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Employing a formulation of quantum statistical ensembles in terms of classical probability
distributions on projective Hilbert space, it is shown that the wave function of an open quantum
system represents a stochastic process. The stochastic dynamics of the state vector is obtained from a
microscopic system-plus-reservoir model by deriving within the Markov approximation the differential
Chapman-Kolmogorov equation for the classical distribution of the reduced system. The realizations
of the stochastic process are found to be similar to those of the Monte Carlo wave function simulation
method proposed, in general form, by Zoller et al. [Phys. Rev. A 46, 4363 (1992)].
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Recently, several theoretical approaches have been
developed with the aim to describe the dynamics of
open quantum systems by means of stochastic processes
in Hilbert space. Basically, these approaches rely upon
the idea that the coupling of an open system to its
environment can be taken into account by considering the
state vector of the open system as a stochastic process
in the underlying Hilbert space. The connection of these
models to the conventional description of open quantum
systems is provided by interpreting the reduced density
operator of the open system as the two-point correlation
function of the stochastic state vector and by requiring
that the equation of motion of this two-point correlation
function obeys the quantum Markovian master equation
(see, e.g. , Refs. [1—3]).
The stochastic representations of the open system dy-

namics proposed in the literature may be subdivided
roughly into two classes. In the first class of models the
stochastic dynamics is defined as a piecewise continuous
stochastic process [4—8] the realizations of which consist
of deterministic, continuous parts disrupted by discontin-
uous quantum jumps. In the second class of models the
stochastic dynamics is represented in terms of linear or
nonlinear stochastic Schrodinger-type equations [9—13],
that is, in the general case, in terms of stochastic partial
differential equations for the time-dependent wave func-
tion. Both types of models have been studied numerically
and applied to many examples in quantum optics and mea-
surement theory. A comparative study of the quantum
state diffusion and the quantum jump simulation method
revealed that for a typical model both methods lead to the
same results [14].
In view of the great success and nonuniqueness of these

stochastic models the question arises whether it is possible
to formulate basic physical principles that allow one to
derive, starting from an underlying microscopic model,
a unique stochastic process in Hilbert space representing
the probabilistic dynamics of the state vector of an open
quantum system. It is the purpose of this Letter to report

that such a derivation can, in fact, be given (the details of
this derivation will be given in Ref. [15]). To this end, we
develop an appropriate formal setting which allows us to
deal with probability distributions on (projective) Hilbert
space. This formal setting then enables us to derive
within the Markov approximation of classical probability
theory the stochastic dynamics of the open system wave
function by starting from a system-plus-reservoir model (a
less general case has been discussed in [16]). The result
is a differential Chapman-Kolmogorov equation for the
probability distribution on the Hilbert space of the reduced
system which has the form of a Liouville master equation
defining a flow-jump process in projective Hilbert space.
Our starting point is the description of an ensemble of

quantum systems in terms of a probability distribution on
the underlying Hilbert space A [11,17]. Each member of
the ensemble is characterized by a normalized wave func-
tion P(x) E A. Since quantum mechanical states which
differ by a phase factor are equivalent, the ensemble may
be characterized by a probability distribution P[P] on pro-
jective Hilbert space, that is, on the space of rays in 9f
[16]. Thus, our first principle is to describe quantum sta-
tistical ensembles by probability distributions P[t/I] which
fulfill the following three requirements: First, P[P] is as-
sumed to be normalized as

where DP DP* denotes the functional volume element on
the underlying Hilbert space A. Second, the probability
distribution is concentrated on the unit sphere in Hilbert
space defined by (~P(~~ = 1. Third, the probability distri-
bution does not depend upon the phase of the wave func-
tion, i.e., Pf/ exp(ip)] = P[p] for all p E R. By means
of the probability distribution P[P] the expectation value
of an observable represented by a self-adjoint operator A
can be defined as an ensemble average of the quantum
mechanical expectation value in a pure state,

(A) = Dt/tDP* dx P*(x)AQ(x)P[P]. (2)
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∫ DψDψ*P[ψ] = 1

⟨A⟩ = ∫ DψDψ*∫ dxψ*(x)Aψ(x)P[ψ]

P[ψ, t] = P [eiHτψ, t0]

Introduce: P[ψ] with

Unitary dynamics:

Expectation values:
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and applied to many examples in quantum optics and mea-
surement theory. A comparative study of the quantum
state diffusion and the quantum jump simulation method
revealed that for a typical model both methods lead to the
same results [14].
In view of the great success and nonuniqueness of these

stochastic models the question arises whether it is possible
to formulate basic physical principles that allow one to
derive, starting from an underlying microscopic model,
a unique stochastic process in Hilbert space representing
the probabilistic dynamics of the state vector of an open
quantum system. It is the purpose of this Letter to report

that such a derivation can, in fact, be given (the details of
this derivation will be given in Ref. [15]). To this end, we
develop an appropriate formal setting which allows us to
deal with probability distributions on (projective) Hilbert
space. This formal setting then enables us to derive
within the Markov approximation of classical probability
theory the stochastic dynamics of the open system wave
function by starting from a system-plus-reservoir model (a
less general case has been discussed in [16]). The result
is a differential Chapman-Kolmogorov equation for the
probability distribution on the Hilbert space of the reduced
system which has the form of a Liouville master equation
defining a flow-jump process in projective Hilbert space.
Our starting point is the description of an ensemble of

quantum systems in terms of a probability distribution on
the underlying Hilbert space A [11,17]. Each member of
the ensemble is characterized by a normalized wave func-
tion P(x) E A. Since quantum mechanical states which
differ by a phase factor are equivalent, the ensemble may
be characterized by a probability distribution P[P] on pro-
jective Hilbert space, that is, on the space of rays in 9f
[16]. Thus, our first principle is to describe quantum sta-
tistical ensembles by probability distributions P[t/I] which
fulfill the following three requirements: First, P[P] is as-
sumed to be normalized as

where DP DP* denotes the functional volume element on
the underlying Hilbert space A. Second, the probability
distribution is concentrated on the unit sphere in Hilbert
space defined by (~P(~~ = 1. Third, the probability distri-
bution does not depend upon the phase of the wave func-
tion, i.e., Pf/ exp(ip)] = P[p] for all p E R. By means
of the probability distribution P[P] the expectation value
of an observable represented by a self-adjoint operator A
can be defined as an ensemble average of the quantum
mechanical expectation value in a pure state,

(A) = Dt/tDP* dx P*(x)AQ(x)P[P]. (2)
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P[ψ] = (P1 ⊗ P2)[ψ] ≡ ∫ Dψ1Dψ*1 ∫ Dψ2Dψ*2 δ [ψ − ψ1ψ2] P1 [ψ1] P2 [ψ2]

P1 [ψ1] = ∫ DψDψ*∑
α

wα[ψ]δ1 [χα[ψ] − ψ1] P[ψ]

Combination of systems:

Reduction:

χα[ψ](x1) = w−1/2
α [ψ]∫ dx2φ*α (x2) ψ (x1, x2)with
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P̃1 [ψ1, t] = ∫ Dψ̃1Dψ̃*1 T [ψ1, t ∣ ψ̃1, t0] P̃1 [ψ̃1, t0]Markov approximation:

∂
∂t

P1 [ψ1, t] = i∫ dx1 { δ
δψ1 (x1)

G (ψ1) (x1) −
δ

δψ*1 (x1)
G (ψ1)* (x1)} P1 [ψ1, t]

+∫ Dψ̃1Dψ̃*1 {W [ψ1 ∣ ψ̃1] P1 [ψ̃1, t] − W [ψ̃1 ∣ ψ1] P1 [ψ1, t]}

HI = ∑
i

Ai ⊗ Bi

W [ψ1 ∣ ψ̃1] = ∑
i

γi Aiψ̃1
2

1
δ1

Aiψ̃1

Aiψ̃1 1

− ψ1 G (ψ1) = Ĥ1ψ1 +
l
2 ∑

i

γi Aiψ1
2

1
ψ1with and
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where

�S(t) = E[|⇥(t)⇥�⇥(t)|]
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Generate sample of realizations  r(t)

 r(t) was reached through

Ĥ = H −
i
2 ∑

i

γi | |Aiψ | |2 ψ

τ

yes

no

Assume that the normalized state

t and set  r(t) =  ̃

Determine the random waiting time

364 THE STOCHASTIC SIMULATION METHOD

From the discussion of Sections 1.5.2 and 6.1.1 we immediately see that a
sample of realizations ψr(t) of the process defined by eqn (7.10) in the time
interval [0, tf ] can be generated by means of the following algorithm:

1. Assume that the normalized state ψr(t) was reached through a jump at
time t and set ψr(t) = ψ̃. If t is the initial time t = 0, ψ̃ is the initial state of
the process which must be drawn from the initial distribution P [ψ̃, t = 0].

2. Determine a random waiting time τ according to the distribution function
(7.12). This can be done, for example, by drawing a random number η
which is uniformly distributed over the interval [0, 1] and by determining
τ from the equation

η = 1 − F [ψ̃, τ ] = || exp(−iĤτ)ψ̃||2. (7.13)

For η > q there exists a unique solution, q being the defect of the waiting
time distribution defined in eqn (6.22). For η ≤ q we set τ = ∞ in which
case there will be no further jumps. Within the time interval [t, t + τ ] the
realization follows the deterministic time evolution given in (6.15),

ψr(t + s) =
exp(−iĤs)ψ̃

|| exp(−iĤs)ψ̃||
, 0 ≤ s ≤ τ. (7.14)

3. At time t+τ (if τ is finite and t+τ < tf ) one of the possible jumps labelled
by the index i in eqn (7.10) occurs. Select a specific jump of type i with
probability

pi =
γi||Aiψr(t + τ)||2∑
i γi||Aiψr(t + τ)||2 (7.15)

and replace

ψr(t + τ) −→ Aiψr(t + τ)

||Aiψr(t + τ)|| . (7.16)

4. Repeat steps 1 to 3 until the desired final time tf is reached, which yields
the realization ψr(t) over the whole time interval [0, tf ].

5. Once a sample of realizations ψr(t), r = 1, 2, . . . , R, has been generated ac-
cording to this algorithm any statistical quantity can be estimated through
an appropriate ensemble average, as described in the previous subsection.

Let us now discuss the various parts of the algorithm in more detail.

7.1.3 Determination of the waiting time

An essential part of the simulation algorithm is the determination of the random
waiting time.

Within [t, t+ ⌧ ]
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Ensemble average over R realizations

a jump at time

with probability

and replace

t + τ ≤ tf
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In computing, particularly in the context of the Unix operating 
system and its workalikes, fork is an operation whereby 
a process creates a copy of itself.
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Quantum Forking
Classical Forking

https://en.wikipedia.org/wiki/Computing
https://en.wikipedia.org/wiki/Unix
https://en.wikipedia.org/wiki/Unix-like
https://en.wikipedia.org/wiki/Computer_process


Quantum forking bypasses this fundamental problem: 

A qubit can undergo independent processes in superposition.

U( |ψ⟩ ⊗ |0⟩) = |ψ⟩ ⊗ |ψ⟩

α |0⟩ + β |1⟩
0

1

No cloning

Measurement postulate

Require 
repetition

Redundant 
state 
preparations

+ =…
|ψ⟩{

D Park, F Petruccione, J-K K Rhee,  Circuit-Based Quantum Random 
Access Memory for Classical Data, Scientific Reports (2019) 9:3949 
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Motivation: QRAM
Quantum Forking



D Park, F Petruccione, J-K K Rhee,  Circuit-Based Quantum Random 
Access Memory for Classical Data, Scientific Reports (2019) 9:3949 
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scheme constructs the QDB shown in Eq. (11) using O MN(log ( ))2  hardware resources and O(MN) 
!ip-register-!op operations.

Quantum forking. Here, we introduce a concept of quantum forking (QF) with which a qubit can undergo 
independent processes in superposition. "is can be utilized as a means to reduce the number of QRAM queries 
in certain applications. Let us consider a quantum state |Ψ 〉 = | 〉|Φ〉| 〉a00  with an n-qubit QDB state |Φ〉 generated 
by a QRAM process and an arbitrary n-qubit state | 〉a , where |Ψ〉s  denotes the state at step s in Fig. 4(a). An n-qubit 
swap gate between |Φ〉 and | 〉a  controlled by a qubit in | 〉 + | 〉( 0 1 )/ 2  forms an entangled state,

|Ψ 〉 = | 〉|Φ〉| 〉 + | 〉| 〉|Φ〉 .a a1
2

( 0 1 )
(12)1

In other words, the QDB is encoded in the $rst n-qubit data block if the control qubit is 0, and in the second 
n-qubit data block if the control qubit is 1. "en by applying two unitary evolutions activated by di%erent compu-
tational basis states of the control qubit to each n-qubit block, |Φ〉 forks into two di%erent states in superposition:

|Ψ 〉 = | 〉 |Φ〉| 〉 + | 〉| 〉 |Φ〉 .U a a U1
2

( 0 1 )
(13)2 1 2

Evidently, it is not possible to create correlations between |Φ 〉 = |Φ〉U1 1  and |Φ 〉 = |Φ〉U2 2  via linear operations. 
Nonetheless, QF can speedup certain tasks, such as ensemble averaging27 and the inner product calculation. Here 
we focus on the inner product evaluation problem as an example. "e inner product between |Φ 〉1  and |Φ 〉2  can be 
evaluated by preparing these two states individually by making queries to the QRAM and performing the swap 

Figure 3. Quantum circuit for preparing the QDB for a quantum support vector machine. "e gates are shown 
for writing an ith training data only. "e gates shaded in gray are added solely for illustrating the !ip-!op 
process, and are not implemented in practice.

Figure 4. (a) Quantum forking to reduce the number of QRAM calls for evaluating the functions of inner 
products. "e swap operation is represented by two × symbols connected with a vertical line. (b) Quantum 
forking circuit for evolving the target state |Φ〉 under three di%erent unitary operations in each branch 
(subspace). "icker horizontal lines indicate multi-qubit channels, | 〉a  is an arbitrary ancilla state, and H (H3) 
represents the Hadamard gate on a qubit (qutrit).

Prob(0) =
1
2

[1 + Re(⟨Φ1 |Φ2⟩)]

|Ψ0⟩ = |0⟩ |Φ⟩ |a⟩

|Ψ1⟩ =
1

2
( |0⟩ |Φ⟩ |a⟩ + |1⟩ |a⟩ |Φ⟩)Forking:

|Ψ2⟩ =
1

2
( |0⟩U1 |Φ⟩ |a⟩ + |1⟩ |a⟩U2 |Φ⟩)Local unitaries:

|Ψ3⟩ =
1
2

[ |0⟩( |Φ1⟩ + |Φ2⟩) + |1⟩( |Φ1⟩ − |Φ2⟩)] |a⟩

|Φi⟩ = Ui |Φ⟩, i = 1,2

Un-forking:

Prepare        only once!|Φ⟩
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Control
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D K Park, I Sinayskiy, M Fingerhuth, F Petruccione, J-K K Rhee, Parallel trajectories 
via forking for sampling without redundancy, New Journal of Physics 21, 083024 (2019)
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expectation value measurement gives

hOi =tr(1l ⌦ O ⌦ 1l⇢f )

=a1tr(|0ih0|)tr(O⇤1(⇢ ))tr(⇤2(⇢�))

+ a2tr(|1ih1|)tr(O⇤2(⇢ ))tr(⇤1(⇢�))

=a1tr(O⇤1(⇢ )) + a2tr(O⇤2(⇢ )). (10)

III. QUANTUM MASTER EQUATION
UNRAVELLING WITH QUANTUM FORKING

A quantity of interest here is some outcome measured
on the solution, i.e. the resulting wave-function, of the
quantum master equation. Without loss of generality,
we assume that one is interested in estimating an expec-
tation value of an observable O, i.e., hOi = tr (O⇢s(t)),
where ⇢s is the solution to the QME. The same quan-
tity can be estimated by unravelling. Since ⇢s(t) =P

i
ai| i(t)ih i(t)| where | i(t)i is the solution to an ith

realization of the SSE and
P

i
ai = 1 and ai � 0 8i,

hOi ⇡
P

N

i
ai tr (O| i(t)ih i(t)|). Naively, this quantity

can be estimated with O(N) measurements. The solu-
tion to an ith realization of the SSE can be expressed as
| i(t)i =

Q
1

j=M
Tij | (0)i/k

Q
1

i=M
Tij | (0)ik, where the

wave-function | (0)i denotes an initial state of the open
quantum system, and the operators Tij for j = 1, . . . ,M
denote linear operators representing either the determin-
istic drift or the quantum jump. Therefore, the expecta-
tion value can also be written as

hOi ⇡

NX

i

aih (0)|T
†

i
OTi| (0)i/kTi| (0)ik

2

= tr

 
O

NX

i=1

ai| i(t)ih i(t)|

!
= tr (O⇢s(t)) ,

(11)

where Ti =
Q

1

j=M
Tij and | i(t)i = Ti| (0)i.

The parallel unravelling consists of two parts. The
first part is to classically pre-compute N � 1 trajecto-
ries sampled from the stochastic process given by Eqs. (2)
and (5). This step is the standard procedure for the clas-
sical simulation of a stochastic Schrödinger equation. A
naive quantum simulation is done by decomposing each
trajectory, labelled by i, into Mi linear operators that
can be implemented on a quantum circuit and provides
quantum advantage by its ability to e�ciently manipu-
late an exponentially large state space. Further advan-
tage is achieved by the second part that propagates an
input wave-function into N trajectories in parallel via
quantum forking. By comparing Eq. (9) and Eq. (11),
it is straight-forward to see that the quantum forking
circuit that uses | (0)i as the initial state in the data
register, log

2
(N) index qubits to create N trajectories,

and N � 1 ancilla qubits for realizing N sets of Ti can
perform multiple unravelling in parallel and estimate hOi

with only O(1) repetitions, independent of N . The un-
derlying idea of parallel QME unravelling by the quan-
tum forking circuit is depicted in Fig. 2. The stochastic
trajectories in unravelling usually occur with an equal
probability. Thus in all subsequent examples, we have
ai = 1/

p
N .

|�(0)�

N

∑
i=1

ai | i�

|��
|��

2 N N

…

…

…
2

|�(0)�
|�1(t)�

�(0)
�(t)

|�2(t)�

|�N(t)�

…

tr (O�(t))
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FIG. 2: Parallel quantum master equation unravelling
via quantum forking.

In the following, we present procedures for simulating
a single trajectory on a quantum computer for a set of
examples.

IV. EXAMPLES

We will follow the procedure outlined in 7.1.2 of
Ref. [1], and follow quantum information science no-

tations as |0i =

✓
1
0

◆
, |1i =

✓
0
1

◆
, �� = |1ih0|,

�+ = |0ih1| and �z = |0ih0| � |1ih1|.

A. Dissipation of the two-level system. T = 0 case

We would like to unravel the following master equation:

d

dt
⇢ = �

✓
��⇢�+ �

1

2
{�+��, ⇢}

◆
. (12)

In this case there is only one jump operator A = �� and
the non-Hermitian Hamiltonian is given by,

Ĥ = �
i

2
�+��.

To simulate quantum trajectory for the time interval
[0, tf ] one need do the following steps:

1. If ⇢(0) = | (0)ih (0)|, then take | (0)i as initial
state for the quantum trajectory, otherwise sample

I Sinayskiy, D K Park, J-K K Rhee, F Petruccione, soon in the arXiv (2021)
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expectation value measurement gives

hOi =tr(1l ⌦ O ⌦ 1l⇢f )

=a1tr(|0ih0|)tr(O⇤1(⇢ ))tr(⇤2(⇢�))

+ a2tr(|1ih1|)tr(O⇤2(⇢ ))tr(⇤1(⇢�))

=a1tr(O⇤1(⇢ )) + a2tr(O⇤2(⇢ )). (10)

III. QUANTUM MASTER EQUATION
UNRAVELLING WITH QUANTUM FORKING

A quantity of interest here is some outcome measured
on the solution, i.e. the resulting wave-function, of the
quantum master equation. Without loss of generality,
we assume that one is interested in estimating an expec-
tation value of an observable O, i.e., hOi = tr (O⇢s(t)),
where ⇢s is the solution to the QME. The same quan-
tity can be estimated by unravelling. Since ⇢s(t) =P

i
ai| i(t)ih i(t)| where | i(t)i is the solution to an ith

realization of the SSE and
P

i
ai = 1 and ai � 0 8i,

hOi ⇡
P

N

i
ai tr (O| i(t)ih i(t)|). Naively, this quantity

can be estimated with O(N) measurements. The solu-
tion to an ith realization of the SSE can be expressed as
| i(t)i =

Q
1

j=M
Tij | (0)i/k

Q
1

i=M
Tij | (0)ik, where the

wave-function | (0)i denotes an initial state of the open
quantum system, and the operators Tij for j = 1, . . . ,M
denote linear operators representing either the determin-
istic drift or the quantum jump. Therefore, the expecta-
tion value can also be written as

hOi ⇡

NX

i

aih (0)|T
†

i
OTi| (0)i/kTi| (0)ik

2

= tr

 
O

NX

i=1

ai| i(t)ih i(t)|

!
= tr (O⇢s(t)) ,

(11)

where Ti =
Q

1

j=M
Tij and | i(t)i = Ti| (0)i.

The parallel unravelling consists of two parts. The
first part is to classically pre-compute N � 1 trajecto-
ries sampled from the stochastic process given by Eqs. (2)
and (5). This step is the standard procedure for the clas-
sical simulation of a stochastic Schrödinger equation. A
naive quantum simulation is done by decomposing each
trajectory, labelled by i, into Mi linear operators that
can be implemented on a quantum circuit and provides
quantum advantage by its ability to e�ciently manipu-
late an exponentially large state space. Further advan-
tage is achieved by the second part that propagates an
input wave-function into N trajectories in parallel via
quantum forking. By comparing Eq. (9) and Eq. (11),
it is straight-forward to see that the quantum forking
circuit that uses | (0)i as the initial state in the data
register, log

2
(N) index qubits to create N trajectories,

and N � 1 ancilla qubits for realizing N sets of Ti can
perform multiple unravelling in parallel and estimate hOi

with only O(1) repetitions, independent of N . The un-
derlying idea of parallel QME unravelling by the quan-
tum forking circuit is depicted in Fig. 2. The stochastic
trajectories in unravelling usually occur with an equal
probability. Thus in all subsequent examples, we have
ai = 1/

p
N .

|�(0)�

N

∑
i=1

ai | i�

|��
|��

2 N N

…

…

…
2

|�(0)�
|�1(t)�

�(0)
�(t)

|�2(t)�

|�N(t)�

…

tr (O�(t))
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FIG. 2: Parallel quantum master equation unravelling
via quantum forking.

In the following, we present procedures for simulating
a single trajectory on a quantum computer for a set of
examples.

IV. EXAMPLES

We will follow the procedure outlined in 7.1.2 of
Ref. [1], and follow quantum information science no-

tations as |0i =

✓
1
0

◆
, |1i =

✓
0
1

◆
, �� = |1ih0|,

�+ = |0ih1| and �z = |0ih0| � |1ih1|.

A. Dissipation of the two-level system. T = 0 case

We would like to unravel the following master equation:

d

dt
⇢ = �

✓
��⇢�+ �

1

2
{�+��, ⇢}

◆
. (12)

In this case there is only one jump operator A = �� and
the non-Hermitian Hamiltonian is given by,

Ĥ = �
i

2
�+��.

To simulate quantum trajectory for the time interval
[0, tf ] one need do the following steps:

1. If ⇢(0) = | (0)ih (0)|, then take | (0)i as initial
state for the quantum trajectory, otherwise sample

⟨O⟩ = tr (Oρs(t))
solution of the Master equation

ρs(t) = ∑
i

ai |ψi(t)⟩⟨ψi(t) |Since

solution of the i-the realisation of the SSE

with ∑
i

ai = 1 and ai ≥ 0 ∀i

⟨O⟩ ≈
N

∑
i

aitr (O |ψi(t)⟩⟨ψi(t) |)

|ψi(t)⟩ =
1

∏
j=M

Tij |ψ(0)⟩/∥
1

∏
i=M

Tij |ψ(0)⟩∥
operators representing deterministic 
drift or quantum jump

⟨O⟩ ≈
N

∑
i

ai⟨ψ(0) |𝒯†
i O𝒯i |ψ(0)⟩/∥𝒯i |ψ(0)⟩∥2 = tr (O

N

∑
i=1

ai |ψi(t)⟩⟨ψi(t) |) = tr (Oρs(t))
Expectation value can be written as

where 𝒯i =
1

∏
j=M

Tij and |ψi(t)⟩ = 𝒯i |ψ(0)⟩
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Master Equation:

d

dt
⇢ = �
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2
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Unravelled SSE:
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Only two possible scenarios for a single trajectory

| (s)i = e�isH̄ |0i
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=

✓
1
0

◆
, 0  s  ⌧

<latexit sha1_base64="s/J3Rq9wmQokFcziF+qfERSzTUo="></latexit><latexit sha1_base64="s/J3Rq9wmQokFcziF+qfERSzTUo="></latexit><latexit sha1_base64="s/J3Rq9wmQokFcziF+qfERSzTUo="></latexit><latexit sha1_base64="s/J3Rq9wmQokFcziF+qfERSzTUo="></latexit>

Non-hermitian evolution:
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0
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Quantum jump:
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Example 1: Spontaneous emission (ii)
Unravelling on a QC



This SSE was implemented 
via QF with two trajectories:

Other possible 
quantum circuits 
for this SSE

“index register”

QF step

Realisation of the trajectory

“wave function 
register”

Quantum barrier
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Example 1: Spontaneous emission (iii)
Unravelling on a QC



For each time moment - 250 runs x 2 trajectories = 500 trajectories
each run 8192 shots @ IBM Ourense 5-qubit Quantum Device
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Example 1: Spontaneous emission, experiment
Unravelling on a QC



Master Equation:

Corresponding SSE:

d

dt
⇢ = �i[
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where

where
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Example 2: Dephasing of a qubit (i)
Unravelling on a QC



Non-hermitian evolution:

Quantum jump:

| (t+ s)i = e�isH̄ | (t)i
||e�isH̄ | (t)i||

= e�is!0�z/2| (t)i, 0  s  ⌧
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Only two possible scenarios for a single trajectory
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Example 2: Dephasing of a qubit (ii)
Unravelling on a QC



SSE was 
implemented 
via QF with 
two 
trajectories

“index register”

QF step

Realisation of the trajectory

“wave function 
register”

“initial state 
preparation”

measurement in 
the X basis
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Example 2: Dephasing of a qubit (ii)
Unravelling on a QC

Other possible quantum 
circuits for this SSE



For each time moment - 250 runs x 2 trajectories = 500 trajectories
each run 8192 shots @ IBM Ourense 5-qubit Quantum Device

8

FIG. 8: Typical circuits for the simulation of the
spontaneous emission

typical quantum circuit simulating the average over two
realizations are shown on Fig 8. The results of the sim-
ulation can bee sen in Fig 9.

FIG. 9: The unravelling of the spontaneous emission
quantum master equation. The comparison between the

analytical solution and the averaging over 500
realizations (two realizations per quantum circuit)

performed on the real device (IBMQ Ourence) with and
without error mitigation, as well as QASM simulation

with and without device noise.

B. Simulation of the Eq. (17)

The simulation of the unravelling of the master equa-
tion for the dephasing (17) has been performed on an
IBMQ Ourense quantum device. The averaging has been
done over 504 trajectories, two trajectories per a quan-
tum circuit. In total 252 runs for every moment of the
simulated time has been performed. The typical quan-
tum circuit simulating the average over two realizations
are shown on Fig 14. The results of the simulation can
bee sen in Fig 11.

FIG. 10: Typical circuits for the simulation of the
dephasing process.

FIG. 11: The unravelling of the dephasing quantum
master equation. The comparison between the
analytical solution and the averaging over 504

realizations (two realizations per quantum circuit)
performed on the real device (IBMQ Ourence) with and
without error mitigation, as well as QASM simulation
with and without device noise. The initial state of the
density matrix was ⇢(0) = |+ih+| and parameters !0

and � were chosen such that !0/� = 10

C. Simulation of the Depolarizing quantum Master
equation

As an example of a generic depolarizing quantum mas-
ter equation with jump operators given by Eq (18), the
following master equation was considered,

d

dt
⇢ = �i

h!0

2
�z, ⇢

i
+

X

j=x,y,z

�j (�j⇢�j � ⇢) (32)

The simulation of the unravelling of the master equa-
tion for the dephasing (32) has been performed on an
IBMQ Ourense quantum device. The averaging has been
done over 504 trajectories, two trajectories per a quan-
tum circuit. In total 252 runs for every moment of the
simulated time has been performed. The typical quan-
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The simulation of the unravelling of the master equa-
tion for the dephasing (32) has been performed on an
IBMQ Ourense quantum device. The averaging has been
done over 504 trajectories, two trajectories per a quan-
tum circuit. In total 252 runs for every moment of the
simulated time has been performed. The typical quan-
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Example 2: Dephasing of a qubit, experiment
Unravelling on a QC



For each time moment - 252 runs x 2 trajectories = 504 trajectories
each run 8192 shots @ IBM Ourense 5-qubit Quantum Device

ρ(0) = | − ⟩⟨ − |
ω0/γ = 20
γi = γ
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Example 3: Depolarsing GKSL equation, experiment
Unravelling on a QC

d
dt

ρ = − i [ ω0

2
σz, ρ] + ∑

j=x,y,z

γj (σjρσj − ρ)



Implementation of a generic SSE
Non-hermitian operations (I)
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In general |ψ⟩ →
ANH |ψ⟩

| |ANH |ψ⟩ | |

Idea: Couple system to an ancilla and apply unitary to both and post selection 

USA = ANH ⊗ |0⟩⟨0 | − D† ⊗ |1⟩⟨1 | + I − D†DV† ⊗ |1⟩⟨0 | + U I − D†D ⊗ |0⟩⟨1 |

Using ANH = UDV†

(I) Generic system-ancilla unitary:
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Non-hermitian operations (I)
Implementation of a generic SSE

(II) Projective measurement on ancilla

|ψ⟩ ⊗ |0⟩A → USA ( |ψ⟩ ⊗ |0⟩A)
→ P0USA ( |ψ⟩ ⊗ |0⟩A) =

ANH |ψ⟩
| |ANH |ψ⟩ | |

⊗ |0⟩A

Idea: Couple system to an ancilla and apply unitary to both and post selection 

where  is projective measurement in the computational basis followed by post-
selection on the ancillary system 

P0
|0⟩A



Implementation of a generic SSE
Parallelisation via forking (i)

29

Problem: To propagate an input quantum state under multiple arbitrary non-
hermitian dynamics in parallel, it is necessary to normalise the 
state of each trajectory independently

Solution:

pre-compute the normalisation constants for all states resulting 
from independent trajectories

parallelise multiple trajectories with non-uniform weights given by 
the index register

Experiment 1

Experiment 2
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Implementation of a generic SSE
Parallelisation via forking (ii)

Experiment 1 Experiment 2



d
dt

ρ = − i [Δσz + Ωσx, ρ] +γ (σ−ρσ+ −
1
2 {σ+σ−, ρ})

ρ(0) = |0⟩⟨0 | Δ/γ = 1
Ω/γ = 3

For each time moment - 252 runs x 2 trajectories = 504 trajectories
each run 8192 shots @ IBM Ourense 5-qubit Quantum Device
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Implementation of a generic SSE
Example: Driven spontaneous emission



Conclusion
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3

σi(t + 1) = sign




∑

j !=i

Jijσj(t)



 , Jij =
1
N

p∑

µ=1

ξ(µ)i ξ(µ)j . (1)

Indeed equation (1) describes a zero temperature Monte Carlo dynamics (that can be easily 
generalized to include thermal effects [23]). Moreover it can be proven that this dynamics 
minimizes the energy function E = − 1

2
∑

i !=j Jijσiσj , namely an Ising model with pattern-
dependent couplings and the global minima of E are precisely the memory patterns ξ(µ)i  (as 
long as p ! N). Techniques used in the statistical physics of disordered systems enable to 
investigate Hop"eld NNs (and more general types of NNs) quantitatively [23–25]. In statisti-
cal physics language, the retrieval phase is the low temperature phase corresponding to an 
energy landscape where memory patterns are stable states of the NN, i.e. the thermal equilib-
rium stationary states; see "gure 1.

E

σ
ξ(1) ξ(2) ξ(3)

(a)

(b)

|g

|e

Γi±Ω

Ω = 0
Ω = 0ρss =

e−βE

Z

ρss = lim
t→∞

eLtρin

= e−βE

Z

σi

σj Jij

Figure 1. Sketch of the classical-to-quantum mapping for the Hop"eld NN. (a) In the 
Hop"eld model neurons (dots) are binary spins describing the activity of the neurons 
(+1 "ring, −1 silent). The OQSs framework allows us to study the competition 
between thermal and quantum effects. In particular, the ith neuron changes its activity 
state at a rate Γi± as in the classical model or undergoes a quantum state change, due 
to the coherent driving introduced in equation (4). (b) If Ω = 0, the stationary state is 
at thermal equilibrium. The qualitative behavior of the energy function of the classical 
NN is sketched in a one dimensional projection of the con"gurational space. Memory 
patterns are stored as the energy minima of the energy function. Whenever the NN is 
initialized close enough (close in the sense of the Hamming distance between spin 
con"gurations) to a speci"c memory pattern, the dynamics in equation (1) allows to 
retrieve the corresponding stored pattern. In the presence of quantum effects (Ω != 0), 
the nature of the stationary state can be non-trivial, i.e. it may be non-thermal, due to the 
competition between quantum coherence and irreversible classical dynamics.
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Abstract
We propose a new framework to understand how quantum effects may impact 
on the dynamics of neural networks. We implement the dynamics of neural 
networks in terms of Markovian open quantum systems, which allows us to 
treat thermal and quantum coherent effects on the same footing. In particular, 
we propose an open quantum generalisation of the Hop!eld neural network, 
the simplest toy model of associative memory. We determine its phase 
diagram and show that quantum "uctuations give rise to a qualitatively new 
non-equilibrium phase. This novel phase is characterised by limit cycles 
corresponding to high-dimensional stationary manifolds that may be regarded 
as a generalisation of storage patterns to the quantum domain.

Keywords: neural networks, statistical physics of disordered systems, open 
quantum systems

S  Supplementary material for this article is available online

(Some !gures may appear in colour only in the online journal)

1. Introduction

Neural networks (NNs) [1]—arti!cial systems inspired by the neural structure of the brain—
have become essential tools for solving tasks where more traditional rule-based algorithms 
fail. Examples are pattern and speech recognition [2], arti!cial intelligence [3, 4], and the 
analysis of big data [5]. All these NNs evolve according to the laws of classical physics.
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2. Methods

2.1. Open quantum Hop!eld NNs

To introduce quantum effects, we employ a description of the NN dynamics in terms of open 
quantum master equations. The starting point of our analysis is a master equation in Lindblad 
form for the density matrix ρ:

ρ̇ = −i[H, ρ] +
N∑

i=1

∑

τ=±

(
L†

iτρL†
iτ − 1

2
{L†

iτL†
iτ , ρ}

)
, (2)

where we de"ne a set of jump operators as follows:

Li± = Γi±σ
±
i , Γi± =

e∓β/2∆Ei

(2 cosh(β∆Ei))
1
2

. (3)

Here β = 1/T  is the inverse temperature, ∆Ei =
∑

j!=i Jijσ
z
j  the change in energy under #ip-

ping of the ith spin, and σ±
i = (σx

i ± iσy
i )/2, with σx,y,z the Pauli matrices. Quantum effects 

are included by a uniform transverse "eld in the x-direction, corresponding to a Hamiltonian,

H = Ω
N∑

i=1

σx
i . (4)

In the absence of this term, equation (2) describes a classical stochastic dynamics: any initial 
density matrix that is diagonal in the σz basis remains diagonal under the evolution and equa-
tion  (2) reduces to Ṗ =

∑N
i=1

∑
τ=± Γ2

iτ
[
στ

i − 1
2 (1 + τσz

i )
]

P, where P is the probability 
vector formed by the diagonal of ρ. The rates Γ2

iτ  obey detailed balance with respect to the 
Boltzmann distribution for energy E at temperature T, so that this is the master equation for 
the classical Hop"eld NN, as shown in the supplementary material available online (stacks.
iop.org/JPhysA/51/115301/mmedia).

2.2. Derivation of the mean !eld equations

Starting from equation (2), the corresponding equation for the evolution of an observable O 
is given by:

Ȯ = i[H, O] +
∑

k

L†
k OLk −

1
2
{L†

k Lk, O}, (5)

where H is given in equation (4) and the jump operators are those in equation (3). Here we are 
interested in the evolution of the local observables σα

i  (α = x, y, z). The equation of motion for 
σz

i  reads (see SM for more details):

σ̇z
i = 2Ωσy

i − γσz
i + γ tanh(β∆Ei), (6)

which in the absence of dissipation (γ = 0) would simply describe Rabi oscillations of fre-
quency 2Ω about the x axis. This clearly shows that the decoupling of the classical subspace 
does not hold any more: in fact, the equations for σi

z do not close and we need to write addi-
tional ones for σx/y

i  or, equivalently, σ±
i . These are generically more involved, since these 

operators do not commute with the Γs. To simplify the respective Lindblad equations, we will 
make use in the following of the anticommutation relations, which in particular imply that

P Rotondo et alJ. Phys. A: Math. Theor. 51 (2018) 115301

4

2. Methods

2.1. Open quantum Hop!eld NNs

To introduce quantum effects, we employ a description of the NN dynamics in terms of open 
quantum master equations. The starting point of our analysis is a master equation in Lindblad 
form for the density matrix ρ:

ρ̇ = −i[H, ρ] +
N∑

i=1

∑

τ=±

(
L†

iτρL†
iτ − 1

2
{L†

iτL†
iτ , ρ}

)
, (2)

where we de"ne a set of jump operators as follows:

Li± = Γi±σ
±
i , Γi± =

e∓β/2∆Ei

(2 cosh(β∆Ei))
1
2

. (3)

Here β = 1/T  is the inverse temperature, ∆Ei =
∑

j!=i Jijσ
z
j  the change in energy under #ip-

ping of the ith spin, and σ±
i = (σx

i ± iσy
i )/2, with σx,y,z the Pauli matrices. Quantum effects 

are included by a uniform transverse "eld in the x-direction, corresponding to a Hamiltonian,

H = Ω
N∑

i=1

σx
i . (4)

In the absence of this term, equation (2) describes a classical stochastic dynamics: any initial 
density matrix that is diagonal in the σz basis remains diagonal under the evolution and equa-
tion  (2) reduces to Ṗ =
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“He sips coffee and reads an 
interesting  paper by Maria 
Schuld, Ilya Sinayskiy, and 
Francesco Petruccione on 
prediction by linear regression 
on a quantum computer. Their 
algorithm is fascinating.


     But it is, he knows, a 
distraction, something for future 
analysis.”

t-index = 1

(9 July 2019)

Chapter 61, p. 287
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