artificial
atom, made up of a particle trapped in a potential V (r),
can be obtained by the minimal coupling prescription:

H
at

=
1

2me

⇣
p� eA(1,0)(r)

⌘
2

+ V (r)

= H0

at

� e

me
p ·A(1,0)(r) +

e2

2me

⇣
A(1,0)(r)

⌘
2

,

(B1)

with r and p the canonically conjugated position and
momentum of the artificial “electron”. The transverse
choice r·A = 0 for the vector potential makes the order-
ing with respect to p immaterial. We adopt a two-level
approximation for the atom, retaining only the ground
state |gi and the first excited state |ei, satisfying

H0

at

|gi = 0, H0

at

|ei = ~!
0

|ei. (B2)

Furthermore, we apply long-wavelength approximations
to the interaction terms, which enable one to neglect the
O(e2) contribution, whose relevance is suppressed like the
ratio of the photon momentum to the particle momen-
tum [44], and to apply a dipolar approximation to the
O(e) term. The position operator r is replaced by a non
dynamical center-of-mass position r

0

. The interaction
Hamiltonian thus reads

H(dip)
int

= � e

me
A(1,0)

z (r
0

)
h
hg|pz|gi|gihg|+ he|pz|ei|eihe|

+hg|pz|ei|gihe|+ he|pz|gi|eihg|
i
. (B3)

The assumption that the expectation value of momen-
tum vanishes in the eigenstates of the free Hamiltonian
simplifies the interaction. Moreover, the canonical com-
mutation relation can be used to obtain

he|pz|gi = im

~ he|[H0

at

, z]|gi = im!
0

he|z|gi =: im!zeg

= im!
0

|zeg|ei✓eg , (B4)

by which the mass me disappears from the theory, and
the Hamiltonian takes the form of a coupling between
the dipole moment Deg = e|zeg| and the electric field.

Finally, we can define new canonically conjugated field
operators b(k) := e�i(✓eg+⇡/2)a(k) and retain only the
rotating-wave terms b(k)|eihg| and b†(k)|gihe|, to obtain
the interaction operator

H(dip,RW )

int

= !
0

Deg

✓
~

2⇡✏vLyLz

◆ 1
2
Z

dk

(k2 + (vM/~)2)1/4

⇥ ⇥
b(k)|eihg|eikx0 + b†(k)|gihe|e�ikx0

⇤
.

(B5)

Notice that y
0

= Ly/2 has been used. The dynamics for
the atom pair is thus determined by

H = H0

at,A +H0

at,B +H(1,0) +H(dip,RW )

int,A +H(dip,RW )

int,B

(B6)
with atom A in x

0

= 0 and atom B in x
0

= d.

Appendix C: Energy density

The study in the main text has been focused on the
N = 1 sector, spanned by the wavefunctions

| 
1

i = cA|eA, gB ; vaci+ cB |gA, eB ; vaci
+

Z
dkF (k)|gA, gB ; ki. (C1)

Using the scalar Hamiltonian density defined in Section
A, one can compute the energy density

h 
1

|H(x)| 
1

i = 1

2

h
h 

1

| : (⇧(x))2 : | 
1

i
+v2h 

1

| : (@x↵(x))2 : | 
1

i

+v4
✓
M

~

◆
2

h 
1

| : (@x↵(x))2 : | 
1

i
i

=

�����

Z
dk

s
~!

1,0(k)

2(2⇡)
F (k)eikx

�����

2

+

�����

Z
dk

~vkp
2(2⇡)~!

1,0(k)
F (k)eikx

�����

2

+

�����

Z
dk

v2Mp
2(2⇡)~!

1,0(k)
F (k)eikx

�����

2

.

(C2)

This stucture can be simplified if one assumes that the
dominant contribution to the integrals comes from the
poles of F (k) ⇠ A

+

(k � k
0

)�1 +A�(k + k
0

)�1. Neglect-
ing the corrections yielded by square-root branch-cut in-
tegration, one obtains

h 
1

|H(x)| 
1

i ' ~!
1,0(k0)

����
Z

dk

2⇡
F (k)eikx

����
2

=: ~!
1,0(k0)

���F̃ (x)
���
2

, (C3)

which is used to compute the energy density for the res-
onant states.

atom + interaction
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and related to the vector potential and the electric field
by multiplication. The Hamiltonian can be expressed
in terms of the field operator ↵(x) and its canonically
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with r and p the canonically conjugated position and
momentum of the artificial “electron”. The transverse
choice r·A = 0 for the vector potential makes the order-
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approximation for the atom, retaining only the ground
state |gi and the first excited state |ei, satisfying
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the atom pair is thus determined by

H = H0

at,A +H0

at,B +H(1,0) +H(dip,RW )

int,A +H(dip,RW )

int,B

(B6)
with atom A in x

0

= 0 and atom B in x
0

= d.

Appendix C: Energy density

The study in the main text has been focused on the
N = 1 sector, spanned by the wavefunctions

| 
1

i = cA|eA, gB ; vaci+ cB |gA, eB ; vaci
+

Z
dkF (k)|gA, gB ; ki. (C1)

Using the scalar Hamiltonian density defined in Section
A, one can compute the energy density

h 
1

|H(x)| 
1

i = 1

2

h
h 

1

| : (⇧(x))2 : | 
1

i
+v2h 

1
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1
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+v4
✓
M

~

◆
2

h 
1
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1

i
i

=

�����

Z
dk

s
~!

1,0(k)

2(2⇡)
F (k)eikx

�����

2

+

�����

Z
dk

~vkp
2(2⇡)~!

1,0(k)
F (k)eikx

�����

2

+

�����

Z
dk

v2Mp
2(2⇡)~!

1,0(k)
F (k)eikx

�����

2

.

(C2)

This stucture can be simplified if one assumes that the
dominant contribution to the integrals comes from the
poles of F (k) ⇠ A

+

(k � k
0

)�1 +A�(k + k
0

)�1. Neglect-
ing the corrections yielded by square-root branch-cut in-
tegration, one obtains

h 
1

|H(x)| 
1

i ' ~!
1,0(k0)

����
Z

dk

2⇡
F (k)eikx

����
2

=: ~!
1,0(k0)

���F̃ (x)
���
2

, (C3)

which is used to compute the energy density for the res-
onant states.

free HamiltonianH(1,0) = E(1,0)
el + E(1,0)

mag

= ~v
Z

dk

s

k2 +

✓
vM

~

◆2

a†(k)a(k).
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needless to say,  
a(ny) Hamiltonian is an approximation 2

FIG. 1: Schematic representation of the physical system:
an array of two-level atoms, labelled by the index j and
characterized by a ground state |g

j

i and an excited state
|e

j

i separated by the energy ", is placed with equal spac-
ing d and coupled to a linear waveguide mode.

II. THE MODEL

A. Generalities

We consider a system of n identical two-level emitters,
with excitation energy ", equally spaced at a distance d,
with ground and excited states |g

j

i and |e
j

i, coupled to a
bosonic field with energy profile !(k). The Hamiltonian
reads

H = H0 +Hint (1)

where

H0 = "
nX

j=1

�+
j

��

j

+

Z
dk !(k)b†(k)b(k) (2)

is the free Hamiltonian and

Hint =

nX

j=1

Z
dk

h
F
j

(k)��

j

⌦ b†(k) + H.c.
i

(3)

the interaction. See Fig. 1 for the physical meaning of
the parameters. In the above formulas, ��

j

= |g
j

i he
j

| and
�+
j

= |e
j

i hg
j

| are the lowering and raising operators of
the j-th emitter, and b†(k), b(k) are the photon creation
and annihilation operators, satisfying the canonical com-
mutation relations [b(k), b(k0)] = 0, [b(k), b†(k0)] = �

kk

0 .
The interaction has a rotating-wave form, F

j

(k) being
the form factor that describes the coupling of the jth
emitter with a boson of momentum k. We set

F
j

(k) = F (k) e�i(j�1)kd, (4)

with F (k) a given complex-valued function. This choice
directly follows from the assumption that the emitters are
equally spaced at a distance d, and therefore the coupling
function F̂

j

(x) between the jth emitter and the field will
only depend on the position of the emitter, i.e.

F̂
j

(x) = F̂ (x� (j � 1)d) (5)

for some function F̂ (x); a Fourier transform yields the
expression (4).

Observe that the rotating-wave form of the interaction
Hamiltonian entails that the total number of excitations

N =
nX

j=1

�+
j

��

j

+

Z
dk b†(k)b(k) (6)

is conserved, [H,N ] = 0. The single-excitation sector
N = 1, was investigated for n = 2, 3, 4 atoms in Refs. [30,
31], and contains, for a proper choice of the dispersion
relation and for selected interatomic distances, nontrivial
atom-photon bound states.

Our main objective is to extend these results to ar-
bitrary n and unearth genuine collective effects. In the
single-excitation sector, the state vectors read

| i =
nX

j=1

a
j

|e
j

i⌦|vaci+|gi⌦
Z

dk  (k)b†(k) |vaci , (7)

where

|gi = |g1i ⌦ |g2i ⌦ · · ·⌦ |g
n

i , |e
j

i = �+
j

|gi , (8)

and a 2 Cn, ⇠ 2 L2(R) are constrained by the normal-
ization condition

nX

j=1

|a
j

|2 +
Z

| (k)|2 dk = 1. (9)

Notice that the state of the field excitation can be ex-
pressed also in terms of the “wavefunction”

⇠(x) =

Z
dkp
2⇡
 (k)eikx, (10)

defined as the Fourier transform of the amplitude in the
momentum space.

The evolution properties in the one-excitation space
are determined by the self-energy matrix

⌃
jl

(z) =

Z |F (k)|2

z � !(k)
ei(j�l)kd dk. (11)

The model exhibits bound states in the continuum cor-
responding to (see Appendix A for details):

• an energy value E 2 R that satisfies the equation

detG�1(E) = 0, (12)

where

G�1(E) = ("� E)I
n

+ ⌃(E + i0), (13)

I
n

being the n⇥n identity matrix, and ⌃(E+i0) =
lim

�#0 ⌃(E + i�);

• a set of atomic excitation amplitudes a =
(a1, a2, . . . , an) that satisfies

G�1(E)a = 0 (14)

with the additional constraint

F (k(E))
nX

j=1

a
j

e�i(j�1)k(E)d = 0 (15)

for all solutions k(E) of the equation !(k) = E;

there will ALWAYS be dissipative effects: 
leakage out of the cavity, decoherence, dephasing 

GKLS 
but we consider Hamiltonian approach:  
physical meaning
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add a mirror

  

In some cases, decay can be hindered even when energetically allowed

1. Coupling with a semi-infinite waveguide 

The mirror at one end of the guide 
selects the longitudinal modes with 
E = 0 on the boundary
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No decay above threshold: two examples

Dorner and Zoller (2002), Tufarelli, Ciccarello, Kim (2013)
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main ingredient:  
E=0 at mirror
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Figure 1 | An artificial atom in front of a mirror. a, A micrograph of the
atom–mirror system, a superconducting transmon embedded at a distance
L from the end of a one-dimensional transmission line. Zoomed-in view: the
transmon. The atom size is small compared with the wavelength of the
microwave field. We characterize the system by sending in a coherent
probe field, Vin, at !p ⇡5 GHz and measuring the reflected field, Vr.
Measurements are performed at T=50 mK, where thermal excitations of
the field are negligible. b, Cartoon of the atom–mirror system. The blue and
red curves show the mode structure of the voltage along the transmission
line at the atom frequency for L=�/2 and L=3�/4, respectively. By tuning
� of the two-level atom through an external magnetic flux, � , the coupling
between the field and the atom can be turned o� when the atom sits at a
node of the resonant electromagnetic field (blue). The atom is maximally
coupled at the antinode (red).

is di�cult to change the physical distance, L, in situ, the relevant
quantity is in fact the normalized distance, L/�, where � is the
transition wavelength of the atom.We can easily change � by tuning

!a with an externalmagnetic flux perpendicular to the transmon. As
illustrated in Fig. 1b, tuning � allows us to e�ectively move the qubit
from a node to an antinode of the resonant vacuum fluctuations.
By measuring the qubit lifetime as a function of frequency, we can
therefore map out the frequency-dependent spatial structure of
the vacuum.

In detail, the transition wavelength of the transmon can be
expressed as38

�(�)=2⇡v/!a (�)'hv/
⇣p

8ECEJ(�)�EC

⌘
(1)

where h is Planck’s constant, v = c/
p

✏ is the velocity of the wave
propagating along the transmission line, ✏ is the e�ective dielectric
constant of the transmission line, and c is the velocity of light in
vacuum. EC and EJ(�) are the charging and Josephson energies of
the transmon, respectively, and EJ(�) = EJ,0 |cos(⇡�/�0)|, where
EJ,0 is the maximum Josephson energy, � is the magnetic flux and
�0 =h/(2e) is the flux quantum.

We characterize the system spectroscopically by sending a
coherent microwave field towards the transmon and measuring the
reflection coe�cient, rp = hVri/ hVini, where hVri (hVini) is the time-
averaged reflected (incident) field. Note that rp is a phase-sensitive
average and, therefore, captures only the coherently scattered signal.
As demonstrated in previous experiments, all of the fields are
reflected either coherently or incoherently and losses are neglected
in the rest of the paper28,33.

Consider the situation depicted in Fig. 1. The coherent input Vin
interacts with the atom and then continues moving to the left. The
scattered field from the atom, proportional to h��i (the expectation
value of the atomic lowering operator), is equally divided between
left- and right-moving states. Vin and the left-moving field from the
atom are then reflected at the mirror and return to interact with the
atom once more. As the roundtrip time is small compared with the
timescale of the atomic evolution, we need to take into account only
the phase factor

✓(�)=2⇥ [2⇡L/�(�)]+⇡
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Figure 2 | Spectroscopic measurements of the excited-state lifetime. a, The reflection coe�cient |rp| as a function of !p and � for a weak probe (⌦p ⌧� ).
As the atomic linewidth is much less than the tuning range, the qubit response appears as a dotted line, which corresponds to |rp|⇡ 1. As we tune � , �
varies according to (1). When L⇡�/2, which corresponds to 5.4 GHz, the qubit sits at the node of the field and, therefore, is hidden from the probe and no
signal is observed. b, |rp| as a function of !p at two values of � , indicated by the blue and red arrows in a. The solid curves are theoretical fits using (7),
from which we extract �1, � and !a, where � =�1/2+�� . At the low temperatures of our experiment, the inverse lifetime �1 is proportional to the strength
of the vacuum fluctuations. We see �1 changing by a factor of 9.8 between these two flux biases, indicating a large modulation in the amplitude of vacuum
fluctuations, which is due to the frequency dependence of the spatial mode structure. c, For each flux bias in a, as in the procedure in b, we extract �1(�)
and ��(�), denoted by the red and purple markers, respectively. We plot these rates as a function of the normalized distance, L/�(�). The solid red curve
is theory based on (6). The red and blue dashed lines indicate the two cases shown in b. The green arrow in a and the green dashed line in c indicate the
flux bias point for Fig. 3. The shaded blue region indicates where the response from the atom is too weak to measure; this is where the atom is hidden from
the vacuum fluctuations. The shaded region is not symmetric with respect to the minima of the parabola because the pure dephasing is not symmetric.
Note that the maximum coupling, that is, antinode, was not reached. This is because the tuning range of the qubit and the bandwidth of the measurement
system limit the range of frequencies and, therefore, wavelengths over which we can measure.
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(Probing the quantum vacuum with an artificial atom in front of a mirror) 
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Figure 4 | The measured spectral density of the vacuum fluctuations S(!a) as a function of L/�. a,b, S(!a) (red) is shown in units of number of quanta by
normalizing it to h̄!a. a is the magnification of the dashed square region of b. (The shaded blue region is the same as in Fig. 2c.) In the absence of the mirror,
we expect S(!a)= 1 with half a quanta coming from each side of the transmission line. The error bars indicate the uncertainty of S arising from uncertainty
in � and the overall attenuation. The solid black curve is the theoretical prediction, without adjustable parameters, according to equation (5) normalized to
h̄!a. The prediction is inside the error bars, indicating a good agreement between experiment and theory. The lower limit of the observed spectral density is
S=0.02 quanta, indicated by the purple arrow in a, which is a factor of 50 below the value expected without the mirror. In b, S oscillates between 2h̄!a and
0 as a function of L/�. The purple arrows in b indicate the vacuum fluctuations at L/�=0.75 (antinode), L/�=0.625 (free space) and L/�=0.5 (node).

Table 1 | Parameters of the device.

EJ,0/h
(GHz)

EC/h
(GHz)

!a(0)/2⇡
(GHz)

�1,b/2⇡
(MHz)

✏ L
(mm)

13.1 0.38 5.93 33 6.25 11

dependence allows us to extract k. In particular, for a resonant field
(�!p =0), equations (2)–(4) give

rp =�1+ � 2
1

�1� +⌦2
p

(8)

For low power (⌦p ⌧� ), we expect rp to approach the asymptotic
(positive) value determined by the ratio ��/�1 (see above). As the
power increases, rp decreases, owing to increased incoherent scat-
tering, until the coherently reflected signal is zero33. At this point,
all of the incoming probe is absorbed by the atom and re-emitted
spontaneously with a random phase. Beyond this point, rp becomes
negative and its magnitude increases again as the atom saturates
and cannot absorb all of the incoming photons. Using the extracted
values for �1 and �� at the green dashed line in Fig. 2c, (8) gives the
solid curves in Fig. 3. Fitting these curves allows us to calibrate the
atom–field coupling constant k. Through this procedure, we extract
ke '7.9⇥1015 HzW�1/2, where the subscript e denotes the experi-
mental value. However, the absolute value of the incident power P
at the sample has a significant systematic uncertainty related to the
very large temperature dependence of the loss in our system.

To estimate the uncertainty, we can alternatively calculate
k from its definition in terms of circuit parameters43,
k=e�

p
Z0(EJ/2EC)

1/4/h̄ (see Supplementary Information). EJ
and EC are directly measured through the spectroscopic data
in Fig. 2 (see Table 1). Z0 = 50 � is well determined by the
geometry of the transmission line. We then use Microwave O�ce,
a commercial electromagnetic simulation software package, to
evaluate the coupling coe�cient � = Cc/C6 ' 0.4, where Cc and
C6 are the coupling and sum capacitances of the transmon,
respectively. Note that we use the simulation to evaluate only
the capacitance ratio, which is more accurate than simulating
absolute capacitances. Together with the parameters in Table 1,
this gives ks '8.8⇥1015 HzW�1/2, where the subscript s denotes
the simulated value. The ratio of ks and ke is 1.1, which is good for

cryogenic microwave experiments. We use the average between
ks and ke, which we call km, as the final value. To determine the
uncertainty, we carry out a similar analysis for a number of devices
with di�erent geometries that have been measured in previously
reported experiments (see Supplementary Information). We then
use the root mean square deviation from the mean, averaged
over all of these devices, as the systematic error bar. This gives
km =(8.35±1.0)⇥1015 HzW�1/2.

Using km and the extracted values of�1 in Fig. 2c, we plot themea-
sured values of S as a function of L/� in Fig. 4.We plot S(!a) in units
of number of quanta by normalizing it to h̄!a. For an atom in an
open line with no mirror, we expect S=1 quantum. The error bars
indicate the uncertainty in S arising from the uncertainty in km. The
theoretical prediction (5) is shown by the solid black curve in Fig. 4.
Fig. 4a is the magnification of the dashed square region of Fig. 4b.
In Fig. 4b, we show a wider range of normalized distance. We see
that the vacuum fluctuations at L/�=0.75 (antinode), L/�=0.625
(free space) and L/�=0.5 (node) are 2h̄!a, h̄!a and 0, respectively,
as indicated by the purple arrows. We see that the black curve
falls inside the error bars, indicating a good agreement between
experiment and theory and demonstrating that the atomic lifetime
is dominated by the spatially engineered vacuum fluctuations.

In conclusion, we have shown that we can shape themodes of the
quantum vacuum using a mirror. Our flexible waveguide quantum
electrodynamics set-up suggests new directions for the engineering
of the vacuum. For instance, it allows for more complicated
geometries including multiple atoms and multiple waveguides that
would be very di�cult to realize in a natural cavity quantum
electrodynamics system. Recent theoretical work also suggests the
ability to study novel behaviour of an extended emitter coupled to
vacuum fluctuations26.
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atom becomes “invisible” at 5.4 GHz



a pair of two-level (artificial) atoms 
in a waveguide

  

The system

A pair of two-level atoms, fixed at a finite distance, coupled with the 
lowest-energy mode of a linear waveguide: 

A B

● Nontrivial bound states
● Effects of photon exchanges on decay
● Entanglement generation
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SECTOR

lowest energy mode, one-excitation sector

Shen, Fan (2005)+ Gonzales-Tudela et al (2011)



2

II. THE MODEL

We describe the dynamics of two two-level atoms A
and B, situated in an infinite waveguide of rectangular
cross section, with sides L

y

< L
z

, see Fig. 1. When lon-
gitudinal propagation occurs with long wavelength com-
pared to the transverse size, interaction between atoms
and field can be reduced to a coupling with the lowest-
cuto↵-energy TE1,0 mode, in which the electric field vi-
brates along the z direction and has a sine modulation
in the y direction [37]. In this situation, the electromag-
netic field is e↵ectively scalar and massive. The inter-
acting atoms and photons are described, in dipolar and
rotating wave approximations, by the Hamiltonian

H = H0 + �V

= !0(|eAiheA|+ |e
B

ihe
B

|) +
Z

dk !(k)b†(k)b(k)

+�

Z
dk

!(k)1/2

h
|e

A

ihg
A

|b(k) + |g
A

ihe
A

|b†(k)

+|e
B

ihg
B

|b(k)eikd + |g
B

ihe
B

|b†(k)e�ikd
i
, (1)

where !0 is the bare energy separation between the
atomic ground |gi and first-excited states |ei, d is the A-
B distance, !(k) =

p
k2 +M2 is the photon dispersion

relation, characterized by the mass M / L�1
y

, and b(k)

(b†(k)) is the annihilation (creation) field operator, satis-
fying the canonical commutation relation [b(k), b†(k0)] =
�(k�k0). Natural units for energy are fixed by ~v, where
v is the phase velocity in the waveguide medium, which
is assumed linear, isotropic and nondispersive. The ef-
fective mass M provides a natural cuto↵ to the coupling.
The Hamiltonian (1) commutes with the excitation num-
ber

N = Nat +

Z
dk b†(k)b(k), (2)

where Nat = |e
A

ihe
A

| + |e
B

ihe
B

| is the atomic excita-
tion number. The N = 0 sector is 1-dimensional and is
spanned by the bare ground state |g

A

, g
B

; vaci. We shall
focus instead on the dynamics in the N = 1 sector, where
the states read

| i = �
c
A

|e
A

, g
B

i+ c
B

|g
A

, e
B

i�⌦ |vaci+ |g
A

, g
B

i ⌦ |'i
(3)

where |'i :=
R
dk '(k)b†(k)|vaci is a one-photon state,

and |c
A

|2 + |c
B

|2 + R
dk|'(k)|2 = 1.

In the small-coupling regime, an isolated excited atom
with !0 & M would decay to the ground state. We
shall demonstrate that, when two atoms are considered,
a resonance e↵ect emerges, yielding a bound state. Using
the expansion (3) the eigenvalue equation, H| i = E| i,

reads

Ec
A

= !0cA + �

Z
dk

'(k)

!(k)1/2
, (4)

Ec
B

= !0cB + �

Z
dk
'(k)eikd

!(k)1/2
, (5)

'(k) =
�

!(k)1/2
c
A

+ c
B

e�ikd

E � !(k)
. (6)

The field amplitude '(k) has two simple poles at k =
±k̄ = ±p

E2 �M2. Thus, when E > M , the integrals
in (4)-(5) are finite only if c

A

+c
B

e±ik̄d = 0, yielding k̄d =
n⇡ for positive integers n. This implies that a bound
state can exist only for discrete values of the interatomic
distance d. Moreover, in the first component of such an
eigenstate (3), the atoms are in a maximally entangled
(singlet or triplet) state, namely c

A

= (�1)n+1c
B

. To
determine the distances at which the bound state exists,
let us first compute the energy eigenvalue, which after
the resonance condition is the solution of
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Corrections in the second line are negligible if !0 ⌧ M .
This will result as a special case of the ensuing analysis
of the complex poles of the resolvent. [See Eq. (30) and
following ones.] Thus for large M , a bound state with
E > M is present only if the distance d takes one of the
discrete and equally spaced values
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and if the wavenumber k̄ is real (!0 > M � 2�2/M).
We shall discuss in the following the properties of states
with E < M , to which an imaginary wavenumber can be
associated.
To complete the characterization of the bound state,

we shall analyze the atomic populations and the field
energy density. The former can be immediately obtained
using the normalization condition on the states (3) as
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Notice that, despite being apparently of order �2, the
correction to unity is given by the ratio between pow-
ers of two small quantities, namely the e↵ective coupling
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We describe the dynamics of two two-level atoms A
and B, situated in an infinite waveguide of rectangular
cross section, with sides L
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, see Fig. 1. When lon-
gitudinal propagation occurs with long wavelength com-
pared to the transverse size, interaction between atoms
and field can be reduced to a coupling with the lowest-
cuto↵-energy TE1,0 mode, in which the electric field vi-
brates along the z direction and has a sine modulation
in the y direction [37]. In this situation, the electromag-
netic field is e↵ectively scalar and massive. The inter-
acting atoms and photons are described, in dipolar and
rotating wave approximations, by the Hamiltonian
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where !0 is the bare energy separation between the
atomic ground |gi and first-excited states |ei, d is the A-
B distance, !(k) =
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k2 +M2 is the photon dispersion

relation, characterized by the mass M / L�1
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(b†(k)) is the annihilation (creation) field operator, satis-
fying the canonical commutation relation [b(k), b†(k0)] =
�(k�k0). Natural units for energy are fixed by ~v, where
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fective mass M provides a natural cuto↵ to the coupling.
The Hamiltonian (1) commutes with the excitation num-
ber

N = Nat +

Z
dk b†(k)b(k), (2)

where Nat = |e
A

ihe
A

| + |e
B

ihe
B

| is the atomic excita-
tion number. The N = 0 sector is 1-dimensional and is
spanned by the bare ground state |g

A

, g
B

; vaci. We shall
focus instead on the dynamics in the N = 1 sector, where
the states read

| i = �
c
A

|e
A

, g
B

i+ c
B

|g
A

, e
B

i�⌦ |vaci+ |g
A

, g
B

i ⌦ |'i
(3)

where |'i :=
R
dk '(k)b†(k)|vaci is a one-photon state,

and |c
A

|2 + |c
B

|2 + R
dk|'(k)|2 = 1.

In the small-coupling regime, an isolated excited atom
with !0 & M would decay to the ground state. We
shall demonstrate that, when two atoms are considered,
a resonance e↵ect emerges, yielding a bound state. Using
the expansion (3) the eigenvalue equation, H| i = E| i,

reads

Ec
A

= !0cA + �

Z
dk

'(k)

!(k)1/2
, (4)

Ec
B

= !0cB + �

Z
dk
'(k)eikd

!(k)1/2
, (5)

'(k) =
�

!(k)1/2
c
A

+ c
B

e�ikd

E � !(k)
. (6)

The field amplitude '(k) has two simple poles at k =
±k̄ = ±p

E2 �M2. Thus, when E > M , the integrals
in (4)-(5) are finite only if c

A

+c
B

e±ik̄d = 0, yielding k̄d =
n⇡ for positive integers n. This implies that a bound
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state can exist only for discrete values of the interatomic
distance d. Moreover, in the first component of such an
eigenstate (3), the atoms are in a maximally entangled
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. To
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Corrections in the second line are negligible if !0 ⌧ M .
This will result as a special case of the ensuing analysis
of the complex poles of the resolvent. [See Eq. (30) and
following ones.] Thus for large M , a bound state with
E > M is present only if the distance d takes one of the
discrete and equally spaced values
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and if the wavenumber k̄ is real (!0 > M � 2�2/M).
We shall discuss in the following the properties of states
with E < M , to which an imaginary wavenumber can be
associated.
To complete the characterization of the bound state,

we shall analyze the atomic populations and the field
energy density. The former can be immediately obtained
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II. THE MODEL

We describe the dynamics of two two-level atoms A
and B, situated in an infinite waveguide of rectangular
cross section, with sides L

y

< L
z

, see Fig. 1. When lon-
gitudinal propagation occurs with long wavelength com-
pared to the transverse size, interaction between atoms
and field can be reduced to a coupling with the lowest-
cuto↵-energy TE1,0 mode, in which the electric field vi-
brates along the z direction and has a sine modulation
in the y direction [37]. In this situation, the electromag-
netic field is e↵ectively scalar and massive. The inter-
acting atoms and photons are described, in dipolar and
rotating wave approximations, by the Hamiltonian

H = H0 + �V

= !0(|eAiheA|+ |e
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where !0 is the bare energy separation between the
atomic ground |gi and first-excited states |ei, d is the A-
B distance, !(k) =

p
k2 +M2 is the photon dispersion

relation, characterized by the mass M / L�1
y

, and b(k)

(b†(k)) is the annihilation (creation) field operator, satis-
fying the canonical commutation relation [b(k), b†(k0)] =
�(k�k0). Natural units for energy are fixed by ~v, where
v is the phase velocity in the waveguide medium, which
is assumed linear, isotropic and nondispersive. The ef-
fective mass M provides a natural cuto↵ to the coupling.
The Hamiltonian (1) commutes with the excitation num-
ber

N = Nat +

Z
dk b†(k)b(k), (2)

where Nat = |e
A

ihe
A

| + |e
B

ihe
B

| is the atomic excita-
tion number. The N = 0 sector is 1-dimensional and is
spanned by the bare ground state |g

A

, g
B

; vaci. We shall
focus instead on the dynamics in the N = 1 sector, where
the states read
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(3)

where |'i :=
R
dk '(k)b†(k)|vaci is a one-photon state,

and |c
A

|2 + |c
B

|2 + R
dk|'(k)|2 = 1.

In the small-coupling regime, an isolated excited atom
with !0 & M would decay to the ground state. We
shall demonstrate that, when two atoms are considered,
a resonance e↵ect emerges, yielding a bound state. Using
the expansion (3) the eigenvalue equation, H| i = E| i,

reads
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dk
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The field amplitude '(k) has two simple poles at k =
±k̄ = ±p

E2 �M2. Thus, when E > M , the integrals
in (4)-(5) are finite only if c

A

+c
B

e±ik̄d = 0, yielding k̄d =
n⇡ for positive integers n. This implies that a bound
state can exist only for discrete values of the interatomic
distance d. Moreover, in the first component of such an
eigenstate (3), the atoms are in a maximally entangled
(singlet or triplet) state, namely c

A

= (�1)n+1c
B

. To
determine the distances at which the bound state exists,
let us first compute the energy eigenvalue, which after
the resonance condition is the solution of
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Corrections in the second line are negligible if !0 ⌧ M .
This will result as a special case of the ensuing analysis
of the complex poles of the resolvent. [See Eq. (30) and
following ones.] Thus for large M , a bound state with
E > M is present only if the distance d takes one of the
discrete and equally spaced values
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and if the wavenumber k̄ is real (!0 > M � 2�2/M).
We shall discuss in the following the properties of states
with E < M , to which an imaginary wavenumber can be
associated.
To complete the characterization of the bound state,

we shall analyze the atomic populations and the field
energy density. The former can be immediately obtained
using the normalization condition on the states (3) as
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A

= (�1)n+1c
B

. To
determine the distances at which the bound state exists,
let us first compute the energy eigenvalue, which after
the resonance condition is the solution of

E = !0 + �2
Z

dk
1� (�1)ne�ikd

!(k)(E � !(k))

= !0 +
2�2

M


1 +O

✓
E �M

M

◆
+O

✓
e�Md

p
Md

◆�
. (7)

Corrections in the second line are negligible if !0 ⌧ M .
This will result as a special case of the ensuing analysis
of the complex poles of the resolvent. [See Eq. (30) and
following ones.] Thus for large M , a bound state with
E > M is present only if the distance d takes one of the
discrete and equally spaced values

d
n

=
n⇡

k̄
, with k̄ :=

s✓
!0 +

2�2

M

◆2

�M2, (8)

and if the wavenumber k̄ is real (!0 > M � 2�2/M).
We shall discuss in the following the properties of states
with E < M , to which an imaginary wavenumber can be
associated.
To complete the characterization of the bound state,

we shall analyze the atomic populations and the field
energy density. The former can be immediately obtained
using the normalization condition on the states (3) as

1 = 2|c(n)
A

|2
✓
1 + �2

Z
dk

1� (�1)n cos(kd
n

)

!(k)(E � !(k))2

◆
. (9)

Retaining only the highest order in M and defining p
n

:=

|c(n)
A

|2+ |c(n)
B

|2 as the probability associated to the Nat =
1 sector, one gets

p
n

'
✓
1 + n⇡

2⇡�2M2

k̄3

◆�1

. (10)

Notice that, despite being apparently of order �2, the
correction to unity is given by the ratio between pow-
ers of two small quantities, namely the e↵ective coupling



observation: dark state of an atomic pair  
(identical but distinguishable atoms)

  

In some cases, decay can be hindered even when energetically allowed

2. Dark state of an atomic pair

Identical (but distinguishable) atoms in the same position, coupled with field 

The one-excitation 
antisymmetric state

decouples from the interaction

The one-excitation symmetric 
state

decays faster than a free atom

|Ψ(−)⟩=
|eA , gB ⟩−|gA ,eB ⟩

√2
|Ψ(+ )⟩=

|eA , gB ⟩+|gA ,eB ⟩
√2

A

B

H int
|Ψ(−)⟩=0 γ(+ )=2 γfree

No decay above threshold: two examples



  

Resonant bound states: conditions

|ψ ⟩=(cA|eA , gB ⟩+cB|gA , eB ⟩)|vac ⟩+|gA ,gb⟩|1 photon ⟩

H|ψ ⟩=E|ψ ⟩=√ k̄2+M 2
|ψ ⟩The eigenvalue equation

can be satisfied by a normalizable state only if:

cA=(−1)n+1
cB , d=dn=

nπ
k̄

(n∈Z+ )

cA+e
±i k̄ d

cB=0

E=ω o+∫d k λ 2

√k2+M 2

1−e
i( k̄−k )d

E−√k2+M 2
has real solutions

i)

ii)

Phys. Rev. A 94, 043839 (2016)
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|ψ ⟩=(cA|eA , gB ⟩+cB|gA , eB ⟩)|vac ⟩+|gA ,gb⟩|1 photon ⟩

H|ψ ⟩=E|ψ ⟩=√ k̄2+M 2
|ψ ⟩The eigenvalue equation

can be satisfied by a normalizable state only if:

cA=(−1)n+1
cB , d=dn=

nπ
k̄

(n∈Z+ )

cA+e
±i k̄ d

cB=0

E=ω o+∫d k λ 2

√k2+M 2

1−e
i( k̄−k )d

E−√k2+M 2
has real solutions

i)

ii)

Phys. Rev. A 94, 043839 (2016)

iff

  

One-excitation bound states (I)

|ψ ⟩=(c A|e A , gB ⟩+cB|g A , eB ⟩)|vac ⟩+|gA ,gb⟩|1 photon ⟩

General wavefunction in the sector

ω

0

M

E

Bound states below the threshold for photon propagation 
are expected:

● Effective interatomic interaction mediated by evanescent 
waves

● Symmetric and antisymmetric eigenstates for any 
interatomic distance d :

●                         ,  level splitting 

H|ψ ⟩=E|ψ ⟩ with ⟨ψ |ψ ⟩=1Bound states

|ψ ⟩≃[|eA , gB ⟩±|g A , eB ⟩
√2 ] |vac ⟩

E=ω 0+O(λ2) ∼exp (−√E
2−M

2
d )

Shahmoon and Kurizki (2013)



fast tutorial Im E E

Re E

complex energy plane

energy shift

inverse lifetime

Schwinger (simple poles);  
Araki et al (proof of Fermi “Golden rule”)

stable state
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two-excitation sector



a) b)

c) d)

s s s’

s’s’s s

analysis is more complicated 
renormalization procedure is involved 



A 𝑘1, 𝑘2, 𝑧 =

𝐺2 𝑧 =                =              +

𝑠𝑣𝑠 𝑘 1 + 𝑋𝑠 𝑘, 𝑧 =            =          +           

𝑘

𝐺𝑠 𝑧 =                =              +

Σ2 𝑧

Σ𝑠 𝑧

re-sum diagrams and renormalize



P (k1, k2) = lim
t!1

|A(k1, k2, t)|2
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P (k1, k2) = 8

(
2 cos

4
⇣k0d

2

⌘
|F+(k1 � k0,±k2 � k0)|2

+ 2 sin

4
⇣k0d

2

⌘
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FIG. 1: Single two-level emitter coupled to a transverse mode
of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.

the transverse size of the guide [29]. The free part of the
Hamiltonian thus reads
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with � > 0 a constant with the dimensions of squared
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The rotating-wave form of the interaction (3) allows
diagonalization of the Hamiltonian in sectors with fixed
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. In the
N = 1 sector, the state of the system reads
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where |vaci is the field vacuum state. Assume that the
atom is placed at x = 0; the photon wavefunction ⇠(x),
with x 2 [�L/2, L/2], is given by the Fourier series
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Normalization adds a further bound on amplitudes:
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Notice that the amplitude ⇠(x) has dimensions of L�1/2,
and therefore its squared norm
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|⇠(x)|2 dx appearing in

the normalization condition is dimensionless as it should
be.

B. Atom-photon bound states

We are mainly interested in the eigenstates of the sys-
tem, in particular those in which the atomic excitation
plays a relevant role. We shall first briefly examine the
bound states in the absence of coupling (� = 0), and
then proceed to the case � 6= 0.

a. Bound states in absence of coupling. The free
Hamiltonian H0 admits two types of eigenstates in the
one-excitation sector, corresponding to the eigenstates of
the two terms in Eq. (2), respectively:

• excited atom and no photons (i.e. a = 1, up to an
immaterial global phase), | i = |ei ⌦ |vaci, with
energy ";

• atom in the ground state and a single photon (i.e.
a = 0), | i = |gi ⌦ b†
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|vaci, with energy !
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� m.

In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation

E � "� ⌃(E) = 0, (8)

where ⌃(E) is the self-energy function of the atomic ex-
cited state [67]

⌃(E) =
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. (9)

The amplitudes a and ⇠
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in (5) are determined by the
eigenvalue equation and the normalization condition (7):
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FIG. 1: Single two-level emitter coupled to a transverse mode
of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.
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of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
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FIG. 1: Single two-level emitter coupled to a transverse mode
of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.

the transverse size of the guide [29]. The free part of the
Hamiltonian thus reads

H0 = " �+��
+

1X

k=�1
!
k

b†
k

b
k

, (2)

where �+
= (��

)

†
= |eihg| are the atom ladder opera-

tors, and b
k

the photon longitudinal mode operators, sat-
isfying the canonical commutation relations [b

k

, b
k

0
] = 0

and [b
k

, b†
k

0 ] = �
kk

0 . The interaction Hamiltonian in the
electric dipole atom-field coupling and rotating-wave ap-
proximation reads

Hint =

1X

k=�1
F
k

⇣
�+b

k

+ ��b†
k

⌘
, (3)

where the interaction form factor is

F
k

=

r
�

L!
k

, (4)

with � > 0 a constant with the dimensions of squared
energy.

The rotating-wave form of the interaction (3) allows
diagonalization of the Hamiltonian in sectors with fixed
number of excitations N = |ei he| +

P
k

b†
k

b
k

. In the
N = 1 sector, the state of the system reads

| i = a |ei ⌦ |vaci+ |gi ⌦
X

k

⇠
k

b†
k

|vaci , (5)

where |vaci is the field vacuum state. Assume that the
atom is placed at x = 0; the photon wavefunction ⇠(x),
with x 2 [�L/2, L/2], is given by the Fourier series

⇠(x) =

r
2⇡

L

X

k

⇠
k

e

2⇡ikx

L . (6)

Normalization adds a further bound on amplitudes:

|a|2 +
Z

L/2

�L/2
|⇠(x)|2 dx = 1. (7)

Notice that the amplitude ⇠(x) has dimensions of L�1/2,
and therefore its squared norm

R
|⇠(x)|2 dx appearing in

the normalization condition is dimensionless as it should
be.

B. Atom-photon bound states

We are mainly interested in the eigenstates of the sys-
tem, in particular those in which the atomic excitation
plays a relevant role. We shall first briefly examine the
bound states in the absence of coupling (� = 0), and
then proceed to the case � 6= 0.

a. Bound states in absence of coupling. The free
Hamiltonian H0 admits two types of eigenstates in the
one-excitation sector, corresponding to the eigenstates of
the two terms in Eq. (2), respectively:

• excited atom and no photons (i.e. a = 1, up to an
immaterial global phase), | i = |ei ⌦ |vaci, with
energy ";

• atom in the ground state and a single photon (i.e.
a = 0), | i = |gi ⌦ b†

k

|vaci, with energy !
k

� m.

In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation

E � "� ⌃(E) = 0, (8)

where ⌃(E) is the self-energy function of the atomic ex-
cited state [67]

⌃(E) =

X

k

F 2
k

E � !
k

. (9)

The amplitudes a and ⇠
k

in (5) are determined by the
eigenvalue equation and the normalization condition (7):

a = [1� ⌃0
(E)]

� 1
2 , (10)

⇠
k

=

F
k

E � !
k

[1� ⌃0
(E)]

� 1
2 , (11)

2

|gÍ

|eÍ
"

|gÍ

|eÍ
"

FIG. 1: Single two-level emitter coupled to a transverse mode
of a closed waveguide, in a circular (left) and square (right)
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then proceed to the case � 6= 0.

a. Bound states in absence of coupling. The free
Hamiltonian H0 admits two types of eigenstates in the
one-excitation sector, corresponding to the eigenstates of
the two terms in Eq. (2), respectively:

• excited atom and no photons (i.e. a = 1, up to an
immaterial global phase), | i = |ei ⌦ |vaci, with
energy ";

• atom in the ground state and a single photon (i.e.
a = 0), | i = |gi ⌦ b†
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|vaci, with energy !
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In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation

E � "� ⌃(E) = 0, (8)

where ⌃(E) is the self-energy function of the atomic ex-
cited state [67]

⌃(E) =
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The amplitudes a and ⇠
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(a) |a|2 = 0, �E/m = 0; (b) |a|2 = 0.40, �E/m = 10�3;

(c) |a|2 = 0.72, �E/m = 2 · 10�3; (d) |a|2 = 0.96, �E/m = 5 · 10�3;

FIG. 2: Plots of single-emitter atom-photon bound states with energy E = !` + �E, with ` = 8 and for various values of �E,
for the full Hamiltonian H = H0 +Hint of the system with length mL = 40⇡ and coupling �/m2 = 10�4. Each of these bound
states is obtained by tuning the excitation energy " to one of the values given by Eq. (8). Panel (a) shows the bound state
with energy E ⇡ !` with a purely photonic excitation (i.e., a = 0); this state coincides with the one obtained in the absence of
coupling between the atom and the field: the latter is unaffected by the presence of the atom, and the resulting photon field is
smooth at the position x = 0 of the emitter. Panels (b)–(c) are for the case of dressed bound states with energy E 6= !`: the
atom acquires a nonvanishing portion of excitation, and correspondingly the first derivative of the photon amplitude acquires
a discontinuity at x = 0. Panel (d) represents a state with E sufficiently far from any !`, in which the atom retains most of
the excitation probability. Notice that the z-axes of the various figures have different scales: as |a|2 increases, by Eq. (7) the
photon field gets smaller.
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while the first term in ⌃(E) diverges at E = !
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with ⌘(x) being again a small real-valued correction.
Having solved explicitly the eigenproblem for our sys-

tem, we can discuss the properties of the eigenenergies
and the corresponding bound states for different values
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the following typical features of the eigenstates in the
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FIG. 1: Single two-level emitter coupled to a transverse mode
of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.

the transverse size of the guide [29]. The free part of the
Hamiltonian thus reads

H0 = " �+��
+

1X

k=�1
!
k

b†
k

b
k

, (2)

where �+
= (��

)

†
= |eihg| are the atom ladder opera-

tors, and b
k

the photon longitudinal mode operators, sat-
isfying the canonical commutation relations [b

k

, b
k

0
] = 0

and [b
k

, b†
k

0 ] = �
kk

0 . The interaction Hamiltonian in the
electric dipole atom-field coupling and rotating-wave ap-
proximation reads

Hint =

1X

k=�1
F
k

⇣
�+b

k

+ ��b†
k

⌘
, (3)

where the interaction form factor is

F
k

=

r
�

L!
k

, (4)

with � > 0 a constant with the dimensions of squared
energy.

The rotating-wave form of the interaction (3) allows
diagonalization of the Hamiltonian in sectors with fixed
number of excitations N = |ei he| +

P
k

b†
k

b
k

. In the
N = 1 sector, the state of the system reads

| i = a |ei ⌦ |vaci+ |gi ⌦
X

k

⇠
k

b†
k

|vaci , (5)
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the normalization condition is dimensionless as it should
be.

B. Atom-photon bound states

We are mainly interested in the eigenstates of the sys-
tem, in particular those in which the atomic excitation
plays a relevant role. We shall first briefly examine the
bound states in the absence of coupling (� = 0), and
then proceed to the case � 6= 0.

a. Bound states in absence of coupling. The free
Hamiltonian H0 admits two types of eigenstates in the
one-excitation sector, corresponding to the eigenstates of
the two terms in Eq. (2), respectively:

• excited atom and no photons (i.e. a = 1, up to an
immaterial global phase), | i = |ei ⌦ |vaci, with
energy ";

• atom in the ground state and a single photon (i.e.
a = 0), | i = |gi ⌦ b†
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|vaci, with energy !
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In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation
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where ⌃(E) is the self-energy function of the atomic ex-
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of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.
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diagonalization of the Hamiltonian in sectors with fixed
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N = 1 sector, the state of the system reads
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where |vaci is the field vacuum state. Assume that the
atom is placed at x = 0; the photon wavefunction ⇠(x),
with x 2 [�L/2, L/2], is given by the Fourier series
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Notice that the amplitude ⇠(x) has dimensions of L�1/2,
and therefore its squared norm
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|⇠(x)|2 dx appearing in

the normalization condition is dimensionless as it should
be.

B. Atom-photon bound states

We are mainly interested in the eigenstates of the sys-
tem, in particular those in which the atomic excitation
plays a relevant role. We shall first briefly examine the
bound states in the absence of coupling (� = 0), and
then proceed to the case � 6= 0.

a. Bound states in absence of coupling. The free
Hamiltonian H0 admits two types of eigenstates in the
one-excitation sector, corresponding to the eigenstates of
the two terms in Eq. (2), respectively:

• excited atom and no photons (i.e. a = 1, up to an
immaterial global phase), | i = |ei ⌦ |vaci, with
energy ";

• atom in the ground state and a single photon (i.e.
a = 0), | i = |gi ⌦ b†
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|vaci, with energy !
k

� m.

In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation

E � "� ⌃(E) = 0, (8)

where ⌃(E) is the self-energy function of the atomic ex-
cited state [67]
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(a) |a|2 = 0, �E/m = 0; (b) |a|2 = 0.40, �E/m = 10�3;

(c) |a|2 = 0.72, �E/m = 2 · 10�3; (d) |a|2 = 0.96, �E/m = 5 · 10�3;

FIG. 2: Plots of single-emitter atom-photon bound states with energy E = !` + �E, with ` = 8 and for various values of �E,
for the full Hamiltonian H = H0 +Hint of the system with length mL = 40⇡ and coupling �/m2 = 10�4. Each of these bound
states is obtained by tuning the excitation energy " to one of the values given by Eq. (8). Panel (a) shows the bound state
with energy E ⇡ !` with a purely photonic excitation (i.e., a = 0); this state coincides with the one obtained in the absence of
coupling between the atom and the field: the latter is unaffected by the presence of the atom, and the resulting photon field is
smooth at the position x = 0 of the emitter. Panels (b)–(c) are for the case of dressed bound states with energy E 6= !`: the
atom acquires a nonvanishing portion of excitation, and correspondingly the first derivative of the photon amplitude acquires
a discontinuity at x = 0. Panel (d) represents a state with E sufficiently far from any !`, in which the atom retains most of
the excitation probability. Notice that the z-axes of the various figures have different scales: as |a|2 increases, by Eq. (7) the
photon field gets smaller.
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geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.
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where |vaci is the field vacuum state. Assume that the
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be.
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We are mainly interested in the eigenstates of the sys-
tem, in particular those in which the atomic excitation
plays a relevant role. We shall first briefly examine the
bound states in the absence of coupling (� = 0), and
then proceed to the case � 6= 0.

a. Bound states in absence of coupling. The free
Hamiltonian H0 admits two types of eigenstates in the
one-excitation sector, corresponding to the eigenstates of
the two terms in Eq. (2), respectively:

• excited atom and no photons (i.e. a = 1, up to an
immaterial global phase), | i = |ei ⌦ |vaci, with
energy ";

• atom in the ground state and a single photon (i.e.
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|vaci, with energy !
k

� m.

In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation
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(c) |a|2 = 0.72, �E/m = 2 · 10�3; (d) |a|2 = 0.96, �E/m = 5 · 10�3;

FIG. 2: Plots of single-emitter atom-photon bound states with energy E = !` + �E, with ` = 8 and for various values of �E,
for the full Hamiltonian H = H0 +Hint of the system with length mL = 40⇡ and coupling �/m2 = 10�4. Each of these bound
states is obtained by tuning the excitation energy " to one of the values given by Eq. (8). Panel (a) shows the bound state
with energy E ⇡ !` with a purely photonic excitation (i.e., a = 0); this state coincides with the one obtained in the absence of
coupling between the atom and the field: the latter is unaffected by the presence of the atom, and the resulting photon field is
smooth at the position x = 0 of the emitter. Panels (b)–(c) are for the case of dressed bound states with energy E 6= !`: the
atom acquires a nonvanishing portion of excitation, and correspondingly the first derivative of the photon amplitude acquires
a discontinuity at x = 0. Panel (d) represents a state with E sufficiently far from any !`, in which the atom retains most of
the excitation probability. Notice that the z-axes of the various figures have different scales: as |a|2 increases, by Eq. (7) the
photon field gets smaller.
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for the full Hamiltonian H = H0 +Hint of the system with length mL = 40⇡ and coupling �/m2 = 10�4. Each of these bound
states is obtained by tuning the excitation energy " to one of the values given by Eq. (8). Panel (a) shows the bound state
with energy E ⇡ !` with a purely photonic excitation (i.e., a = 0); this state coincides with the one obtained in the absence of
coupling between the atom and the field: the latter is unaffected by the presence of the atom, and the resulting photon field is
smooth at the position x = 0 of the emitter. Panels (b)–(c) are for the case of dressed bound states with energy E 6= !`: the
atom acquires a nonvanishing portion of excitation, and correspondingly the first derivative of the photon amplitude acquires
a discontinuity at x = 0. Panel (d) represents a state with E sufficiently far from any !`, in which the atom retains most of
the excitation probability. Notice that the z-axes of the various figures have different scales: as |a|2 increases, by Eq. (7) the
photon field gets smaller.
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The photon wavefunction ⇠(x), corresponding to an
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with ⌘(x) being again a small real-valued correction.
Having solved explicitly the eigenproblem for our sys-

tem, we can discuss the properties of the eigenenergies
and the corresponding bound states for different values
of the parameters. If !
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< " < !
`+1, we can outline

the following typical features of the eigenstates in the
perturbative regime: eigenvalues E
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(a) |a|2 = 0, �E/m = 0; (b) |a|2 = 0.40, �E/m = 10�3;

(c) |a|2 = 0.72, �E/m = 2 · 10�3; (d) |a|2 = 0.96, �E/m = 5 · 10�3;

FIG. 2: Plots of single-emitter atom-photon bound states with energy E = !` + �E, with ` = 8 and for various values of �E,
for the full Hamiltonian H = H0 +Hint of the system with length mL = 40⇡ and coupling �/m2 = 10�4. Each of these bound
states is obtained by tuning the excitation energy " to one of the values given by Eq. (8). Panel (a) shows the bound state
with energy E ⇡ !` with a purely photonic excitation (i.e., a = 0); this state coincides with the one obtained in the absence of
coupling between the atom and the field: the latter is unaffected by the presence of the atom, and the resulting photon field is
smooth at the position x = 0 of the emitter. Panels (b)–(c) are for the case of dressed bound states with energy E 6= !`: the
atom acquires a nonvanishing portion of excitation, and correspondingly the first derivative of the photon amplitude acquires
a discontinuity at x = 0. Panel (d) represents a state with E sufficiently far from any !`, in which the atom retains most of
the excitation probability. Notice that the z-axes of the various figures have different scales: as |a|2 increases, by Eq. (7) the
photon field gets smaller.
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FIG. 1: Single two-level emitter coupled to a transverse mode
of a closed waveguide, in a circular (left) and square (right)
geometry. In our analysis the specific geometry of the ring is
immaterial, only its total length L being relevant.

the transverse size of the guide [29]. The free part of the
Hamiltonian thus reads

H0 = " �+��
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, (2)

where �+
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†
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k
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kk

0 . The interaction Hamiltonian in the
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proximation reads
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where the interaction form factor is
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with � > 0 a constant with the dimensions of squared
energy.

The rotating-wave form of the interaction (3) allows
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P
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b†
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b
k

. In the
N = 1 sector, the state of the system reads
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b†
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|vaci , (5)

where |vaci is the field vacuum state. Assume that the
atom is placed at x = 0; the photon wavefunction ⇠(x),
with x 2 [�L/2, L/2], is given by the Fourier series
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Normalization adds a further bound on amplitudes:

|a|2 +
Z

L/2

�L/2
|⇠(x)|2 dx = 1. (7)

Notice that the amplitude ⇠(x) has dimensions of L�1/2,
and therefore its squared norm

R
|⇠(x)|2 dx appearing in

the normalization condition is dimensionless as it should
be.

B. Atom-photon bound states

We are mainly interested in the eigenstates of the sys-
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bound states in the absence of coupling (� = 0), and
then proceed to the case � 6= 0.
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� m.

In these two cases, the single excitation available to the
system is either in the emitter or in the photon field,
respectively, since it cannot be exchanged between the
two components of the system. As we will see, these
two kind of states (pure-atom and pure-field excitation)
correspond to the two limiting cases of atom-photon
bound states in the presence of a nonvanishing coupling.

b. Bound states in presence of coupling. When the
coupling is switched on, the bound states are modified
and the excitation is in general coherently shared be-
tween atom and field. In order to find them, we must
solve the eigenvalue equation for the full Hamiltonian
H = H0 + Hint; this is done in Appendix A, where a
detailed proof of the following statements is presented.
The eigenenergies E are the solutions of the equation

E � "� ⌃(E) = 0, (8)

where ⌃(E) is the self-energy function of the atomic ex-
cited state [67]
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. (9)

The amplitudes a and ⇠
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in (5) are determined by the
eigenvalue equation and the normalization condition (7):
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FIG. 3: Emitter excitation probability |a|2, given by Eq. (10),
in an eigenstate with energy E, for mL = 40⇡ and �/m2 =
10�4. The probability that the emitter is in its excited state
vanishes at the photon frequencies !k, with k 2 Z: the corre-
sponding states are the same that would be obtained in the
absence of the emitter. Values of E for which |a|2 is nonzero
correspond to bound states in which the emitter shares part
of the excitation. For these states, the derivative of the pho-
ton field acquires a discontinuity at the position of the emit-
ter, and the norm of the photon wavefunction decreases (see
Fig. 2).

states that are generally dominated by a symmetric com-
bination of photon excitations with opposite momenta,
whose energy is, respectively, slightly smaller than !

k+1

(for E
k

< E
`

) or slightly larger than !
k

(for E
k

> E
`

);
the eigenvalue E

`

is close to ", up to a correction of O(�),
and corresponds to a state with a dominant atomic exci-
tation. A value of " very close to a photon frequency !

`

generates two eigenstates, with energies above and below
!
`

, in which the photon and the atomic excitation are
strongly hybridized. By increasing �, the eigenvalues E

k

migrate towards the center of the intervals (!
k

,!
k+1),

indicating a stronger superposition between atomic and
photonic excitations, with a significant involvement of
photons with different wavenumbers. Notice that, in any
regime, the parameters can be tuned to select a given
value of the emitter excitation probability, as summa-
rized in Fig. 3.

Finally, it is interesting to study what happens in the
limit of a large ring. By increasing the value of L, energy
eigenvalues become more and more dense, and the value
|a|2 of the atomic excitation probability decreases. In a
semiclassical picture, for L ! 1 the photon emitted by
the atom will take an infinite time to return to the emit-
ter, which will have released a larger part of its excitation
in the meanwhile. None of the eigenstates survives the
limit L ! 1: this is expected, since the system becomes
locally equivalent to an infinite-length linear waveguide,
in which no bound state with energy E > m emerges, for
a nonvanishing form factor, in the single-emitter case,
though stable excited states of two or more emitters are
possible [29].

III. TWO EMITTERS

We now consider the case in which two identical emit-
ters, with equal excitation energy " and positions x1 and
x2 at a distance d, are coupled to a transverse waveg-
uide mode. Their ground and excited states will be de-
noted by |g

↵

i and |e
↵

i, with ↵ = 1, 2, respectively. The
two emitters interact with each other only by photon ex-
change, and no direct coupling is assumed. The interac-
tion Hamiltonian, which generalizes (3), reads
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and the system state in the one-excitation sector is
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b†
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with |Gi = |g1i ⌦ |g2i.

A. Bound states

As in the single-emitter case, in order to evaluate the
bound states of the system we must solve the eigenprob-
lem; this is done in Appendix C, where we prove the
following statements. The eigenvalue E corresponding
to an eigenstate with finite atomic excitation amplitude
obeys the equation

det [(E � ")11 � ⌃(E)] = 0, (18)

where the self-energy is now a 2⇥ 2 matrix, and 11 is the
identity matrix. The atom amplitude vector a = (a1, a2)
characterizing the corresponding eigenstate satisfies

[(E � ")11 � ⌃(E)]a = 0, (19)

which fixes a1 and a2 up to a global multiplication con-
stant (notice that, generally, kak < 1), while the photon
amplitudes are determined by a straightforward general-
ization of (11). The values of a

j

and ⇠
k

are eventually
fixed, up to an overall phase factor, by state normaliza-
tion. Also in this case, one can derive an analytical form
of the self-energy,

⌃
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(E) =

�

q(E)

A
j`

�
q(E)

�
✓(E) + ��

j�`

(E), (20)

where q(E) =
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E2 �m2,
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(q) = cot

✓
qL

2

◆
cos ((j � `)qd) + sin (|j � `|qd) ,

(21)
�0 is the same function that appears in Eq. (12), and
�1 = ��1 is a function suppressed like |�1(E)| 
[e

�m(L�d)
+e

�md

]/(⇡m). By neglecting the latter contri-
bution for md,m(L � d) � 1, the energies of the bound
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Besides, it is exponentially bounded at 1 in both half-planes: indeed, one gets
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whence its modulus for  = iy, y > 0, decays as e

�dy, while for  = �iy, y > 0, it decays as e

�(L�d)y.
By the residue theorem, the integral of f

E,d

() on any positively oriented contour � (see Fig. 5) which includes all
its simple poles is given by
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where ✓(E) is the Heaviside step function. An immediate calculation shows that
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Let us focus on the integral along the integration contour �; while the choice of � is immaterial, it will be convenient
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sponding states are the same that would be obtained in the
absence of the emitter. Values of E for which |a|2 is nonzero
correspond to bound states in which the emitter shares part
of the excitation. For these states, the derivative of the pho-
ton field acquires a discontinuity at the position of the emit-
ter, and the norm of the photon wavefunction decreases (see
Fig. 2).

states that are generally dominated by a symmetric com-
bination of photon excitations with opposite momenta,
whose energy is, respectively, slightly smaller than !

k+1

(for E
k

< E
`

) or slightly larger than !
k

(for E
k

> E
`

);
the eigenvalue E

`

is close to ", up to a correction of O(�),
and corresponds to a state with a dominant atomic exci-
tation. A value of " very close to a photon frequency !

`

generates two eigenstates, with energies above and below
!
`

, in which the photon and the atomic excitation are
strongly hybridized. By increasing �, the eigenvalues E

k

migrate towards the center of the intervals (!
k

,!
k+1),

indicating a stronger superposition between atomic and
photonic excitations, with a significant involvement of
photons with different wavenumbers. Notice that, in any
regime, the parameters can be tuned to select a given
value of the emitter excitation probability, as summa-
rized in Fig. 3.

Finally, it is interesting to study what happens in the
limit of a large ring. By increasing the value of L, energy
eigenvalues become more and more dense, and the value
|a|2 of the atomic excitation probability decreases. In a
semiclassical picture, for L ! 1 the photon emitted by
the atom will take an infinite time to return to the emit-
ter, which will have released a larger part of its excitation
in the meanwhile. None of the eigenstates survives the
limit L ! 1: this is expected, since the system becomes
locally equivalent to an infinite-length linear waveguide,
in which no bound state with energy E > m emerges, for
a nonvanishing form factor, in the single-emitter case,
though stable excited states of two or more emitters are
possible [29].

III. TWO EMITTERS

We now consider the case in which two identical emit-
ters, with equal excitation energy " and positions x1 and
x2 at a distance d, are coupled to a transverse waveg-
uide mode. Their ground and excited states will be de-
noted by |g

↵

i and |e
↵

i, with ↵ = 1, 2, respectively. The
two emitters interact with each other only by photon ex-
change, and no direct coupling is assumed. The interac-
tion Hamiltonian, which generalizes (3), reads

Hint =

1X

k=�1

X

↵=1,2

F
k

⇣
e

2⇡ikx

↵

L �+
↵

b
k

+ e

�2⇡ikx

↵

L ��
↵

b†
k

⌘
,

(16)
and the system state in the one-excitation sector is

| i =
X

↵=1,2

a
↵

�+
↵

|Gi⌦ |vaci+ |Gi⌦
X

k

⇠
k

b†
k

|vaci , (17)

with |Gi = |g1i ⌦ |g2i.

A. Bound states

As in the single-emitter case, in order to evaluate the
bound states of the system we must solve the eigenprob-
lem; this is done in Appendix C, where we prove the
following statements. The eigenvalue E corresponding
to an eigenstate with finite atomic excitation amplitude
obeys the equation

det [(E � ")11 � ⌃(E)] = 0, (18)

where the self-energy is now a 2⇥ 2 matrix, and 11 is the
identity matrix. The atom amplitude vector a = (a1, a2)
characterizing the corresponding eigenstate satisfies

[(E � ")11 � ⌃(E)]a = 0, (19)

which fixes a1 and a2 up to a global multiplication con-
stant (notice that, generally, kak < 1), while the photon
amplitudes are determined by a straightforward general-
ization of (11). The values of a

j

and ⇠
k

are eventually
fixed, up to an overall phase factor, by state normaliza-
tion. Also in this case, one can derive an analytical form
of the self-energy,

⌃

j`

(E) =

�

q(E)

A
j`

�
q(E)

�
✓(E) + ��

j�`

(E), (20)

where q(E) =

p
E2 �m2,

A
j`

(q) = cot

✓
qL

2

◆
cos ((j � `)qd) + sin (|j � `|qd) ,

(21)
�0 is the same function that appears in Eq. (12), and
�1 = ��1 is a function suppressed like |�1(E)| 
[e

�m(L�d)
+e

�md

]/(⇡m). By neglecting the latter contri-
bution for md,m(L � d) � 1, the energies of the bound
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(a) a1 + a2 = 0, |a1|2 + |a2|2 = 0.966, E = E4

(b) a1 � a2 = 0, |a1|2 + |a2|2 = 0.934, E = Ẽ15

FIG. 4: Photon amplitudes in two resonant bound states
occurring in the same system. An integer number of half-
wavelength, corresponding to approximately the same energy,
can be accommodated in the shortest (of length d) and longest
(of length L � d) path connecting the two emitters. We set
mL = 40⇡, md = 25, �/m2 = 10�4.

Thus, especially for small waveguide lengths, the energy
separation of the complementary resonant states allows
them to be coherently addressed and manipulated as a
two-level system, provided the energy scale g of the ex-
ternal coupling satisfies

g ⌧ |E
⌫

� !
k̄

|, (29)

with ¯k the closest integer to ⌫L/2d. In this case, the
subspace spanned by the two resonant states is a good

candidate for a robust qubit, and coherent manipulation
can occur by applying an external driving field (either
time-dependent or time-independent, according to the
performed tasks) to one or both emitters, while mea-
surement in the computational basis can be performed
by detecting the photon in the inner or outer region.

V. CONCLUSIONS

We have outlined the features of stable states in sys-
tems of one and two emitters coupled to a single trans-
verse mode of a closed linear waveguide. In these eigen-
states, the atomic and photonic excitations are dressed by
interaction and hybridized with each other. In the two-
emitter case, we have unearthed the existence of pairs
of quasi-degenerate eigenstates, that represent the fore-
runners of the bound states in the continuum observed
in unbounded geometries. Such a feature, which is ab-
sent in unbounded waveguides, opens the possibility to
implement a qubit. A promising experimental platform
to realize the described system is represented by super-
conducting qubits coupled to transmission line resonators
[68, 69], as well as in one-dimensional slot waveguide and
related type structures [70], that can be used to imple-
ment configurations analogous to the one in the right
panel of Fig. 1.

Future research will focus on specific entangled states
in multi-emitter configurations and on the analysis of
moving emitters [71], in which the interplay between
internal and translational degrees of freedom can yield
interesting effects.
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Appendix A: Eigenvalue equation

1. One emitter

The state in the one-excitation sector has the form given in Eq. (5):

| i = a |ei ⌦ |vaci+ |gi ⌦
X

k

⇠
k

b†
k

|vaci = a |e, vaci+
X

k

⇠
k

|g, ki , (A1)

(qubit)
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