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Abstract
We study the dynamics of correlations in a paradigmatic setup to observe PT -symmetric physics:
a pair of coupled oscillators, one subject to a gain one to a loss. Starting from a coherent state,
quantum correlations (QCs) are created, despite the system being driven only incoherently, and
can survive indefinitely. Both total and QCs exhibit different scalings of their long-time behavior
in the PT -broken/unbroken phase and at the exceptional point (EP). In particular, PT symmetry
breaking is accompanied by non-zero stationary QCs. This is analytically shown and quantitatively
explained in terms of entropy balance. The EP in particular stands out as the most classical
configuration, as classical correlations diverge while QCs vanish.

1. Introduction

The finding of non-Hermitian Hamiltonians with real eigenvalues [1] fueled widespread attention at a
fundamental level, as well as in terms of potential applications [2–4]. A major motivation comes from the
experimental implementability of such Hamiltonians, especially in optics [5–7]. A prototypical example
(see figure 1) is a pair of coupled oscillators, separately subject to either gain or loss. At the mean-field level,
the modes evolve according to a Schrödinger-like equation featuring a non-Hermitian Hamiltonian H that
enjoys parity-time (PT ) symmetry [8].

To date the vast majority of studies of such dynamics adopted a classical description (based on
Maxwell’s equations in all-optical setups), thus neglecting quantum noise. Recent works yet showed that a
full quantum treatment (beyond mean field) can have major consequences [9–12], although the
exploration of this quantum regime is still in an early stage [13–23]. With regard to the potential
exploitation of PT -symmetric systems for quantum technologies, a major obstacle is that gain and loss
unavoidably introduce quantum noise, which is detrimental for quantum coherent
phenomena—entanglement above all [24]. In particular, the incoherent pumping due to the gain is unusual
in quantum optics settings [25]. This issue even motivated recent proposals to employ parametric driving in
place of gain/loss to effectively model non-Hermitian systems [12, 26].

Yet, in the last two decades, ‘cheaper’ quantum resources have been discovered that put milder
constraints on the necessary amount of quantum coherence. Among these is quantum discord, a form of
quantum correlations (QCs) that can occur even in absence of entanglement [27, 28]. This extended
paradigm of QCs has received huge attention for its potential of providing a quantum advantage in noisy
environments [29]. Remarkably, a very recent work reported the first experimental detection of such a form
of QCs [30] in an anti-PT -symmetric system featuring similarities with the setup in figure 1. However,
whether or not QCs dynamics are sensitive to different PT symmetric phases is yet generally unknown.

This work puts forth a detailed study of total and quantum correlations in the case study of the gain-loss
setup in figure 1, which is the simplest and most widely investigated system to implement PT -symmetric
non-Hermitian Hamiltonians [2]. We will show that, in addition to mean-field dynamics, PT symmetry
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n(r, t)=nr(r, t)+ini(r, t) and the interplay between its real part nr, 
which determines the phase velocity, and its imaginary part ni, 
which determines attenuation (loss; ni>0) or amplification (gain; 
ni<0). The crucial question is how to design nr and ni to achieve 
functionalities beyond optical amplification or damping alone.

Early works57–59 on the simultaneous presence of loss and gain 
in optical systems did not mention PT symmetry or its breaking; 
however, their findings can be associated with the implications of 
PT symmetry. The starting point for the use of optical structures 
to simulate PT symmetry was the similarity between the scalar 

Box 1 | PT-symmetric Hamiltonians

In quantum mechanics, the Hamiltonian H is assumed to be Her-
mitian, H=H†, where the superscript † denotes Hermitian conju-
gation (that is, transposition plus complex conjugation). !is en-
sures real energy eigenvalues and correspondingly a unitary time 
evolution for which the probability to "nd this particle somewhere 
is conserved. Systems with gain or dissipation, on the other hand, 
are described by non-Hermitian Hamiltonians—that is, H≠H† for 
which the probability is in general not conserved and time-evolu-
tion is not unitary. What Bender and Boettcher showed, however, 
was that Hermiticity is not a necessary condition for real eigenval-
ues of H, and that a whole class of non-Hermitian Hamiltonians 
(featuring both gain and loss) can have real eigenvalues without be-
ing Hermitian9. !is, not necessarily exclusive, class of Hamiltoni-
ans has the property of being PT-symmetric in the sense that they 
commute with the PT operator—that is, [PT, H]=PTH−HPT=0 
where P and T operators satisfy P2=1, P=P†, T2=1, T=T† and [P, 
T]=0. !e action of the operators P and T are, respectively, de-
"ned as → ̂→ − ̂ ̂ → − ̂P i i x x p p: , , , and → − ̂→ ̂ ̂ → − ̂T i i x x p p: , ,  
with ̂p and ̂x satisfying the commutator [x, p]=xp−px=iħ. !e 
complex conjugation (i→−i) when the T operator is applied im-
plies that T is an anti-linear operator. (An antilinear operator K 
satis"es ψ ψ ψ ψ+ = +c x c x c x c xK[ ( ) ( )] K ( ) K ( )* *1 1 2 2 1 1 2 2 , where * 
denotes complex conjugation.) Applying the PT operator to the 
above commutator PT [x, p]TP = −iħ shows that the PT operator 
is an antilinear operator too.

!e 2 × 2 Hamiltonian




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ω γ κ
κ ω γ= −
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i
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describes a non-Hermitian (H≠H†) two-component system with 
complex frequencies ω1−iγ1 and ω2−iγ2. Here γ1, γ2 are the cor-
responding loss/gain coefficients and κ is the coupling strength 
between the components of the system. The eigenvalues of this 
Hamiltonian are ω ω χ κ Γ= − ± +± i0

2 2  where ω0=(ω1+ω2)/2, 
χ=(γ1+γ2)/2 and Γ=δ+iβ with δ=(ω1−ω2)/2 and β=(γ1−γ2)/2. 
When varying two of the available parameters, the two eigen-
values can be forced to coincide at a specific point called an 
‘exceptional point’ (EP) where κ2+Γ2=0, implying the solutions 
δ κ β β κ δ= = ∓ = = ∓r i( 0, ) o ( 0, ) . At an EP not only the eigen-

values coincide in their real and imaginary parts, but also the eigen-
vectors become completely parallel, such that the Hamiltonian is 
defective and not diagonalizable.

!e necessary conditions for the two eigenvalues of the 
Hamiltonian H to be real are found as: (i) χ=0, which leads to 
γ1=−γ2, implying that while one of the components of the system is 
dissipating, the other component is amplifying; and (ii) κ2+Γ2≥0, 
which can be satis"ed if δ=0, implying ω1=ω2. Under the 
necessary conditions of γ1=−γ2=γ and for the case of ω ω ω= = ′1 2 , 
the Hamiltonian of the two-component system becomes
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with the eigenvalues given as ω ω κ γ= ± −′ ′±
2 2 . Thus, for this 

system to have real eigenvalues one also has to satisfy κ≥γ. The 
Hamiltonian ′H  is PT-symmetric because it stays invariant after 
the action of the PT operator =′ ′PT H H PT . Since the T opera-
tor is anti-linear a PT-symmetric Hamiltonian does not necessar-
ily have eigenvectors that inherit this symmetry; but if they do, 
then the PT symmetry of the eigenvectors entails that these states 
experience an equal amount of gain and loss, such that the cor-
responding eigenvalues are real. This PT-symmetric phase of the 
eigenvectors occurs for κ/γ>1and gets broken at the EP (spon-
taneous PT-symmetry breaking), which is located right at the 
point κ/γ=1, where both the eigenstates and eigenvectors become 
degenerate. The parameter restriction imposed by PT symme-
try implies that the variation of a single parameter is sufficient 
to reach the EP, where an abrupt phase transition from real-to-
complex spectra occurs.

Plotting the full dependence of both eigenvalues of the non-
Hermitian Hamiltonian on κ and δ yields two intersecting 
Riemann sheets wrapped around the EP right in the centre 
(panel a of the "gure below). !e interesting topology of this 
plot also nicely illustrates that the EP is, in fact, a branch point 
singularity3 as known from the complex analysis of multivalued 
functions. For a Hermitian Hamiltonian with loss/gain 
parameters γ1, γ2=0, the resultant eigenvalues ω ω κ δ= ± +′′± 0

2 2  
form a double cone topology as a function of κ, δ such that the 
cones touch each other at their apex (κ=δ=0), creating a ‘diabolic 
point’ (DB) (panel b). A DP di#ers from an EP in the sense that 
in the latter both the eigenfrequencies (energy levels) and the 
corresponding eigenstates coalesce, whereas in the former only 
the eigenfrequencies coalesce but the eigenstates may be chosen 
such as to be orthogonal to each other.

Topology of non-Hermitian and Hermitian degeneracies. a, Varying the 
coupling strength κ and the frequency detuning δ of two coupled gain-
loss elements reveals a complex eigenvalue topology of two intersecting 
Riemann sheets centred around an exceptional point (EP). The black 
trajectories show the adiabatic evolution of eigenstates when encircling 
the EP, and the white lines indicate the square-root parameter dependence 
right at the EP. b, In a Hermitian system EPs do not occur and conventional 
degeneracies known as diabolic points (DP) have a double-cone topology 
around them.

a b
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EP

DP

Re(λ)
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Im(λ)
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δ κ
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paraxial optical wave equation and the time-dependent Schrödinger 
equation10,11 (Box 2). While being of fundamental interest initially, 
this similarity inspired many PT experiments and follow-up studies 
in which gain and loss are treated on an equal footing, controlled by 
the coupling between them (Fig. 1). The most basic features result-
ing from this interplay can already be seen in the example of two 
coupled discs (Fig. 1c): in the strong coupling regime (κ/κPT>1), 
gain can help to fully compensate the loss, and the system oper-
ates in the PT-symmetric phase (exact phase) with real eigenval-
ues; in the weak coupling regime (κ/κPT<1), on the other hand, gain 
is unable to compensate the loss, and thus the system operates in 
the regime of broken-PT symmetry (broken phase) with complex 
conjugate eigenvalues. In between these regimes, a real-to-complex 
spectral phase transition takes place at an EP (κ/κPT=1). The cru-
cial aspect here is that having a sub-system with gain equal to the 
amount of loss of a second sub-system is not sufficient to have real 
eigenvalues: a proper amount of coupling between them is also 
needed. PT-symmetric systems are open because they have loss and 
gain, thus in the broken-PT phase they are non-equilibrium sys-
tems with exponential amplification and dissipation (that is, com-
plex conjugate eigenvalue pairs), but at the same time they behave 
like closed systems in the exact PT phase because they have a real 
energy spectrum (although the power is not conserved during the 
time evolution11).

Passive PT-symmetry breaking
In the first experimental realizations, the stringent requirement of 
loss–gain balance was circumvented by generalizing the definition 

of PT symmetry to include loss-only structures14,60 (Box 3). Such 
systems are identified as passive PT-symmetric systems to empha-
size that gain is not involved.

The ability of PT-symmetric systems to confine and guide 
light is one of their major strengths first highlighted in a passive 
PT-symmetric experiment performed using coupled waveguides14 
(Fig. 2a) whose loss-imbalance was tuned by introducing addi-
tional loss to one of the waveguides. The concept was subsequently 
extended to coupled microwave61 and optical16 (Fig. 3a) resona-
tors. These experiments with two-component systems revealed 
that when the additional loss was below a threshold value, the 
eigenmodes of the system were distributed evenly between the 
components, and experienced similar losses. As a result, the total 
transmitted power through the waveguides (Fig. 2a) (similarly the 
total field inside the resonators) decreased with increasing loss. 
When the loss was increased to the symmetry-breaking threshold 
and beyond it, the system transited from the strong to the weak 
coupling regime. Consequently, the modes, which were initially 
evenly distributed between the components, were rearranged to an 
asymmetric distribution, with one mode progressively localized in 
the more lossy component and the other in the less lossy compo-
nent. As a result, the total transmission through the waveguides 
increased (similarly the total field in the resonators increased) 
despite the increased loss. This ‘loss-induced transparency’ is coun-
terintuitive from the conventional view that increasing loss should 
decrease the transmitted power.

Despite the absence of spatially symmetric gain and loss regions, 
these experiments are considered to be the first realizations of PT 

GG

PT-symmetric system

R
ea

l p
ar

t o
f e

ig
en

va
lu

es
 (

a.
u.

)

Im
ag

in
ar

y 
pa

rt
 o

f e
ig

en
va

lu
es

 (
a.

u.
)c

a b

Loss
(εi > 0)

Gain
(εi < 0)Negative indexmaterials(εr < 0, µ < 0)

µ-negativematerials(εr > 0, µ < 0)

Plasmonics(εr < 0, µ > 0) Normalmaterials(εr > 0, µ > 0)

als> 0,

εrεi

G L

LL

κ

κ

κ

κ

κ

κ

PT

T

P

Coupling strength κ/κPT

0.0 0.5 1.0 1.5 2.0

Coupling strength κ/κPT

0.0 0.5 1.0 1.5 2.0

G –G

κ

κ

µ

Fig. 1 | PT symmetry. a, Controlling the magnetic permeability (μ) and the real part of the dielectric permittivity (εr) has enabled novel functionalities. 
PT symmetry and non-Hermitian photonics open new possibilities by controlling the imaginary part of the dielectric permittivity (εi), and by considering 
gain and loss on equal footing. b, A system of two coupled structures (with coupling strength κ), one with passive loss (L) and one with gain (G) 
compensating the loss of the other, forms a PT-symmetric system. The parity operator (P) exchanges the structures spatially, and with the action of the 
time-reversal operator (T) loss becomes gain and gain becomes loss. The combined action of PT leaves the system unchanged. c, Real and imaginary 
parts of eigenvalues versus coupling strength κ in a PT-symmetric system with gain–loss balance. Red circles and blue squares are obtained by numerical 
simulation in COMSOL assuming that the system is composed of resonators. κ is normalized to the critical coupling strength κPT at which the PT phase 
transition takes place (EP). Insets feature the intracavity field intensities of the resonators in the PT-symmetric regime (κ/κPT>1) and in the broken-PT 
regime (κ/κPT<1). In the broken-PT regime, one of the supermodes experiences amplification while the other one attenuation.
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Box 1 | Exceptional points in various settings.

Non-Hermitian phenomena are ubiquitous in nature—they
appear even in low-dimensional settings. An analytically tractable
example is that of a two-level system describing the physics of
two coupled sites with gain and loss. In this case, the Hamiltonian
operator is given by:

Ĥ =

✓
�� ig1 

 ig2

◆
, Ĥ =|�1,2i=E1,2|�1,2i (1)

where  is the coupling constant, � is a detuning parameter,
and g1, g2 describe the amount of dissipation/amplification per
site. When g1 = g2 = 0, the eigenvalues are real and the energy
is conserved during time evolution. On the other hand, if the
complex diagonal terms (g1, g2) are non-zero, the matrix is non-
Hermitian, and therefore the resulting eigenvalues (En) can in
general be complex, leading to a time evolution with amplification
or dissipation. In this case, the corresponding right eigenvectors
are no longer orthogonal. The left eigenvectors can, in turn,
be obtained from the adjoint problem Ĥ †|�̃1,2i= E⇤

1,2|�̃1,2i. The
orthogonality between the right and left modes is expressed by the
bi-orthogonality relation (h�̃1,2|�1,2i=0). An interesting scenario
arises at the so-called exceptional point, occurring at � = 0 and
 = |g1 + g2|/2. At this parameter point, not only are the two
eigenvalues identical (see Fig. B1), but also the two eigenvectors
become completely parallel.
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ImE

�

a b

 

Figure B1 | Riemann surfaces of the complex eigenvalues of the matrix Ĥ
versus the (�,)-parameters. Real (a) and imaginary (b) part of
the eigenvalues.

For the special case of two fully tuned (�=0) coupled sites having
equal gain and loss (g1 = g2 = g ), the Hamiltonian Ĥ from equa-
tion (1) becomes parity–time (PT) symmetric. This unique class
of non-Hermitian Hamiltonians, discovered in 1998, is capable of
exhibiting entirely real spectra. More specifically, when g/ <1,
the two eigenvalues are real and are given by E1,2 =± cos✓ ,
where ✓ = sin�1(g/), and the biorthogonal eigenvectors are
|�1,2i=[1 ±e±i✓ ]T . In this regime, better known as a ‘PT exact
phase’, the two eigenmodes are distributed over both sites and
neither of them experiences a net gain or loss—that is, they

remain neutral (see Fig. B2). On the other hand, the character-
istics of the supermodes drastically change as soon as g/ > 1,
beyond which the system enters the ‘PT-broken phase’. In this
regime, the eigenvalues are expressed byE1,2 =±i sinh(✓), where
✓ =cosh�1(g/), and their corresponding non-orthogonal eigen-
vectors turn out to be |�1,2i=[1 ie±✓ ]T . The symmetry of each
mode is broken such that one of them resides mostly in the
gain cavity (and hence enjoys amplification) while the other one
inhabits the lossy resonator (experiences attenuation), as Fig. B2
graphically depicts.
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Figure B2 | Plot of the imaginary part of both eigenvalues of Ĥ versus
g/ when �=0.

More generally, a continuous Hamiltonian H is PT symmetric
provided that its complex potential satisfies V (x , y) =

V ⇤(�x ,�y). An intriguing aspect of such Hamiltonians is the
sharp symmetry-breaking transition taking place at an exceptional
point. In the broken regime, the Hamiltonian and the PT operator
no longer display the same set of eigenfunctions even though they
still commute, a direct outcome of the antilinear nature of the time
reversal operator. As a result the eigenvalues of the system cease
to be real; instead they appear as complex conjugate pairs.
A prototypical system that exhibits the above characteristics
is that of a PT-symmetric lattice. An example of a spatial
two-dimensional periodic PT potential is given by V (x , y) =

cos2 x + cos2 y + iV0 sin (2x) sin (2y), with the corresponding
PT-symmetric Hamiltonian Ĥ =�r2 �V (see Fig. B3a).
Here, because of PT symmetry, the band gaps can entirely close
and the two first bands can merge, forming a closed surface
exhibiting complex conjugate pairs in the overlapping regions and
real eigenvalues in the areas in between (see Fig. B3b,c).
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12

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

NATURE PHYSICS | VOL 14 | JANUARY 2018 | www.nature.com/naturephysics

<latexit sha1_base64="KKpA2t5FGC7tcXCHaePW67SrlIc=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoYxnBmEByhLnNXrJkd+/Y3RNCyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j94NEmmKWvQRCS6FaFhgivWsNwK1ko1QxkJ1oyGt1O/+cS04Yl6sKOUhRL7iseconVSs9NHKZF0yxW/6s9AlkmQkwrkqHfLX51eQjPJlKUCjWkHfmrDMWrLqWCTUiczLEU6xD5rO6pQMhOOZ+dOyIlTeiROtCtlyUz9PTFGacxIRq5Toh2YRW8q/ue1Mxtfh2Ou0swyReeL4kwQm5Dp76THNaNWjBxBqrm7ldABaqTWJVRyIQSLLy+Tx7NqcFk9v7+o1G7yOIpwBMdwCgFcQQ3uoA4NoDCEZ3iFNy/1Xrx372PeWvDymUP4A+/zB+FUj0c=</latexit>�<latexit sha1_base64="KKpA2t5FGC7tcXCHaePW67SrlIc=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoYxnBmEByhLnNXrJkd+/Y3RNCyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j94NEmmKWvQRCS6FaFhgivWsNwK1ko1QxkJ1oyGt1O/+cS04Yl6sKOUhRL7iseconVSs9NHKZF0yxW/6s9AlkmQkwrkqHfLX51eQjPJlKUCjWkHfmrDMWrLqWCTUiczLEU6xD5rO6pQMhOOZ+dOyIlTeiROtCtlyUz9PTFGacxIRq5Toh2YRW8q/ue1Mxtfh2Ou0swyReeL4kwQm5Dp76THNaNWjBxBqrm7ldABaqTWJVRyIQSLLy+Tx7NqcFk9v7+o1G7yOIpwBMdwCgFcQQ3uoA4NoDCEZ3iFNy/1Xrx372PeWvDymUP4A+/zB+FUj0c=</latexit>� BP

UP

<latexit sha1_base64="KKpA2t5FGC7tcXCHaePW67SrlIc=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoYxnBmEByhLnNXrJkd+/Y3RNCyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j94NEmmKWvQRCS6FaFhgivWsNwK1ko1QxkJ1oyGt1O/+cS04Yl6sKOUhRL7iseconVSs9NHKZF0yxW/6s9AlkmQkwrkqHfLX51eQjPJlKUCjWkHfmrDMWrLqWCTUiczLEU6xD5rO6pQMhOOZ+dOyIlTeiROtCtlyUz9PTFGacxIRq5Toh2YRW8q/ue1Mxtfh2Ou0swyReeL4kwQm5Dp76THNaNWjBxBqrm7ldABaqTWJVRyIQSLLy+Tx7NqcFk9v7+o1G7yOIpwBMdwCgFcQQ3uoA4NoDCEZ3iFNy/1Xrx372PeWvDymUP4A+/zB+FUj0c=</latexit>�
<latexit sha1_base64="KKpA2t5FGC7tcXCHaePW67SrlIc=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5U1DJoYxnBmEByhLnNXrJkd+/Y3RNCyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j94NEmmKWvQRCS6FaFhgivWsNwK1ko1QxkJ1oyGt1O/+cS04Yl6sKOUhRL7iseconVSs9NHKZF0yxW/6s9AlkmQkwrkqHfLX51eQjPJlKUCjWkHfmrDMWrLqWCTUiczLEU6xD5rO6pQMhOOZ+dOyIlTeiROtCtlyUz9PTFGacxIRq5Toh2YRW8q/ue1Mxtfh2Ou0swyReeL4kwQm5Dp76THNaNWjBxBqrm7ldABaqTWJVRyIQSLLy+Tx7NqcFk9v7+o1G7yOIpwBMdwCgFcQQ3uoA4NoDCEZ3iFNy/1Xrx372PeWvDymUP4A+/zB+FUj0c=</latexit>�<latexit sha1_base64="Sh+BO0h32mGMd2kBLoJMuq06E2U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQq6rHoxWMF+wFtKJPtpl26m8TdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClAzwSNWN9wI1koUQxkI1gyGtxO/+cSU5nH0YEYJ8yX2Ix5yisZKrdNOH6VE0i2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeO1nPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTTOKt5l5fz+oly9yeMowCEcwQl4cAVVuIMa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz9Lwo9+</latexit>��

<latexit sha1_base64="Sh+BO0h32mGMd2kBLoJMuq06E2U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQq6rHoxWMF+wFtKJPtpl26m8TdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClAzwSNWN9wI1koUQxkI1gyGtxO/+cSU5nH0YEYJ8yX2Ix5yisZKrdNOH6VE0i2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeO1nPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTTOKt5l5fz+oly9yeMowCEcwQl4cAVVuIMa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz9Lwo9+</latexit>��

<latexit sha1_base64="Sh+BO0h32mGMd2kBLoJMuq06E2U=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4sSQq6rHoxWMF+wFtKJPtpl26m8TdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztLyyuraemGjuLm1vbNb2ttv6DhVlNVpLGLVClAzwSNWN9wI1koUQxkI1gyGtxO/+cSU5nH0YEYJ8yX2Ix5yisZKrdNOH6VE0i2V3Yo7BVkkXk7KkKPWLX11ejFNJYsMFah123MT42eoDKeCjYudVLME6RD7rG1phJJpP5veOybHVumRMFa2IkOm6u+JDKXWIxnYTolmoOe9ifif105NeO1nPEpSwyI6WxSmgpiYTJ4nPa4YNWJkCVLF7a2EDlAhNTaiog3Bm395kTTOKt5l5fz+oly9yeMowCEcwQl4cAVVuIMa1IGCgGd4hTfn0Xlx3p2PWeuSk88cwB84nz9Lwo9+</latexit>��



WHAT ABOUT FLUCTUATIONS?

• Quantum fluctuations play a crucial role in open system dynamics e.g. in 
preserving commutation relations 


• Quantum features of multipartite open system emerge at fluctuation level

• How are correlations in fluctuation related to the broken-unbroken 

phase?  Quantum Sci. Technol. 6 (2021) 025005 F Roccati et al

Figure 1. A pair of quantum oscillators G and L undergo a coherent exchange energy with rate g. Additionally, mode G (L) is
subject to a local gain (loss) with rate γ. The mean-field dynamics is described by a PT -symmetric Hamiltonian. (Left): when
PT symmetry is preserved (g > γ), if each mode starts in a coherent state (zero correlations), after some time they will share
only classical correlations. (Right): PT symmetry breaking (g < γ) is instead accompanied by stationary quantum correlations.

breaking can be sensed by the long-time behavior of both total and QCs: these are found to display different
scalings in the PT -broken/unbroken phase and at the exceptional point (EP). This is proven analytically
and the underlying mechanism explained in detail through entropic arguments. In particular, breaking of
PT symmetry is accompanied by the appearance of finite stationary discord. Our study provides a new
characterization of phases with unbroken/broken PT symmetry in terms of the asymptotic behavior of
correlations, whose knowledge requires accounting for the full quantum nature of the field.

2. System

We consider two quantum harmonic oscillators G and L (see figure 1), whose joint state evolves in time
according to the Lindblad master equation (we set ! = 1 throughout)

ρ̇ = −i[g(â†
LâG + H.c.), ρ] + 2γLD[âL]ρ + 2γGD[â†

G]ρ (1)

with

D[Â]ρ = ÂρÂ† − 1
2

(Â†Âρ + ρÂ†Â).

Here, ân and â†
n with n = L, G are usual bosonic ladder operators [ân, â†

n] = 1. Here, we assumed a rotating
frame so as to eliminate the free Hamiltonian term ω0(â†

GâG + â†
LâL), which does not affect any G–L

correlations. The coupling Hamiltonian in (1) describes a coherent energy exchange at rate g between the
two modes. In addition, each oscillator interacts incoherently with a local environment: the one on G
pumps energy with characteristic rate γG (gain) while that on L absorbs energy with rate γL (loss). This
system can be implemented in a variety of ways [2], including coupled waveguides [5], microcavities [7],
inductively-coupled LRC circuits [31] and coupled pendula [32].

From equation (1) it follows that the evolution of the mean-field vector ψ = (〈âL〉, 〈âG〉)T, with
〈âL〉 = Tr (âLρ) and similarly for 〈âG〉, is governed by the Schrödinger-like equation iψ̇ = Hψ with

H =

(
−iγL g

g iγG

)
. (2)

The non-Hermitian matrix H generally has two complex eigenvalues with associated non-orthogonal
eigenstates. For γL = γG = γ (the so-called ‘PT line’), H is invariant under PT symmetry, corresponding
to a swap G ↔ L combined with time reversal (complex conjugation). In this case, its eigenvalues are
ε± = ±

√
g2 − γ2. These are real in the so called unbroken phase (UP) γ < g and complex in the broken

phase (BP) γ > g, coalescing at the EP γ = g where the corresponding eigenstates become parallel [2].
Equations analogous to (1) for the full-quantum description of PT -symmetric systems also appeared
elsewhere (see e.g. references [33–35]).

3. Second-moment dynamics

The two oscillators have an associated quantum uncertainty described by a 4 × 4 covariance matrix.
Introducing quadratures x̂n = 1√

2
(ân + â†

n) and p̂n = i√
2
(â†

n − ân) (with n = G, L), we define the covariance

matrix as σij = 〈X̂iX̂j + X̂jX̂i〉 − 2〈X̂i〉〈X̂j〉, where X̂i = (x̂L, p̂L, x̂G, p̂G) [36]. Following a standard recipe
[36], the master equation (1) implies a Lyapunov equation for the covariance matrix:

σ̇ = Yσ + σYT + 4D (3)

2

SPOILER (TAKE HOME MESSAGE)
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†
G, ⇢}

⌘

<latexit sha1_base64="WltFo+Ekg16H5IPDDJ/DpGWzPv8="></latexit>

<latexit sha1_base64="ELTr42wfN1i7uHD1Pqn5bUWGdss="></latexit>

⇢(0) = |↵Gih↵G|⌦ |↵Lih↵L|

�L = �G ⌘ �
<latexit sha1_base64="9YQE+sOE6GIc+M2BpF53/d0wCOA="></latexit>

PT line

BEYOND MEAN FIELD: THE MASTER EQUATION

|↵Gi
<latexit sha1_base64="o3mD9Jjd3WzHv6bG+Mf7J3Z/vyI="></latexit>

|↵̃Gi
<latexit sha1_base64="hcCmcOep+Kg3zt0bJMiJYOopX88="></latexit>

|↵Li
<latexit sha1_base64="gac9Gf6m6TLRrELPEH6Pe9c/1JE="></latexit>

|↵̃Li
<latexit sha1_base64="2c03I8J3h3h71HBH0WTOaOsHOtY="></latexit>

•the m.eq. preserves gaussian states (the covariance 
matrix fully characterises the fluctuations dynamics)


•the beam splitter - like hamiltonian term does not 
create entanglement for coherent input states


•the gain transforms pure coherent input states into 
mixtures


•the average energy is not bounded



CORRELATION MEASURES

Quantum Sci. Technol. 6 (2021) 025005 F Roccati et al

Figure 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the UP γ < g, the EP
γ = g and the BP for γ > g. (a) and (b): mutual information I (a) and discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP,
red) and γ = g (EP, blue). A qualitatively analogous behavior is exhibited by DGL . (c): asymptotic value of discord, DLG(∞)
(yellow) and DGL(∞) (purple). See appendix.

with

Y =





−γL 0 0 g
0 −γL −g 0
0 g γG 0
−g 0 0 γG



 (4)

and D = 1
2 diag(γL, γL, γG, γG). The dynamics generated by equation (1) is Gaussian preserving, hence a

Gaussian initial state will remain so at any time. Thereby, the entire state is fully specified by the mean-field
vector ψ and the covariance matrix σ [37, 38].

4. Correlation measures

A measure of the total amount of correlations between modes âG and âL is given by the mutual information
I = SG + SL − S, which is the difference between the sum of local entropies SL(G) = −Tr(ρL(G) log ρL(G)),
with ρL(G) = TrG(L) ρ, and the entropy of the joint system S = −Tr(ρ log ρ) [24, 39]. This fulfills I = 0 if
and only if ρ = ρL ⊗ ρG. Instead, the amount of QCs is measured by the so-called quantum discord [27–29]

DLG = SG − S + min
Ĝk

∑

k

pkS(ρL|k), (5)

where the minimization is over all possible quantum measurements {Ĝk} made on G. A measurement
outcome indexed by k collapses the joint system onto ρL|k = TrG(Ĝkρ)/pk with probability pk. Likewise, DGL

is obtained in terms of measurements on mode L by swapping G and L in equation (5).
Note that discord is in general asymmetric, i.e., DLG $= DGL, which is the typical case for our system

[see figure 2(c)]. The difference I − DLG quantifies the maximum amount of information that can be
extracted about L only from local measurements on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable states [29]. Hence, correlations between the modes
are wholly classical only when both DLG and DGL vanish but I $= 0.

For Gaussian states, the optimization in (5) can be restricted to Gaussian measurements (Gaussian
discord) [40], leading to a closed-form, albeit cumbersome, expression for D [41, 42]. In order to provide a
simpler analytic expression we replace the von Neumann entropy by the Rényi-2 entropy
S(%) = −log Tr(%2) in each expression [43]. For Gaussian states, it has been shown that the choice of
Rényi-2 entropy leads to well-behaved correlation measures [44]. We however numerically checked that all
of the results presented (in particular asymptotic scalings to be discussed later) are qualitatively unaffected if
von Neumann entropy is used instead. The fact that discord detects QCs more general than entanglement is
condensed in a simple property: states such that D > log 2 are entangled (log 2 → 1 if von Neumann
entropy is used) [42].

5. Correlations dynamics for balanced gain and loss

We study the dynamics of correlations when each oscillator n = L, G starts in a coherent state

|αn〉 = e(αâ†
n−α∗ ân)|0〉; the initial covariance matrix is thus simply σ0 = !4 (note that this is independent of

αL and αG). We evolve the covariance matrix through equation (3) and then compute the time evolution of
correlation measures I, DLG and DGL for which we obtain exact and compact expressions (see appendix).
Instead, entanglement is zero at any time. It turns out that (5) admits a global minimum for all possible
parameter values, which corresponds to a phase-insensitive (heterodyne) measurement. Intuitively, this
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Figure 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the UP γ < g, the EP
γ = g and the BP for γ > g. (a) and (b): mutual information I (a) and discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP,
red) and γ = g (EP, blue). A qualitatively analogous behavior is exhibited by DGL . (c): asymptotic value of discord, DLG(∞)
(yellow) and DGL(∞) (purple). See appendix.
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Note that discord is in general asymmetric, i.e., DLG $= DGL, which is the typical case for our system

[see figure 2(c)]. The difference I − DLG quantifies the maximum amount of information that can be
extracted about L only from local measurements on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable states [29]. Hence, correlations between the modes
are wholly classical only when both DLG and DGL vanish but I $= 0.

For Gaussian states, the optimization in (5) can be restricted to Gaussian measurements (Gaussian
discord) [40], leading to a closed-form, albeit cumbersome, expression for D [41, 42]. In order to provide a
simpler analytic expression we replace the von Neumann entropy by the Rényi-2 entropy
S(%) = −log Tr(%2) in each expression [43]. For Gaussian states, it has been shown that the choice of
Rényi-2 entropy leads to well-behaved correlation measures [44]. We however numerically checked that all
of the results presented (in particular asymptotic scalings to be discussed later) are qualitatively unaffected if
von Neumann entropy is used instead. The fact that discord detects QCs more general than entanglement is
condensed in a simple property: states such that D > log 2 are entangled (log 2 → 1 if von Neumann
entropy is used) [42].

5. Correlations dynamics for balanced gain and loss

We study the dynamics of correlations when each oscillator n = L, G starts in a coherent state

|αn〉 = e(αâ†
n−α∗ ân)|0〉; the initial covariance matrix is thus simply σ0 = !4 (note that this is independent of

αL and αG). We evolve the covariance matrix through equation (3) and then compute the time evolution of
correlation measures I, DLG and DGL for which we obtain exact and compact expressions (see appendix).
Instead, entanglement is zero at any time. It turns out that (5) admits a global minimum for all possible
parameter values, which corresponds to a phase-insensitive (heterodyne) measurement. Intuitively, this
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Figure 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the UP γ < g, the EP
γ = g and the BP for γ > g. (a) and (b): mutual information I (a) and discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP,
red) and γ = g (EP, blue). A qualitatively analogous behavior is exhibited by DGL . (c): asymptotic value of discord, DLG(∞)
(yellow) and DGL(∞) (purple). See appendix.
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vector ψ and the covariance matrix σ [37, 38].
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I = SG + SL − S, which is the difference between the sum of local entropies SL(G) = −Tr(ρL(G) log ρL(G)),
with ρL(G) = TrG(L) ρ, and the entropy of the joint system S = −Tr(ρ log ρ) [24, 39]. This fulfills I = 0 if
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is obtained in terms of measurements on mode L by swapping G and L in equation (5).
Note that discord is in general asymmetric, i.e., DLG $= DGL, which is the typical case for our system

[see figure 2(c)]. The difference I − DLG quantifies the maximum amount of information that can be
extracted about L only from local measurements on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable states [29]. Hence, correlations between the modes
are wholly classical only when both DLG and DGL vanish but I $= 0.

For Gaussian states, the optimization in (5) can be restricted to Gaussian measurements (Gaussian
discord) [40], leading to a closed-form, albeit cumbersome, expression for D [41, 42]. In order to provide a
simpler analytic expression we replace the von Neumann entropy by the Rényi-2 entropy
S(%) = −log Tr(%2) in each expression [43]. For Gaussian states, it has been shown that the choice of
Rényi-2 entropy leads to well-behaved correlation measures [44]. We however numerically checked that all
of the results presented (in particular asymptotic scalings to be discussed later) are qualitatively unaffected if
von Neumann entropy is used instead. The fact that discord detects QCs more general than entanglement is
condensed in a simple property: states such that D > log 2 are entangled (log 2 → 1 if von Neumann
entropy is used) [42].

5. Correlations dynamics for balanced gain and loss

We study the dynamics of correlations when each oscillator n = L, G starts in a coherent state

|αn〉 = e(αâ†
n−α∗ ân)|0〉; the initial covariance matrix is thus simply σ0 = !4 (note that this is independent of

αL and αG). We evolve the covariance matrix through equation (3) and then compute the time evolution of
correlation measures I, DLG and DGL for which we obtain exact and compact expressions (see appendix).
Instead, entanglement is zero at any time. It turns out that (5) admits a global minimum for all possible
parameter values, which corresponds to a phase-insensitive (heterodyne) measurement. Intuitively, this
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Figure 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the UP γ < g, the EP
γ = g and the BP for γ > g. (a) and (b): mutual information I (a) and discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP,
red) and γ = g (EP, blue). A qualitatively analogous behavior is exhibited by DGL . (c): asymptotic value of discord, DLG(∞)
(yellow) and DGL(∞) (purple). See appendix.
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Gaussian initial state will remain so at any time. Thereby, the entire state is fully specified by the mean-field
vector ψ and the covariance matrix σ [37, 38].

4. Correlation measures

A measure of the total amount of correlations between modes âG and âL is given by the mutual information
I = SG + SL − S, which is the difference between the sum of local entropies SL(G) = −Tr(ρL(G) log ρL(G)),
with ρL(G) = TrG(L) ρ, and the entropy of the joint system S = −Tr(ρ log ρ) [24, 39]. This fulfills I = 0 if
and only if ρ = ρL ⊗ ρG. Instead, the amount of QCs is measured by the so-called quantum discord [27–29]
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where the minimization is over all possible quantum measurements {Ĝk} made on G. A measurement
outcome indexed by k collapses the joint system onto ρL|k = TrG(Ĝkρ)/pk with probability pk. Likewise, DGL

is obtained in terms of measurements on mode L by swapping G and L in equation (5).
Note that discord is in general asymmetric, i.e., DLG $= DGL, which is the typical case for our system

[see figure 2(c)]. The difference I − DLG quantifies the maximum amount of information that can be
extracted about L only from local measurements on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable states [29]. Hence, correlations between the modes
are wholly classical only when both DLG and DGL vanish but I $= 0.

For Gaussian states, the optimization in (5) can be restricted to Gaussian measurements (Gaussian
discord) [40], leading to a closed-form, albeit cumbersome, expression for D [41, 42]. In order to provide a
simpler analytic expression we replace the von Neumann entropy by the Rényi-2 entropy
S(%) = −log Tr(%2) in each expression [43]. For Gaussian states, it has been shown that the choice of
Rényi-2 entropy leads to well-behaved correlation measures [44]. We however numerically checked that all
of the results presented (in particular asymptotic scalings to be discussed later) are qualitatively unaffected if
von Neumann entropy is used instead. The fact that discord detects QCs more general than entanglement is
condensed in a simple property: states such that D > log 2 are entangled (log 2 → 1 if von Neumann
entropy is used) [42].

5. Correlations dynamics for balanced gain and loss

We study the dynamics of correlations when each oscillator n = L, G starts in a coherent state

|αn〉 = e(αâ†
n−α∗ ân)|0〉; the initial covariance matrix is thus simply σ0 = !4 (note that this is independent of

αL and αG). We evolve the covariance matrix through equation (3) and then compute the time evolution of
correlation measures I, DLG and DGL for which we obtain exact and compact expressions (see appendix).
Instead, entanglement is zero at any time. It turns out that (5) admits a global minimum for all possible
parameter values, which corresponds to a phase-insensitive (heterodyne) measurement. Intuitively, this
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Figure 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the UP γ < g, the EP
γ = g and the BP for γ > g. (a) and (b): mutual information I (a) and discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP,
red) and γ = g (EP, blue). A qualitatively analogous behavior is exhibited by DGL . (c): asymptotic value of discord, DLG(∞)
(yellow) and DGL(∞) (purple). See appendix.
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and D = 1
2 diag(γL, γL, γG, γG). The dynamics generated by equation (1) is Gaussian preserving, hence a

Gaussian initial state will remain so at any time. Thereby, the entire state is fully specified by the mean-field
vector ψ and the covariance matrix σ [37, 38].

4. Correlation measures

A measure of the total amount of correlations between modes âG and âL is given by the mutual information
I = SG + SL − S, which is the difference between the sum of local entropies SL(G) = −Tr(ρL(G) log ρL(G)),
with ρL(G) = TrG(L) ρ, and the entropy of the joint system S = −Tr(ρ log ρ) [24, 39]. This fulfills I = 0 if
and only if ρ = ρL ⊗ ρG. Instead, the amount of QCs is measured by the so-called quantum discord [27–29]

DLG = SG − S + min
Ĝk

∑
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pkS(ρL|k), (5)

where the minimization is over all possible quantum measurements {Ĝk} made on G. A measurement
outcome indexed by k collapses the joint system onto ρL|k = TrG(Ĝkρ)/pk with probability pk. Likewise, DGL

is obtained in terms of measurements on mode L by swapping G and L in equation (5).
Note that discord is in general asymmetric, i.e., DLG $= DGL, which is the typical case for our system

[see figure 2(c)]. The difference I − DLG quantifies the maximum amount of information that can be
extracted about L only from local measurements on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable states [29]. Hence, correlations between the modes
are wholly classical only when both DLG and DGL vanish but I $= 0.

For Gaussian states, the optimization in (5) can be restricted to Gaussian measurements (Gaussian
discord) [40], leading to a closed-form, albeit cumbersome, expression for D [41, 42]. In order to provide a
simpler analytic expression we replace the von Neumann entropy by the Rényi-2 entropy
S(%) = −log Tr(%2) in each expression [43]. For Gaussian states, it has been shown that the choice of
Rényi-2 entropy leads to well-behaved correlation measures [44]. We however numerically checked that all
of the results presented (in particular asymptotic scalings to be discussed later) are qualitatively unaffected if
von Neumann entropy is used instead. The fact that discord detects QCs more general than entanglement is
condensed in a simple property: states such that D > log 2 are entangled (log 2 → 1 if von Neumann
entropy is used) [42].

5. Correlations dynamics for balanced gain and loss

We study the dynamics of correlations when each oscillator n = L, G starts in a coherent state

|αn〉 = e(αâ†
n−α∗ ân)|0〉; the initial covariance matrix is thus simply σ0 = !4 (note that this is independent of

αL and αG). We evolve the covariance matrix through equation (3) and then compute the time evolution of
correlation measures I, DLG and DGL for which we obtain exact and compact expressions (see appendix).
Instead, entanglement is zero at any time. It turns out that (5) admits a global minimum for all possible
parameter values, which corresponds to a phase-insensitive (heterodyne) measurement. Intuitively, this
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Figure B1. Long time QCs as measured by DLG (a) and DGL (b) on the plane γG − γL (in units of g). PT line, EP and hyperbola
are highlighted to clarify the relation with figure 3 in the main text.

Appendix B. Analytical expressions for discord

Despite a closed expression for bipartite Gaussian quantum discord can be obtained, it is generally lengthy
and uninformative regardless of the chosen entropy measure. However, in our dynamics with initial product
of coherent states, the isotropy of the problem suggests that the measurement which maximizes discord is
likely to be phase-insensitive. Indeed, it can be checked that heterodyne detection (i.e., projection onto
coherent states) is the optimal measurement. In our dynamics it can also be checked that cross correlations
are always smaller than local uncertainties (this is of course not true for any Gaussian state). These facts
allow us to write quantum discord as in equation (9) according to the following lemma.Using (B.1) we plot
asymptotic discord in figure B1.

Lemma. For a heterodyne measurement Gaussian discord with Rényi-2 entropy of a Gaussian state as in
equation (A.1) whose cross correlations are smaller than local uncertainties (i.e., |C| <

√
|L|

√
|G|) can be

written as

DLG = log

(
1 +

eI − 1
eSG + 1

)
, DGL = log

(
1 +

eI − 1
eSL + 1

)
. (B.1)

Proof. A heterodyne measurement on G turns the CM into σ|G =

(
L C

CT G + σM ,

)
, where σM = !2 is the

CM of the measurement outcome [38]. Let L̃ = L − C(G + σM)−1CT be the Schur complement and let us
denote |A| ≡ det(A). Using the definition of Gaussian discord with Rényi-2 entropy [43]

DLG = 1
2 log

(
|L̃||G|
|σ|

)
we get

DLG =
1
2

log

(
|G|

|G + σM|
|G + σM ||L̃|

|σ|

)
=

1
2

log

(
|G|

|G + σM|
|σ|G|
|σ|

)
.

Now using the assumption |C| <
√

|L|
√

|G| we can write

DLG =
1
2

log

(
e2SG

(eSG + 1)2

(eS + eSL )2

e2S

)
= log

(
1 +

eI − 1
eSG + 1

)
.

Analogous proof holds for DGL.

Appendix C. Absence of entanglement

As mentioned in the main text, discord detects QCs more general than entanglement. For Gaussian discord,
this is condensed in a simple property: Gaussian states such that D > log 2 (1 with von Neumann entropy)
are entangled. In our setup, discord never exceeds this threshold (see figure 2(c)) and we checked that the
state is never entangled as ν̃− > 1 at any time (ν̃− is the smallest symplectic eigenvalue of the partially
transposed CM [42]). Besides these analytical results, absence of entanglement at any given time is justified
by the fact that the coupling Hamiltonian acts like a beam-splitter, and cannot therefore entangle coherent
states, and that the two gain/loss channels are local.
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Figure 2. Evolution of total and quantum correlations on the PT line (γL = γG = γ). This comprises the UP γ < g, the EP
γ = g and the BP for γ > g. (a) and (b): mutual information I (a) and discord DLG (b) for γ = g/2 (UP, green), γ = 3g/2 (BP,
red) and γ = g (EP, blue). A qualitatively analogous behavior is exhibited by DGL . (c): asymptotic value of discord, DLG(∞)
(yellow) and DGL(∞) (purple). See appendix.
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Gaussian initial state will remain so at any time. Thereby, the entire state is fully specified by the mean-field
vector ψ and the covariance matrix σ [37, 38].

4. Correlation measures

A measure of the total amount of correlations between modes âG and âL is given by the mutual information
I = SG + SL − S, which is the difference between the sum of local entropies SL(G) = −Tr(ρL(G) log ρL(G)),
with ρL(G) = TrG(L) ρ, and the entropy of the joint system S = −Tr(ρ log ρ) [24, 39]. This fulfills I = 0 if
and only if ρ = ρL ⊗ ρG. Instead, the amount of QCs is measured by the so-called quantum discord [27–29]

DLG = SG − S + min
Ĝk
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pkS(ρL|k), (5)

where the minimization is over all possible quantum measurements {Ĝk} made on G. A measurement
outcome indexed by k collapses the joint system onto ρL|k = TrG(Ĝkρ)/pk with probability pk. Likewise, DGL

is obtained in terms of measurements on mode L by swapping G and L in equation (5).
Note that discord is in general asymmetric, i.e., DLG $= DGL, which is the typical case for our system

[see figure 2(c)]. The difference I − DLG quantifies the maximum amount of information that can be
extracted about L only from local measurements on G. Based on this, discord captures QCs beyond
entanglement, as it is in general nonzero for separable states [29]. Hence, correlations between the modes
are wholly classical only when both DLG and DGL vanish but I $= 0.

For Gaussian states, the optimization in (5) can be restricted to Gaussian measurements (Gaussian
discord) [40], leading to a closed-form, albeit cumbersome, expression for D [41, 42]. In order to provide a
simpler analytic expression we replace the von Neumann entropy by the Rényi-2 entropy
S(%) = −log Tr(%2) in each expression [43]. For Gaussian states, it has been shown that the choice of
Rényi-2 entropy leads to well-behaved correlation measures [44]. We however numerically checked that all
of the results presented (in particular asymptotic scalings to be discussed later) are qualitatively unaffected if
von Neumann entropy is used instead. The fact that discord detects QCs more general than entanglement is
condensed in a simple property: states such that D > log 2 are entangled (log 2 → 1 if von Neumann
entropy is used) [42].

5. Correlations dynamics for balanced gain and loss

We study the dynamics of correlations when each oscillator n = L, G starts in a coherent state

|αn〉 = e(αâ†
n−α∗ ân)|0〉; the initial covariance matrix is thus simply σ0 = !4 (note that this is independent of

αL and αG). We evolve the covariance matrix through equation (3) and then compute the time evolution of
correlation measures I, DLG and DGL for which we obtain exact and compact expressions (see appendix).
Instead, entanglement is zero at any time. It turns out that (5) admits a global minimum for all possible
parameter values, which corresponds to a phase-insensitive (heterodyne) measurement. Intuitively, this
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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property can be traced back to the absence of any coherent drive: the dynamics in (1) preserves U(1)
symmetry and thus favors the conditioning of phase-insensitive measurements over phase-sensitive ones;
this in turn makes the latter suboptimal for generating QCs.

Figure 2, where we set γL = γG = γ (PT line), shows the typical time behavior of mutual information
I (a) and discord D (b) in the UP (green line), at the EP (blue) and in the BP (red). Correlations, including
QCs, are created on a typical time scale (transient time) of the order of ∼ g−1 or less (see appendix for
details). As discussed later on, transient generation of QCs is common in noise-driven multipartite systems.
In the long-time limit, instead, correlations show a peculiar behavior, which we next analyze for each phase
(namely in the UP, BP and at the EP).

In the UP, I saturates to a finite value and exhibits secondary oscillations at frequency 2
√

g2 − γ2, while
discord slowly decays until it vanishes. Their asymptotic expressions are given by (see appendix for details)

I ≈ log(
g2

g2 − γ2
), DLG, DGL ≈ γ

2g2t
, (6)

showing that discord undergoes a power-law decay in this phase (throughout the symbol ≈ indicates the
long-time limit). Thus in the UP asymptotic correlations are entirely classical, i.e., they do not involve any
quantum superposition. At a glance, this may seem to contradict the well-known property that Gaussian
states such that I = 0 are all and only those with zero discord [42]. That property yet holds for systems
with bounded mean energy, while the present dynamics is unstable on the whole PT line (see appendix for
details).

When PT symmetry is broken, on the other hand, the behavior of long-time correlations changes
dramatically. The mutual information now grows linearly as I ≈ 2Ω t, with Ω =

√
γ2 − g2, while QCs tend

to a finite value given by

DLG ≈ log

(
γ(γ + Ω) + g2

2γ2

)
, DGL ≈ log

(
γ(3γ + Ω) − g2

2γ2

)
. (7)

Thus in the BP stationary QCs are established, notwithstanding the noisy action of gain/loss and despite the
dynamics being unstable.

Jointly taken, equations (6) and (7) show that the nature of long-time correlations is different in the two
phases. In each phase, stationary finite correlations occur, but these are purely classical in the UP (where I
converges, while D → 0) and quantum in the BP.

Finally, a special behavior occurs at the EP with the correlations scaling as

I ≈ log(
4g2

3
t2), DLG, DGL ≈ 1

gt
. (8)

Thus, while discord scales as in the UP phase (although with a different pre-factor, cf (6)), the growth of
mutual information is now logarithmic. Notably, the EP is the only point on the PT line such that
I →∞, D → 0 (purely classical and diverging correlations). Thus, for balanced gain and loss, the EP can
be regarded as the most classical configuration.

Figure 2(c) shows the stationary QCs on the PT line. In the BP, DGL(∞) monotonically grows with γ
asymptotically approaching the entanglement threshold, while DLG(∞) takes a maximum followed by a
long-tail decay. A critical behavior occurs at the EP (on the boundary between regions of zero and non-zero
discord) since D ∼ (γ/g − 1)

1
2 for γ > g while D = 0 for γ ! g.

As specified previously, all the plots in figure 2 are for an initial coherent state. Yet, we gathered
numerical evidence that different initial Gaussian states yield analogous long-time behaviors of correlations
(see appendix).

6. Dynamics of correlations beyond the PT line

We next address the rich dynamics of correlations beyond the PT line, i.e., for unbalanced gain and loss
(γL &= γG). The phase portrait in figure 3 displays five distinct dynamical regimes, obtained by applying
standard stability analysis (see appendix for details). These regions are limited by the PT line, the EP line
γL + γG = 2g and the hyperbola γLγG = g2. There is a stable region (III + IV), where both distinct
eigenvalues λ± of matrix Y (cf (4)) have negative real part (note that for g > γG a too large rate γL makes
the dynamics unstable). This is the usual bounded-energy region featuring non-zero stationary values of
I and D. Symmetric to that is a totally unstable region (I + II), where both Rλ± > 0. Notably, this whole
region is characterized by asymptotically vanishing discord [cf figure 3(c)]. The EP line separates two kinds
of divergence (convergence) in the totally unstable (stable) region: below this line there occur repulsive
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Table 1. Asymptotic behavior of S and SL(G) on the PT line.

PT line UP EP BP

S log
(

4γ2g2

g2−γ2 t2
)

log
(

4g4

3 t4
)

2Ωt + log
(

γ3(γ+Ω)
Ω4

)

SL

log
(

2γg2

g2−γ2 t
)

log
(

4g3

3 t3
) 2Ωt + log

(
γg2

2Ω3

)

SG 2Ωt + log
(

γ(γ+Ω)2

2Ω3

)

with (5), equation (11) no longer features any optimization to be performed, but instead expresses discord
as an explicit function of mutual information and local entropy.

Combined with I = SG + SL − S, equation (11) allows to explain the dynamics of classical and QCs in
terms of a competition between global and local entropies. This task is relatively straightforward on the PT
line, in which case the long-time expressions of S and SL(G) are reported in table 1. All of these diverge in
time (either logarithmically or linearly depending on the phase). Hence, (11) simplifies to

DLG ≈ log
(
1 + e−(S−SL) − e−SG

)
, (12)

which shows that the survival of QCs is controlled by S − SL alone. Using the expressions in table 1 and (12)
yields precisely the scalings in equations (6), (7) and (8).

In the UP, SG and SL grow at the same rate and their sum is almost equal to the global entropy S. Their
difference is small (showing this requires sub-leading contributions not reported in table 1) and yields
constant I in the long-time limit. Equation (11) then entails that discord vanishes. In the BP, instead, the
gain dominates the entropy balance (i.e., SG > SL) and the total entropy is slaved to the local one, S ≈ SG.
This in turn implies I ≈ SL. Moreover, the divergences of S and SL cancel out, so that S − SL is convergent,
in turn entailing a finite value of QCs via (12).

The above reasoning concerns the PT line γL = γG = g. Analogous arguments can be developed on any
line γL = βγG with β < 1, where however the expressions of global and local entropies are not as compact
as those in table 1. The transition between the two different scalings now occurs at point γG = 1√

β
g,

γL =
√
β g.

The fact that both mean field and correlations can exhibit a transition between different regimes
corresponding to the same parameters is due to the form of matrix Y entering the second-moment
dynamics in equation (3). Indeed, it is easily shown (see appendix) that, under a suitable canonical
transformation, Y takes the form

Y =

(
−iH 0

0 iH†

)
. (13)

The eigenvalues of Y are thus the same as those of matrix −iH [see equation (2)] with a double degeneracy.
This property is a consequence of the form of the Lindblad master equation (1) (in particular the
beam-splitter-like interaction between the modes) and holds even for setups with more than two modes
(obeying a master equation of the same type) [53].

Lastly, we comment on the fact that zero discord can occur without a simultaneous vanishing of mutual
information. As mentioned previously, any two-mode Gaussian state with finite mean energy fulfills
D $= 0 ⇔ I $= 0 [42]. This property can be retrieved from (11) when SG is finite. Yet, for SG →∞, discord
can vanish asymptotically even if I does not (e.g. in the UP and at EP, see figure 2).

8. Conclusions

Through a fully quantum description, we studied the dynamics of total and quantum correlations in a
typical gain-loss system exhibiting PT -symmetric physics. With the modes initially in a coherent state, QCs
without entanglement are created and, in a large region of the parameter space, settle to a non-zero value.
For balanced gain and loss, in particular, and in the long-time limit, phases with distinct PT symmetry
exhibit dramatically different time scalings of both total and quantum correlations. This suggests a new
distinction between phases with unbroken/broken PT symmetry in the dynamics of entropic quantities,
whose knowledge requires accounting for the full quantum nature of the field.

From the viewpoint of QCs theory, the unstable nature of the dynamics brings about exotic behaviors
such as diverging correlations of a purely classical nature, which arise at the exceptional point.

In terms of quantum technologies, stationary QCs beyond entanglement (occurring e.g. in the unbroken
phase) are potentially appealing in that this form of correlations have found several applications in recent
years, [54, 55] such as information encoding [56], remote-state preparation [57], entanglement activation
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with (5), equation (11) no longer features any optimization to be performed, but instead expresses discord
as an explicit function of mutual information and local entropy.

Combined with I = SG + SL − S, equation (11) allows to explain the dynamics of classical and QCs in
terms of a competition between global and local entropies. This task is relatively straightforward on the PT
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The fact that both mean field and correlations can exhibit a transition between different regimes
corresponding to the same parameters is due to the form of matrix Y entering the second-moment
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CONCLUSIONS

• We have considered the fluctuations dynamics of two 
harmonic oscillators whose mean field dynamics simulates 
a gain-loss PT - symmetric hamiltonian 


• In the “Unbroken phase” the long time correlations are 
purely classical


• In the “Broken phase” long term quantum correlation 
survive in the presence of  noise



