Entanglement negativity
as a universal non-Markovianity witness

Jan Kotodynski, Swapan Rana, Alexander Streltsov

Centre for Quantum Optical Technologies IRAU,
Centre of New Technologies, University of Warsaw, Poland

Symposium on Mathematical Physics, Torun
June 18, 2019

European : j . European Union
Funds R?g“?l'cd ‘ FNP ) Foundation for European Regional
Smart Growth - of Polan Polish Science Development Fund

1/18



Outline

@ Witnessing non-Markovianity with contractive functions

@ Witnessing non-Markovianity with entanglement

@® Example: eternally non-Markovian dynamics

2/18



Outline

@ Witnessing non-Markovianity with contractive functions

3/18



Witnessing non-Markovianity with contractive functions
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for all CPTP maps and all states p, o

e Examples: trace distance, quantum relative entropy

Markovian dynamics A; = V; s o Ag lead to monotonic
decreaseof fforall0 < s < t:

f(Adlp], Adlo]) = f(Vis © As[p], Viis 0 As[o])
< f(As[o], As[o])

Witness of non-Markovianity: f(A¢[p], Ai[o]) > 0
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Witnessing non-Markovianity with contractive functions
Consider P-divisible dynamics A; = V; s o A; such that

Vislol = p&ilp] + (1 - p)&zlp’] (1)

Theorem: For any non-Markovian evolution A; = V; g o Ag with
Vi s fulfilling Eq. (1) it holds that:

Aol o)) <0

for any contractive function f(p, o) and any single-qubit states p
and o.

—contractive functions of two single-qubit states cannot witness all
non-Markovianity
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Proof of the theorem

* For any two single-qubit states p and o there exists a unitary
U such that
pT = UpU', ol = UoU'.
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Proof of the theorem
* For any two single-qubit states p and o there exists a unitary

U such that
pT = UpU', ol = UoU'.

* =For any two single-qubit states p and o there exists a CPTP
map ®; s such that

Vt,s[P] = q’t,s@], Vt,s[o'] = cl)t,s[o'],
where

Veslo] = p&ile] + (1 - p)Ezlp],

1[0l = p&1 [p] + (1 - p)E | UpUT].
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Proof of the theorem
* For any two single-qubit states p and o there exists a unitary

U such that
pT = UpU', ol = UoU'.

* =For any two single-qubit states p and o there exists a CPTP
map ®; s such that

Vislo] = ®islo],  Vislo] = ®is[o].
where
Vislel = pEilp] + (1 - p)&alp].
1[0l = p&1 [p] + (1 - p)E | UpUT].
® Combining these results, we obtain:

f(Atlp], At[o]) = F(Vis o As o], Viis o As [o])
= f(Prs o As[p], Prs o As[o])
< f(Asp],As[o])
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Quantifying entanglement?

Postulates on entanglement monotones E:

aVedral, Plenio, Rippin, Knight, Phys. Rev. Lett. 78, 2275 (1997)

bVidal and Werner, Phys. Rev. A 65, 032314 (2002)
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Postulates on entanglement monotones E:
o EAB(pAB) > 0 with equality on non-entangled (separable)
states pf2 = ¥ pipl ® pP
* Monotonicity under local operations and classical
communication:

EAIB(/\LOCC I'pAB]) < EAlB(pAB)

* Entanglement negativity®:

_ ™Ik -1

EAIB(pAB) >

with trace norm ||M||; = Tr VMM and partial transpose Tg
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Witnessing non-Markovianity with entanglement?

Entanglement

aRivas, Huelga, Plenio, Phys. Rev. Lett. 105, 050403 (2010)

bDe Santis, Johansson, Bylicka, Bernardes, Acin, PRA 99, 012303 (2019)
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Witnessing non-Markovianity with entanglement?

Entanglement

Local Markovian dynamics Ay = V;s o As lead to monotonic de-
crease of entanglement:

EAB(A @ 18[p%2]) = EAB(VE, o A2 ® 18]
< EAB(A2 @ 18[p%P))

forO<s<t

aRivas, Huelga, Plenio, Phys. Rev. Lett. 105, 050403 (2010)
bDe Santis, Johansson, Bylicka, Bernardes, Acin, PRA 99, 012303 (2019)
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Witnessing non-Markovianity with entanglement?

Entanglement

Witness of non-Markovianity?:
d
GE (A e 15" > 0

for some entanglement monotone E and some ¢

aRivas, Huelga, Plenio, Phys. Rev. Lett. 105, 050403 (2010)

bDe Santis, Johansson, Bylicka, Bernardes, Acin, PRA 99, 012303 (2019)
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Witnessing non-Markovianity with entanglement?

Entanglement

¢ Witness not universal®: there exist non-Markovian evolutions
with £ EAB(A? ® 18[p#B]) < 0 for all t
& for t <1
® Example: A; = )
Ei_108E1 for t>1
with Markovian evolution &; s.t. &1 is entanglement breaking

aRivas, Huelga, Plenio, Phys. Rev. Lett. 105, 050403 (2010)

bDe Santis, Johansson, Bylicka, Bernardes, Acin, PRA 99, 012303 (2019)
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Witnessing non-Markovianity with entanglement

Extension to tripartite setting:

%EABIC(A/;\ ® ]lBC[pABC]) >0

potentially universal witness of non-Markovianity?

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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Witnessing non-Markovianity with entanglement

Extension to tripartite setting:

ditEABIC(/\/;\ ® ]lBC[pABC]) >0

potentially universal witness of non-Markovianity?

Theorem?: For any invertible non-Markovian evolution A; there
exists a quantum state p"BC such that

4 casic pA & 15,257 > 0
dt t

for some t > 0. For single-qubit evolutions the statement also
holds for non-invertible dynamics.

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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Proof of the theorem?2
® Consider the initial state

B,C

P80 = pip} @ W WY 4 pap® @ W)W 2O

with W) = (|01) £[10))/ V2

2Kotodynski, Rana, Streltsov, arXiv:1903.08663
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Proof of the theorem?2
® Consider the initial state

B,C

"% = p1pf® @ U YWUTPY + pppf® @ Wy (| RC

with W) = (|01) £[10))/ V2
® The time-evolved state takes the form

B>C

TBC = pyAf [pfB | @I )Wt 1 oo | 0nB | @lw y(w B¢
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Proof of the theorem?2
e Consider the initial state

B,C

P80 = Pt @ W 4 pap)™ @ W y(w >

with W) = (|01) £[10))/ V2
® The time-evolved state takes the form

B.C

7150 = piAf o7 | @I I 4 e [0 | @Iw (w0

¢ Partially transposed state:

1
7% = A% [Pt + panf® ] @ (101)(011%C + 1010/%C)

AB;

1 i
+ S [Pt = paps™] @ (1673 2 - [07)07%°)

with |[®*) = (|00) = [11))/ V2
2Kotodynski, Rana, Streltsov, arXiv:1903.08663
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Proof of the theorem?

¢ Partially transposed state:

1
7 = 5 [Pt + papy™ | © (101011%C + 110)(10/%€)
1 e
+ 5N [prof® — papt® | (1030 - 107y (07%0)

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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Proof of the theorem?

¢ Partially transposed state:

1
7 = 5 [Pt + papy™ | © (101011%C + 110)(10/%€)
1 c N =
+ 5N [prof® — papt® | (1030 - 107y (07%0)

e Evaluating trace norm of TtTC

el =+ et

t

-p20s™|.
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Proof of the theorem?

¢ Partially transposed state:

1
7 = 5 [Pt + papy™ | © (101011%C + 110)(10/%€)
1 c N =
+ 5N [prof® — papt® | (1030 - 107y (07%0)

e Evaluating trace norm of TtTC

Tc
i

=1 +||/\A [p1p?®" - pzp§51]|’

* Negativity of 7/5C:

.
T Clls =1

EABIC (T/;\BC) _ >

= 3ot —pact|

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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Proof of the theorem?

* Negativity of T/\5C:

Il — 1
2

e o) Bt ot )

2Kotodynski, Rana, Streltsov, arXiv:1903.08663
bChruscinski, Kossakowski, Rivas, Phys. Rev. A 83, 052128 (2011)
°Bylicka, Johansson, Acin, Phys. Rev. Lett. 118, 120501 (2017)

dChakraborty and Chruscinski, Phys. Rev. A 99, 042105 (2019)
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Proof of the theorem?

* Negativity of T/\5C:

Il — 1
2

AB;

EABIC (T,;\BC) % ”/\f\ p1p; PzpéB1 ]”1

® For any invertible non-Markovian dynamics A; there exist
probabilities p; and states p; such that®®

||/\A [p1p}®" - 102102‘51]“1 >0

2Kotodynski, Rana, Streltsov, arXiv:1903.08663
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Proof of the theorem?

* Negativity of T/\5C:

Il — 1
2

AB;

el ) = i -

® For any invertible non-Markovian dynamics A; there exist
probabilities p; and states p; such that®®

||/\A [p1p}®" - 102102‘51]“1 >0

® For single-qubit dynamics A; the statement holds also for
non-invertible evolutions®

2Kotodynski, Rana, Streltsov, arXiv:1903.08663
bChruscinski, Kossakowski, Rivas, Phys. Rev. A 83, 052128 (2011)
°Bylicka, Johansson, Acin, Phys. Rev. Lett. 118, 120501 (2017)

dChakraborty and Chruscinski, Phys. Rev. A 99, 042105 (2019)
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Example: eternally non-Markovian dynamics

¢ Eternally non-Markovian dynamics?:
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Example: eternally non-Markovian dynamics

¢ Eternally non-Markovian dynamics?:

&‘
[
=
5}
p=§
S
|
2

(@)

with y1 = y2 = @3, y3(t) = —a5 tanh(ct) witha > 1and ¢ > 0

® Evolution (2) can be written as A; = V; s o As with

Veslol = p&ilo] + (1 - p)E2lp’]

Non-Markovianity of (2) cannot be witnessed by contractive func-
tions f(p, o) of single-qubit states and bipartite negativity®:

ditEA'B(/\{* ® 1%[p*8]) <0

@Hall, Cresser, Li, Andersson, Phys.Rev. A 89, 042120 (2014)
bKotodynski, Rana, Streltsov, arXiv:1903.08663
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Example: eternally non-Markovian dynamics

Lemma?: Negativity is monotonic under local maps of the form

PA® 18] = p&f @ 18] + (1 - p)ES @18 [p™].  (3)

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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Example: eternally non-Markovian dynamics

Lemma?: Negativity is monotonic under local maps of the form
PA® 18] = p&f @ 18] + (1 - p)ES @18 [p™].  (3)
Proof:
E*B (P* @ 15 [o]) = (“PA ®1°[p"]|,
! Ao 1B[ Ts
= 2('0”81 ©l [’0 ] 1

Sffterlnl -

_1)

+(1-p)|es w1 o7

_1)

1) = pE"8 (&7 © 17 o]) < EX8(p)
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Example: eternally non-Markovian dynamics

Lemma?: Negativity is monotonic under local maps of the form
Ao 1%)p] = pef @ 150 + (1 - p)&z @18 [p™].  (3)
Proof:
E*B (P* @ 15 [o]) = (“PA ®1°[p"]|,
! Ao 1B[ Ts
= 2('0”81 ©l [’0 ] 1

-3(loton-

_1)

+(1-p)|les ®18 ™|,

_1)

1) = pE"8 (&7 © 17 o]) < EX8(p)

= Any local dynamics A7 = V/ o AJ with V7 of the form (3) fulfills

%EA'B(/\f‘ ®18p*B])) <0

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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Example: eternally non-Markovian dynamics?

| 0471438
0.045 E 0.471436
| o 0.471434
0.040 E W 0.471432
% E 0.471430
= 0.035 ' 0471428 | i
! 0.010 0.015 0.020 0.025 0.030 0.035
0.030 r t '
|
0.025
0 1 2 3 4 5 6 7

Non-Markovianity of eternally non-Markovian dynamics can be
witnessed in the tripartite setting by EABIC(A? ® 1BC[pABC])

2Kotodynski, Rana, Streltsov, arXiv:1903.08663
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Summary

Entanglement negativity in tripartite setting?:
universal non-Markovianity witness for

® invertible dynamics in any dimension
¢ all (also non-invertible) qubit dynamics
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Summary

Entanglement negativity in tripartite setting?:
universal non-Markovianity witness for

® invertible dynamics in any dimension
¢ all (also non-invertible) qubit dynamics

Eternally non-Markovian qubit dynamics:
non-Markovianity cannot be witnessed by

® negativity in bipartite setting
* any contractive function of qubit states f(p, o)

Open question:
can entanglement monotones universally witness non-Markovianity
of all evolutions, incuding non-invertible dynamics beyond qubits?

aKotodynski, Rana, Streltsov, arXiv:1903.08663
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