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Motivation

direct photodetection

*dyne measurement
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Motivation

e Double quantum dot (DQD) coupled via point-contact to a dissipative
reserVOir Goan,Milburn, PRB (2001) [1]
e GKSL master equation:

. 1
pr = —ilHpop, pi] + DIT1+ Xmlpy,  DIX]p=XpXT = {XTX, p}
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° ||i| — 0 corresponds to a weakly responding detector [2].
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Motivation

e Super conducting qubit dispersively coupled to a resonator Gambetta et.al,
PRA (2008) [3]

e GKSL master equation:
pt = —i[Hefr, pt] + £Dla]pr + 1 D[o—-]pt + 14Dlo:]pt-

2
e Signal to noise ratio S J—WI(HQ/HXQ), x is the dispersive coupling
const.
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Schematic of the system

Increasing S leads to quantum jumps
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Motivation

e In Markov regime the diffusive limit is well known.
e Carmichael [4], Breuer and Petruccione [5],- - -

e Piecewise deterministic dynamics is given by quantum jumps (QJ) and
diffusive dynamics by quantum state diffusion (QSD)

QJ e—0 QSD
P(H) P(H)
LME —= =Y FpE

Markov regime
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Main result

e NMQJ -
e NMQSD

NMQ) — =9 nmQD NMQSD
P(H) P(H)
LME e 0 KME2

Beyond Markov regime

Non-Markovian Quantum Jumps [6]
— Non-Markovian Quantum State Diffusion [7].
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Main result

In this talk: Markov = positive decay rates at all times.
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Probability densities on P(H)

P(H)
e Vectors 1) € H = C¢,
[|9]] < oo.

e We identify each 1,4’ € H for
which ¢ = ¢/’ and ¢ € C.

¢ Coordinates ¢, = (k|)) on
P(H) where {|k)}, is ONB of
H.

e For any state p € S(H)

pij = / dy PR (i) (07) = / aw Pl i
prob. density

where dd) = HZ dRe¢ZdIm¢, %w%:"l‘sm
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Master equations beyond GKSL

Quantum dynamical semigroup — GKSL master equation [8, 9]

L 1
p=—ilH,pl+ > (LppLf — §{L2Lk,p})
k

p is the density matrix.

typically requires weak system bath coupling.

time scale separation 7¢ < 75, TR.

Y > 0 are the decay rates.
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Master equations beyond GKSL

Master equation with non-definite decay rates

N

. 1
pr = —ilH, p) + > (1) (LkptLL - §{L2Lk,pt}),
k=1

/

~~

:=dissipator

e 7 (t) can be negative for some values of ¢.

e N decay channels.
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Master equations beyond GKSL

Symmetry of the dissipator

M =2N, K= ]l+€§kLk, Kk+N: l+5§k+NLk7

§k+&+N =0, () =W+n () = 22§|g:|2,

& eC, e>0.
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Non-Markovian Quantum State Diffusion

auloa", ) = (iH(O) + 20 @) — [ asale i UE

0 623

Exact representation of the Schrédinger equation for the total system.
Defines a stochastic propagator [1)(z*,t)) = G¢(2*)|v), Go(z*) = 1.
G+(z*) is not unitary and |det G¢(z*)| # 1.

a(t — s) is the bath correlation function.

More details in [7, 10, 11].
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Non-Markovian Quantum State Diffusion
Hrp(t) =H(t) + Hi(t),

Hi(t) = ga(L @ ble + LT @ bre 1),
A = =

0| Vi) = —iHr ()W), [Wo) = [(0)) ®|0)

An open system



Non-Markovian Quantum State Diffusion

W) =1 @ 1|Wy)
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Non-Markovian Quantum State Diffusion

W) = 1® 1|¥y)
“v6 ([ Eapliavl v
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Non-Markovian Quantum State Diffusion

W) =1 ® 1|0y

1w / Az p(2)||2) (2] V)

4% TURUN
YLIOPISTO

17/39



Non-Markovian Quantum State Diffusion

:1®/d2zp(Z)HZ><Z|H‘I’t>
:/d2zp(z)w(z*,t)>|\z>-
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Non-Markovian Quantum State Diffusion

||z) are Bargmann coherent
Uy = 1@ 1|0y states [12].

oz = (21,...,2x,...).
~16 [ Pap@)la)a|v) B2
unnormalized, overcomplete and
:/dzzp(z)lﬁ(z*,t»”z). not orthogo?al
|l23) = €2%3|05).
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Non-Markovian Quantum State Diffusion

e ||z) are Bargmann coherent
W) =1 ® 1|0y states [12].

© Z = (21,...,20,---).
=1®/dQZP(Z)HZ><ZH‘Pt> ( . )
e unnormalized, overcomplete and

:/d2Zp(Z)l/)(Z*, IL)>HZ> not orthogo?al
o llz2x) = e2%]0,).
e p(z) is a zero mean multivariate Gaussian prob. density.
e NMQSD is the equation of motion for |1)(z",1)).
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Non-Markovian Quantum State Diffusion

e ||z) are Bargmann coherent
U, = 1@ 1|0y states [12].

® Z = (Z1yccylNy+-+)-
—15 [ d2p(a)2) el 01 . )
e unnormalized, overcomplete and

:/d2zp(z)¢(z*,t)>\|z). not orthogo?al
o [[zx) = €¥2]0y).

e p(z) is a zero mean multivariate Gaussian prob. density.
e NMQSD is the equation of motion for |1)(z*,1)).

Key property

(z||z) behaves like §(z* — z™) under [ d?z p(z) for any analytical function

f(z").
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Non-Markovian Quantum State Diffusion

e Enforcing (the approximation)

2 bt ) & 70 8) LR 1),

on NMQSD leads to

dulw(a", ) = | — FOL'L + 5 L] [p(z", 1)),

o F(t)=~(t)+iS(t) and F(t) = [ ds f(t,s)a(t — s).

o K(t)=H+ (S(t) —iy(t))LTL.

e Hierarchy methods [13] and perturbation theory can go beyond the
crude approximation used here.
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Non-Markovian Quantum State Diffusion

e The reduced state evolves according to
. . 1
b= —ilHs + SOL'L ]+ 210) (Lol = LLL ) ).

where the reduced state p; = E [|[o(z*, t) (2, t)|].
o F(t) =~(t)+iS(t) and F(t) fodsft,s (t—s)
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Non-Markovian Quantum State Diffusion

e Probability density in P(#) for NMQSD is

H(S — i(z*,1))0 (i — Yi(z*, 1))*

e We can show that P satisfies a 2nd order partial differential
equation! (KME?)

0Py = Oher(¥)Pg + e () Po + Y _ 00; dia(¥) Py,
P *

which is a Fokker-Planck equation iff v(¢) > 0.
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Non-Markovian Quantum Jumps

e Master equation
1
p=—i[Hs+ S(t)L'L, p] 22% <LkaL = 5 {LrLr, p}>

is unravelled by the following linear NMQJ process [6]

dgp) = —iK'(t)|[y)dt + (Ly, — 1)!¢>dNJ+/d¢’(Iw'> — ) ANy J

o K'(t) = Hg + S(t)L{ Ly — i Y, v (t)(L] Ly — 1).
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Non-Markovian Quantum Jumps

e The Poisson increments satisfy

AN, (AN () = 6dNF (1), AN (£)dAN (1) =0,
deiw(t)lejw, (t)=0(¢p — )0 d N, (2).
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Non-Markovian Quantum Jumps

e The Poisson increments have the statistics
E[ANF(t)] = 294 (t)dt,

E [dN,;¢ (t)] —2v_(1) Z%

5(1p — Ly )dt.

o Ye(t) = (t) — v (1), 7 () > 0.
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Non-Markovian Quantum Jumps

e Negative jump probability depends on the total ensemble of states.
o At t: v,(t) <0 and trajectory is in state :
o If Ly =1 a reverse jump is possible with probability 2|~ (t)| ;t[[i]] dt.

e Reverse jumps can be computed (numerically) if:
@ if Ly, is invertible then ¢ = L; "¢ and
@ if P.[¢] can be evaluated at any point on P(H).
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Non-Markovian Quantum Jumps
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Diffusive limit of non-Markovian quantum jumps

e Master equation
. . 1
pr = —i[Hs + S(t)LTL, pg] + 2v(t) <LPtLT - 2{LTL,pt})7
is equivalent to

p= —illls + SOLIL ]+ 3 20 (Lwotl - 5{Eatic})

e Dissipator (blue) is equivalent to ME (red) when

Vi (t) = ()

= W, Ly =1+ &L,

where &, € C, & + &y =0, 1 <k <2M and £ > 0.
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Diffusive limit of non-Markovian quantum jumps

(1)
t)y=——"""=, Lp=1+¢&L

where & € C, & 4+ &krpr =0, 1 <k <2M and € > 0.

e Transformation above does not leave NMQJ invariant.

@ 2M Poisson processes
@O L, =1+, Linvertible if ||e&, L|| < 1.
© State change due to a jump is small: Ly — 1 = O(e).

@ Jump rate scales ~ 72,
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Diffusive limit of non-Markovian quantum jumps

e In P(H) the linear transformed NMQJ is

0P ) =iy Ok((KIK (0)[0)P[e]) — Of (I KT (1) k) Pily])
k

/ Ao Ry[16[6| P[] — RIS,
where

Pt




Diffusive limit of non-Markovian quantum jumps

Perturbative NMQSD in P(H)

8tPQ = Z E)kck(@b)PQ -+ 8,jck(¢)*PQ + Z 8kal*dkl(1/))PQ
k kl

@ Clearly: ¢, = i(k|K(t)|y).

® Proceed by choosing € > 0 such that Ly = 1 + £, L is invertible and
&k + Ekrar = 0, then ¢ = i(k|K'(t)[1)).

© Compute F[¢] = [ d¢ Ri[v|g] Pi[¢] — R[¢|v] P[]

©® Expand F'[¢)] to second order in € and take the limit ¢ — 0. Suitable
&k can be found such that F[y)] — 0,0, d(v) as € — 0.
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Diffusive limit of non-Markovian quantum jumps

NMQ) — =9 nmQD NMQSD
P(H) P(H)
LME e KME2

* Diffusive limit of NMQJ in P(%) leads to the corresponding
perturbative NMQSD in P(H).

e The same diffusive limit leads to a new unraveling in H which we
named non-Markovian quantum diffusion NMQD.
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Diffusive limit of non-Markovian quantum jumps

e Observations
@ NMQSD driven by complex valued process z; and NMQJ by real
valued Poisson processes d.V;
= we need at least 2 Poisson processes in the diffusive limit.
® Correspondence between SDE's and FP equation is many to one
= construct diffusive limit in projective Hilbert space.

e Markov limit: commutative diagram

QJ e—0 QSD
P(H) P(H)
LME —=—=Y  EpE

Markov limit
e?g TURUN
YLIOPISTO
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Example: Driven TLA
e Smoothing P[y)] = %le\il 5(v =y (t)) by

P[] ~ ﬁZF[W —i(t) /o], F[]= d1+1 eIl

s

e P[] can be evaluated everywhere in P(#) and in combination with
invertible L NMQJ can be used for driven systems, for example.
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Example: Driven TLA

e Master equation

=Hg
——

b= —ilSot Lo s Woro. i+ ) (o_po+ Howo, p})
e NMQSD
Bin(=")) = (—iHls + 5o — F(oso_) [in(="))

 NMQJ
KJ(f) 4
dy = i (Hs —iF(t)) oyo [)dt + ) _efro— (dM;F — dM,) [¢)
k=1
e NMQD

dlyp) = (—iK(t) + 2v(t)(|o+[0)05 In Ply, t]) |¢)de
+o_[Y)(dZy —dZ_) O Wit



Example: Driven TLA

1.0

— 051 —N
g 0.0/ —=" -== QD \'\.\_‘,//
m‘ ...... QJ

—0.51 —-— HOPS

-1.0

Top: Ensemble average over 3000 stochastic trajectories of (o) computed with LNMQJ
(dotted), NMQD (dashed) with e = 1 and HOPS (dash dotted) with comparison to the
master equation solution (ME). Bottom: Normalized expectation value for o along a
single stochastic trajectory for different values of € using LNMQJ. The initial state is

[+) = /3(0) + ).
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Summary and outlook

NMQJ NMQD NMQSD
P(H) P(H)
LME e 0 KME?

e Generalization to non-linear version.
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Thank you for your attention!
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