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* Local (frequentist) estimation with sufficiently large statistics (in contrast to the Bayesian approach).
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* Local (frequentist) estimation with sufficiently large statistics (in contrast to the Bayesian approach).
* Optimised over all measurements/inference strategies (for fixed measurement/probabilities classical FI).



Quantum Metrology

N N
P Py
S () N
/ \ Z/{('O — ,r" “‘. ..
." v i 4 minimise the
i ) 7/ ’ ': mean-squared error:
; : z s Mo 5(x) A= (5 — )?
ol : o X p=(p=¥)")
V2 W -y
“\6:" Z/{(P ““\ ,;‘:

Unitary encoding of the parameter in each probe:

Ulo) = UyoUl  with U, = e % | <

1 -~ 1
< 50 &8 for qubits h := 552

Ultimate bound on the sensitivity to small fluctuations of the parameter (in the v — oo limit):

Quantum Cramer-Rao Bound Quantum Fisher Information (QFI)
1 pN = Z A ‘w1> <w1|
VA Z R Fale) =2 S g e o
v o) Talp®] R e T =3 i
’ n=1

* Local (frequentist) estimation with sufficiently large statistics (in contrast to the Bayesian approach).
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* Parameter-value independence of QFI due to unitary encoding. Not true in general.
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Theorem: For almost all quantum channels (including ¢-non-extremal and full-rank) one can - O
find a Kraus representation such that: K —
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[PHYSICAL MOTIVATION] Case of noisy unitary encoding:
What if you would like to split the channel into the noiseless (unitary) and noisy (decoherence)part?
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Noise is represented by a CPTP map.
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Acp = Fn Oucp = Z/[cp © Fn —> d — £wﬂf[:0(t)] = Huw [p(t)] + Dt[p(t)]
t
Unitary phase @is the sensed parameter. Frequency & is the sensed parameter: H. [o] = —iw [H, o]
Noise is represented by a CPTP map. Noise is represented by a time-local generator: D, [o]
Dyson exp. r—1
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Dyson exp. \ r—1
. m— Alp] = Teelo e [p] = 3 Ki(1) p K (1),
time i=0
—
X V= z reps
/é‘ Awt ’ \ _tp
N+ : : =
. . . §
At Bl ERRRE i)
B
@)
o =
\ 5 .
\& °

w)

/N
@)

N—"

0w (t)



Noisy Quantum Frequency Estimation

[Huelga et al, Phys. Rev. Lett. 79, 3865(1997)]
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w2 (BT J®)" _i((j(3/2))Tj(1/2)) "9 ((j(3/2))T[Jj(1/2))H] 21 0(t3),



Noisy Quantum Frequency Estimation

Can one provide an analytic derivation for general time-local dissipator with analytic rates and Lindblad operators?
<r—1
N 1

Dilo(t)] = 3 () (Li0p® L) — 5 {pt). LIOL0} ) with o) = S0 L= S O
2 J

j=1 ¢=0,1,2,... 0=0,1,2,...

We provide a general (“step by step”) recipe how to construct a meaningful bound for a given dynamics.

Summary of the procedure:

1) With help of the Dyson expansion construct Taylor-expansions of Kraus operators up to sufficient order:

Koty = = (wH =1V 1+ > 50t = Fo() = —iHi+ Z J'ée)te.

Ko(t) 0=2,3,... £=2,3,.
K(t):l K?(t) 1 - . 2% .y
K(t) = Z JO  — K = ) Jt
=113 =1,3,..

2) Compute lowest order expansions of parameters “alpha” and “beta” of the precision bound:

Oéh(t) Bh ah( ) = K K 5 ( ) = —iKTK,
=4min< N + N(N - .
fN,t th h(t) { t || ‘ K = K, K=K -ihK,
(ignoring t-dependence) o (t) = [h2y + B R] 1 +2[(hooh + h) JV/2]" 83 + [2h00H +2(hZy + hTR) (J§)H+
b (JUYDY R +52) T + 2 (hooh + hp) TV + zi(ﬁTj“))AH] t+0(t2)
h=| - / - , s oy
h y Bu(t) = hoon+2(hU<1/2>)Htf@2hoo(ng))H+2(hu<1>)H+(J<1/2))'bJ<1/2>]t

N H N A N - [ 3
. _ o . +2 [((Jg”)T (T oo (B (B TOP)) M 4 ((T0) 0 TOD) ¢ (i J<3/2))H] s
3) Find term in the “beta”-expansion such that . Al
1 1 2 . 1
you can cancel the Ht term and: + [thOOH2 +hoo(J§ )GV + 2hoo (J5) " + 21hoow (HIEV) ™ +

+2(((TM)'h) ng))H +2iw (H (B TON T 4 (JD) T 0 4

. A s
w2 (BT J®)" _i((j(3/2))Tj(1/2)) "9 ((j(3/2))T[Jj(1/2))H] 21 0(t3),



Noisy Quantum Frequency Estimation

Can one provide an analytic derivation for general time-local dissipator with analytic rates and Lindblad operators?
<r—1
N 1

Dilo(t)] = 3 () (Li0p® L) — 5 {pt). LIOL0} ) with o) = S0 L= S O
2 J

j=1 ¢=0,1,2,... 0=0,1,2,...

We provide a general (“step by step”) recipe how to construct a meaningful bound for a given dynamics.

Summary of the procedure:

1) With help of the Dyson expansion construct Taylor-expansions of Kraus operators up to sufficient order:

Koty = = (wH =1V 1+ > 50t = Fo() = —iHi+ Z J'ée)te.

Ko(t) 0=2,3,... £=2,3,.
K(t):l K?(t) 1 - . 2% .y
K(t) = Z JO  — K = ) Jt
=113 =1,3,..

2) Compute lowest order expansions of parameters “alpha” and “beta” of the precision bound:

an(t) Bu(t an(t) =K'K, Bn(t) = —iK'K,
=4min< N + N(N - .
fN,t th h(t) { t || ‘ K = K, K=K -ihK,
(ignoring t-dependence) o (t) = [h2y + B R] 1 +2[(hooh + h) JV/2]" 83 + [2h00H +2(hZy + hTR) (J§)H+
b (JUYDY R +52) T + 2 (hooh + hp) TV + 2i(ﬁTj<1))AH] t+0(t?)
h=| - C - , - )i 3
h y ﬁh(t):hoon+2(hTJ<1/2))Hﬁ@2hOO(ng))H+2(hU<1))H+(J<1/2))'5J<1/2)]t
2 [((Jg”)T (T i (H (R TP 4 ((T0) 702 (ﬁ*j@/?))H] 1y
3) Find term in the “beta”-expansion such that . Al
you can cancel the Ht term and: + [thOOH2 +hoo(J§ )GV + 2hoo (J5) " + 21hoow (HIEV) ™ +
. - H 2y = AH N N
3.1 2 (TR J) + 2w (H (BTD)) 7+ (JD) ] +
Bu(t) = bt + bixt® + O™ 303 })

. A s
w2 (BT J®)" _i((j(3/2))Tj(1/2)) "9 ((j(3/2))T[Jj(1/2))H] 21 0(t3),



Noisy Quantum Frequency Estimation

Can one provide an analytic derivation for general time-local dissipator with analytic rates and Lindblad operators?
<r—1
N 1

Dilo(t)] = 3 () (Li0p® L) — 5 {pt). LIOL0} ) with o) = SO0 L= S
2 J

j=1 ¢=0,1,2,... 0=0,1,2,...

We provide a general (“step by step”) recipe how to construct a meaningful bound for a given dynamics.

Summary of the procedure:



Noisy Quantum Frequency Estimation

Can one provide an analytic derivation for general time-local dissipator with analytic rates and Lindblad operators?
<r—1
N 1

Dilo(t)] = 3 () (Li0p® L) — 5 {pt). LIOL0} ) with o) = SO0 L= S
2 J

j=1 ¢=0,1,2,... 0=0,1,2,...

We provide a general (“step by step”) recipe how to construct a meaningful bound for a given dynamics.

Summary of the procedure:

4) Minimise the resulting bound by the h-induced parameter : X



Noisy Quantum Frequency Estimation

Can one provide an analytic derivation for general time-local dissipator with analytic rates and Lindblad operators?
<r—1
N 1

Dilo(t)] = 3 () (Li0p® L) — 5 {pt). LIOL0} ) with o) = S0 L= S O
2 J

j=1 ¢=0,1,2,... 0=0,1,2,...

We provide a general (“step by step”) recipe how to construct a meaningful bound for a given dynamics.

Summary of the procedure:
Bn(t)
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t

RECEE
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4) Minimise the resulting bound by the h-induced parameter : X h(®)

)

: 2 ax{2,6+11y)°
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4
bl

5) Minimise the inverse of the so-obtained bound over ¢ to obtain the optimal ¢,,(N).

1 a9 1 2hl—r:
tont(N) = [—— 22—
pt( ) N>1 (Qb—a—lbf N)
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4
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5) Minimise the inverse of the so-obtained bound over ¢ to obtain the optimal ¢,,(N).

1
1 ) 1 Zb-a
t N) = _
opt (V) N>1 (Zb—a— 1 bf N)
6) Substitute for the optimal ¢, (V) and compute the final form of the bound in the asymptotic N limit.
1
2b-a
fT < 4 b2 2b ﬂ. ]_ ]. (13 Nz_ ﬁ

Nas1 0 206-a \2b-a-102

)



Noisy Quantum Frequency Estimation

Can one provide an analytic derivation for general time-local dissipator with analytic rates and Lindblad operators?
<r—1
N 1

Dot = 3 25) (LipLi0) - 3 {pO.LiOLO}) with 0 = O L= S 1Oy

j=1 ¢=0,1,2,... 0=0,1,2,...

We provide a general (“step by step”) recipe how to construct a meaningful bound for a given dynamics.

Summary of the procedure:

fve < v, = 4min {N on () H +N(N-1) Pu(?)
4) Minimise the resulting bound by the h-induced parameter : X h(t) ¢ i
. max{ 2 1 2
N e DG In(1 = (st + b1 {2 YOm0+
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b>1

5) Minimise the inverse of the so-obtained bound over ¢ to obtain the optimal ¢,,(N).

1 ay1\®F
t.o(N) = [—— %2
pt( )N>>1 (2b—a—1b§N)

6) Substitute for the optimal ¢, (V) and compute the final form of the bound in the asymptotic N limit.

J2-a-1( 1 ay\*
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N>1 2b—a 2h—a—1b§

a1 bg 1 1 t2a74b+1 o1 2
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4) Minimise the resulting bound by the h-induced parameter : X h(t) : i
. ' O (1max 3 1 2
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4
bl
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il < 4532["“‘1( ! “’2) _

N>1 2b—a Qh—a—lbf

This way we can analytically construct all the aforementioned asymptotic bounds (and beyond), including
the proportionality constants, that scale in between the SQL and the HL.

a1 bg 1 1 (2a-4b+1 b 12
|:‘> = 4Nt (GIQE}EZ([’—D +O(t25—1)) - (2(12{)(]+O(t ))

)
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Thank you very much for your attention!



