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o Open quantum spin chains

e Master equation in the global approach
@ Global Hamiltonian diagonalization
@ Global approach: master equation

e Stationary state
@ Stationary Transport Properties
@ Bipartite entanglement
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Open quantum systems: weak coupling limit

@ Open quantum systems:

H = Hs + He + A\ Hiyt
@ Weak-coupling limit:
t—T:=A1t, A0 & t— 40

@ Elimination of fast oscillating terms:

exp (it(E, —E) — (Ep— Eq)>, E, eigenvalues of Hg
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Open quantum spin chains

Open quantum spin chains: nearest neighbour interactions

- —o0—10 -

Figure: Open 3-spin chain

Global vs Local approach

Hs = H; —|—H2+H3+Q(H12—|—H23>: |fg<<1
@ Local approach: E, eigenvalues of H; 3 or
@ Global approach: E, eigenvalues of Hg ?
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Open quantum spin chains
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Open quantum spin chains

Global approach: Some literature
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Open quantum spin chains

N
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Open quantum spin chains

Stationary transport properties: 3-qubit chain

F.B., R. Floreanini, L. Memarzadeh, PRA 102 (2020)

@ Global approach: analytic stationary state
@ Spin flux continuity equation: sinks and sources

@ Local approach: stationary state up to first order
perturbation in g: no sinks and sources

@ The local stationary state does not emerge from the
global stationary state by sending g — 0
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Open quantum spin chains

Spin chains of length N: nearest neighbour XX interactions

@ XX Hamiltonian:

H— gz((é) z+1)_|_ () H1>+AZU

@ g > 0: interspin coupling
@ A > 0: transverse constant magnetic field
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Open quantum spin chains

@ Left (¢ = 1) and right spin (¢ = N) coupled to independent, free
Bosonic thermal baths

@ Bath Hamiltonians: o = L, R,

—+o00
H, / dv v bl (v) ba(v)
0
[6a(), B50/)| = dapdlv =)
@ Interaction Hamiltonian: A << 1 dimensionless coupling constant

H/

A Z (af)%a + U(,a)‘BL) , agf) = %(a,(f) + iaf,e))
a=L,R

B, = /O W ha (1) ba(v) . [ha()]" = ha(v) |
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Thermal baths

@ Bath Gibbs states at inverse temperatures g, g:

—BL HL —Br HR

e
Tr (e—ﬂt HL)

e
Tr (e—ﬂﬂ HR)

®

Penv =

@ Thermal expectations:
Trg (pony bL(1)bar () ) = Gaar8(v = V') 1 (¥)
Tig (penv ba(u)bl,(z/)) = Saed(v — ') (1 + N (1))
! v>0.

na(”):eﬂa,ji.l ) 2
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Weak-Coupling Limit

@ Initial state: pi(0) = p(0) ® penv
@ Weak-coupling limit conditions: \||B,| < [|H]|
@ Kraus operators:

Alw) = S IENEIMENE]

E,'*E]':w
@ Gilobal approach:
N—-1 N
HIE)=E|E). H=g ( A 4 ool ) £ A3 o)
=1 =1

@ Local approach: Hpe = AN | o
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. Global Hamiltonian diagonalization
Master equation in the global approach
Global approach: r uation

Global Hamiltonian diagonalization

H=A ZUZZ) + 29 Z ( €+1 + U@aﬁf“’)

@ Jordan-Wigner fermionization:

g = [[(-o¥) oY H o, {a/', al} = Ojk

H=-NA +2gH

N N-1 A
=1 da+ ) (a/T &1 + a/T+1aj) 1= g
j=1 j=1
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Global Hamiltonian diagonalization

Master equation in the global approach -
9 9 PP Global approach: master equation

Global approach: global Hamiltonian diagonalization

N N—1
0 _ I = I = i .
H=+~ Zaja, i Z (aj a1 + aj+1a,)
j=1 j=1

@ Bogoljubov transformation:

N N [ 2 Lk
bg::Zug/a,-7 b} ZZZU@]&}L, Uk = N+1Sin(N+1>
j=1 j=1

@ Diagonal Fermionic Hamiltonian:

N
H=-NA+Y" (2A+4gcos (ﬁ)) b} b,

£=1

F. Benatti Asymptotic transport properties in open quantum spin chains



Global Hamiltonian diagonalization

Master equation in the global approach -
9 9 PP Global approach: master equation

Global Hamiltonian: eigenvalues and eigenvectors

N
H=-Na+Y <2A—|—4gcos (Am)) b} by

£=1

e Eigenvectors: b} b,|n) = n,|n)
In) = (b))™(b])™--- (b})™ |vac) , n=ny,np,--- Ny, n, = 0,1
beln) = (=1)Z= VA gy . ng =g, g —1,ny
bin) = (~1)== A= ngnf) . nf=m g1y
@ Eigenvalues: H|n) = E, |n),

N N
En—A(Z;ng - N) +4g an COS<N€—71-T1)

=1
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Global Hamiltonian diagonalization

Master equation in the global approach
q 9 PP Global approach: master equation

GKSL Master equation

o0(1)

D) — —i[H+ 32 Hus, p(8)] + Dlo(t)] = Lip(t)]

@ Lamb-shift correction: all transition frequencies

Hs = %0 Z[ SAL () Aa(w) + S AL ()AL ()

a=L,R w
—+o0
S = P/ v [ ()P L")

W —Vv

& = P /()mdu[ha(u)]?:a(g
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Global Hamiltonian diagonalization

Master equation in the global approach
q 9 PP Global approach: master equation

GKSL Master equation

0»;*(;) = —i[H+ X Hys, p(t)] + Dlp(t)] = Lp(1)]

@ Dissipator: positive transition frequencies

Dp(t)] =A% > Y DEV(p(D)]

a=L,R w>0
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Global Hamiltonian diagonalization

Master equation in the global approach
q 9 PP Global approach: master equation

GKSL Master equation

0»;*(;) = —i[H+ 2 Hys, p(t)] + Dlp(1)] = L{p(1)]

@ Dissipator: positive transition frequencies

Dp(t)] =A% > Y DEV(p(D)]

a=L,R w>0

[ Why w > 0? ]




Global Hamiltonian diagonalization

Master equation in the global approach
q 9 PP Global approach: master equation

GKSL Master equation

0»;*(;) = —i[H+X2His, p(t)] + Dlp(t)] = Lip(1)]

@ Dissipator: positive transition frequencies

Dp(t)] =A% > Y DEV(p(D)]

a=L,R w>0

[ Why w > 0? Bath energies v > 0; interaction terms o b, (/) ]
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Global Hamiltonian diagonalization

Master equation in the global approach
q 9 PP Global approach: master equation

GKSL Master equation

0%1‘) = —i[H+ X Hys, p(1)] + Dlp(1)] = L{p(1)]

® Dissipator: D[p(t)] = ¥ ¥y g Luzo DL [0(1)]

D] = O |AdpDALE) ~ H{ALA). D}
0 ADAE) - H{AAL). D}

C) =27 [ha(W)? (Na(w) + 1) , C) = 27 [ho(w)]2 Na(w)

F. Benatti Asymptotic transport properties in open quantum spin chains



. Global Hamiltonian diago
Master equation in the global approach

alization
Global approach: master equation

Kraus operators: A, (w)

@ Ladder operators in the Fermionic representation:

N N

US{') :ZUM bz s US_R) = — (ei” EQ’:‘ bee) ZUNgbZ
=1 =1

@ Non-vanishing transition amplitudes:

-1
(ny,1080Ing,) = (=1)=7 7 /1 =0y urg
(n1, 04 ng,) = (1) /T =y une

Ny, =ny,---,ng=1

yorr NN nOg:n17"'7nZ:07"'anN
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Global Hamiltonian diagonalization
Global approach: master equation

Master equation in the global approach

Kraus operators A, (w)

@ Transition frequencies contributing to the dissipator:

L
Wy = Emé — EnoZ = 2A + 4g COos (/\/—f—ﬂ-‘]>

@ Kraus operators:
=1,
Alwe) = ey (=17 Vg, ) (o,
fi,

Abwe) = une S (—1)ZF % ng,)(ng,

ng

n, binary n-tuples with n; fixed, vy = \/NTH sin ( /\fkﬂ )
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. Global Hamiltonian diagonalization
Master equation in the global approach

Global approach: master equation

s )

@ A, (w¢) contribute to the dissipator only if
— F En —2A + 4 r NS o
we = Eny, = Eny, = + 4 g cos m =

@ The sign of w, depends on g and A:

cos i <0 for N2€>N+1.
N+1
@ Working assumption:
. A
9<g'=— = w >0, (=12....N

2 cos (NLH)
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Stationary state

Stationary state

Unique: the commutant of {Al(w), Aa(w)}w,« is trivial

@ Diagonal Hamiltonian: H + A2H,s = 3", En |n)(n|
@ Set poo =D nAn|n)(nand ask L[p] =0

" () (£) I ir(vf)
oSqution:/\fll/\‘, A = —&,
" =1 " " Re

R = U (wn)lP (1= e+ nueon)) + Tha(wn)lP (1= e+ (o)
Re = (o) (1 +2nu(w0) + [ha(we))? (1 + 20a ()
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Stationary state

Stationary state

@ Identical baths: hy g(we) = h, L = Br = 5,

)\(Z) _ eB(1=ne)w,
ne ehwe +1
eﬁ 1—ng)we efﬁH
n nN=————
poc Zn:el_[1 efwe +1 I)<n Tr(e=#H)

@ Even with equal temperatures stationary entanglement : no

threshold temperature difference
S. Khandelwal et al., NJP 22 2020
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Stationary Transport Properties
Bipartite entanglement

Stationary state

fEmmaEE= ]

Tansport properties

@ Time-dependence of averages of chain observables

9T [ Xo(t)] = TH[LIp(0] X] = WILIX] (1)
@ Dual generator:

L[X] = i[H+ AHs, X] +D[X]

DIX] =X Y i DE[X]

a=L,Rw>0

DX = 08 AL ) X Aa(en) ~ 3{ AL Au (. X ]

+00| Aufi) X AL ar) = g { a0, X |
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Stationary Transport Properties

N Bipartite entanglement
Stationary state

Spin flow at site k: local X

p d
X0 = g STl n(t)]

@ Lamb-shift Hamiltonian: current divergence,

i[H—!— NHs, agk)} =(g+r) (J(kftk) _ J(k,k+1)>
JUkk+1) 41( (k+1) Uik) (k+1)) 4I(akak+1 +akak+1)

N

Y i pl _ ’/\2
= —4j Z Uijk+1Z(bjbg —‘rbj b@), K = Z Z ( )

J,e=1 a=L,R (=1
@ Asymptotic current divergence: p(t) = poo,

<'J(k,k+1)>OO = Tr(poo J(k,k+1)) -0

F. Benatti Asymptotic transport properties in open quantum spin chains



Stationary Transport Properties

N Bipartite entanglement
Stationary state

Sinks and sources

Al = X2 Tr(pe DY [01])

@ Non-singly vanishing sink and source terms:

N
A = 2y BB I (el L)
(=1

= o~ 1N when N — oo

e Stationarity: Tr(peo D[o®]) = Q4 + Q¥ =
@ Equal baths: h;(w) = hg(w) = h, n.(we) = nr(we),

ng u)g) — nL(w)
— )2 2 _
H -7 Z ukl 1€y + ng(we) + I'IF;(WI)
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Stationary Transport Properties
Bipartite entanglement

Stationary state

Source terms QS) vs Tp

T, =0,N=10, A =1, A =15,30,50, g ~ g* = —F—

07 ; ; ; ; ;
06} —
0.5 P e
041 -7 T B
Q)
’ s
03f " s |
7’ /,/
P
02 e B
S — A=15,9=7.8
S - - A=30,g=15.8
0ar [, ---- A=50, g=26.5| |
e
o . . . . .
) 50 100 150 200 250 300
Tr
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Stationary Transport Properties
Bipartite entanglement

Stationary state

@ Global approach: sinks and sources at k # 1, N due to
the non-local structure of Lindblad operators

@ Sinks and sources decrease as 1/N due to Uz, uZ,

@ Local approach: no sinks and sources for Kraus ops
depend only on the leftmost and rightmost spins

@ Global approach: sinks and sources when g — 0 due to g
in nL7R(wz) 75 0
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Stationary Transport Properties

N Bipartite entanglement
Stationary state

Heat Flow: non-local X

x=H. 5= (%0 n) =i

@ Stationary heat flow: p(t) = poo, H5' + H% =0,

N
a8 = YT (ngj)[poo] H) ~1whenN — o
=
N

A2 ; we USy [ (we)Plha(we)]? %;m(w)

(] Equal baths: hL(w) = hR(w) = h, nL(Wg) = n,q(wg),

2 ng u)/) — n/_(w/) -
=mA Zw Uw 1+n, wZ)Jrnn(wg)
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Stationary Transport Properties

N Bipartite entanglement
Stationary state

Heat flow 5 vs Tg: T, =0, N =8, A =1, A = 15,30,50, g ~ g*

220

200 e
180 | o |
160 s 1
140 - - -]
H3 1201 e -7 .
100 S |
80| p |

a0l ,/ —A=15,9g=7.8
7y - - A=30, g=15.8

200 /7 ---- A=50, g=26.5 | T

o 1 1 L L L L

0 50 100 150 200 250 300

Tr
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Stationary Transport Properties

Bipartite entanglement
Stationary state P 9

Two-spin entanglement along the chain: concurrence

C(p) = max{0, A1 = VA2 = Vs = V/Ad}

A1 > A2 > A3 > \4: positive eigenvalues of p (o, ® oy)p*(oy ® o))

@ Structure of stationary two-spin reduced density matrices:

a0 0o
0 b ¢c O
Pro=10 ¢ d 0
0 0 0 e
@ Concurrence: C(r,s) =2 max{O, (|c\ —Va e)}
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Stationary Transport

Bipartite entanglement
Stationary state P 9

Maximum concurrence over T of spins 1and s=2,3,---8
N=8AX=1T,=0,A=15and g=78 ~ g*

0.1

0.08 - 1
0.06 1
Cmaz(lv 8)

0.04 |- 1

0.02 |- . 1
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Stationary Transport Properties

Bipartite entanglement
Stationary state P 9

Concurrence of spins 3 and 4 vs T
T, =0, N=8, A =15,30,50 and g close to g* for A = 15

0.14 T
— A=15,g=7.8
012} - - A=30, g=7.8/
--—-A=50, g=7.8
01t 1
0.08 b
C(3,4)
0.06 - b
0.04 - q
0.02 b
0 , === = - [T " T=-=~ )
0 5 10 15 20
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Stationary Transport Properties
Bipartite entanglement

Stationary state

Concurrence of spins 3 and 4 vs T
T, =0, N=8, A =15,30,50 and g close to g*

0.18 T T T
— A=15.9=7.8
- - A=30, g=15.8
—--—- A=50, g=26.6

0.16

0.14

0.12
C(3,4) o1
0.08
0.06
0.04

0.02

L N

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70

Tr
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Stationary Transport Properties
Bipartite entanglement

Stationary state

Conclusions

@ N-spin chain with XX interactions

@ End spins coupled to thermal Bosonic baths via energy
preserving interactions

@ Gilobal approach: master equation

@ Global approach: analytic stationary state

@ Asymptotic transport: spin-flow sinks and sources
@ Asymptotic transport: heat flow

@ Bipartite concurrence as function of spin-distance, interaction
strength and bath temperatures
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