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Model

e We consider a collision model with an environment given as an in-
finite chain of not interacting between themselves qubits, prepared
initially in a single-photon state.

e The environment qubits do not interact between themselves, but they
interact with a system S, one after the other. A measurement is per-
formed on each qubit just after its interaction with S. A conditional
evolution of § is governed by a set of filtering equations.

e We derive the set filtering equations for a continuous in time stochas-
tic evolution of the system starting from the discrete model.

e As an example of open system we consider a two-level system.

Results

e A formula for the conditional state of the system, depending on the
results of all measurements performed on the bath qubits, 1s given.

e A physical interpretation of the quantum trajectories for the sys-
tem interacting with the environment in a single-photon state 1s pre-
sented.

e Analytical formulas for the whole statistics of the output photons are
given.

1 Repeated interactions and measurements
model

Composed system We consider a quantum system S coupled to the
environment modeled by an infinite chain of qubits. The environment
qubits do not interact between themselves, but they interact with S,
one after the other, each during a time interval of the length 7. The
composed system, consisting of the environment and &, is described
by the Hilbert space

He @ Hg,

where Hg is the Hilbert space associated with & and He =

®Z He j» where He ). = C? is the Hilbert space of the k-th qubit
1nteract1ng with S in the interval kT, (k+1)7).

Initial state of the composed system
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Z|§ LA =11 ¢) is a discrete analogue of a single-photon state in

k=0
the model of continuous modes.

Evolution of the composed system The evolution of the composed
system 1s given by the sequence of unitary operators, for 7 > 1

Ujir =V;1Vj9... Vo, Up=1,
Vi =exp(—iTH}),

H; — ﬂk®H5+%(UZ®L—Jk_®LT),
where H g is the Hamiltonian of S, L is a bounded operator acting on
Hs, 0, = [0)p(1], 0]‘; = [1)2(0 0);. and |1);. stand for the
ground and excited states of the k-th qubit of the environment. We
set the Planck constant 4 = 1. To simplify the notation we omit the
identity operators from ;1. He ;.

Measurements A free evolution of the composed system 1s subse-
quently interrupted by the measurements performed on the bath qubits
just after their interaction with the system S. We consider the mea-
surement of the observable

O']:_O'k_, k=0,1,2,.... (1)

2 Conditional evolution

Theorem The conditional state of S and the part of the environment
chain which has not interacted with the system S up to time j7 is at
the moment j7 given by
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H s having the form
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and |vac)(; 4o0) = [0)j @ [0)41 ® [0)j12 @ |0)j43. ..
is a stochastlc blnary j-vectorn; = (1, mj—1,...,n1) withn € {0,1}
representing results of all measurements of (1) up to the time j7. The
vectors |« J\ﬂj>’ e J|77j> from H g depend on the results of measurements
up to 77 and they satisty the set of recursive equations.

Moreover, 7);

Interpretation of | J|?7]> The physical interpretation of [V, ) is
very intuitive. The first term means the scenario: all qubits of the
environment up to time j7 were prepared in the ground state and the
qubit prepared 1n the excited state appears only in the future.

The second term represents the situation in which S has already inter-
acted with the qubit prepared in the excited state and in the future it
will interact with the environment being in the vacuum.

3 Filtering equations in the continuous limit

The stochastic evolution of S depending on the results of the measure-
ments 1s given by of the set of coupled equations:

dpr = Lppdt + [pf", LT&dt + [L, pi1&F dt
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where

, 1
Lp=—ilHs.p) = 5{LIL,p } + LpLf,

pr’ = (pfH)T, and initially o = ) (¥, ot = 0, A = [1) (9.
The stochastic counting process n(t) with the 1ncrement (dn
satisfies
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p¢ 18 the a posteriori state of S.

4 Master equations

The set of master equations describing the a priori evolution of S has
the form

= Lo+ 8, LT + (L, 61V)¢;,
o' = Lo + [ NOO} & s
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where @%0 (égl)T, and initially oy = QO 1)) (¢ ~81 = @(1)0 = 0.
o0t 1s the reduced state of S.
The general solution to this set can be written as
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and p 1s the initial state of S.

S From a posteriori to a priori solution

By its definition, the a priori state of S is the mean value of the a poste-
riori states. To obtain p; we take an average of the quantum trajectories
pt over all possible realization of the output process n(t),

TOO .t ts to
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t, ¢, are the conditional operators of the form

myye-y Y

where py);
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we have a sum over all possible pathways of the photon detection for
the number of photons ranging from m = 0 to m = oo from the time
0 to t. We detect photons at t1, to, . . ., t;;, and no other photons from 0
to ¢.
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6 Two-level system

We consider the system S being a two-level atom with the eigenstates
|g) and |e):
Hg=—-Nyo., L=+To_,

where I' € R, 0 = [g){el, 0= = |e){e| — |g)(g], and Ay = we — wp,
where wy 1s the carrier frequency of the input wave packet.

Photon statistics The probability of no photons up to time ¢:
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The probability density of observing a trajectory corresponding to one
photons at ¢; (¢ > £; > 0) and no other photons in |0, ):
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The probability density of observing a trajectory corresponding to two
photons at ¢ > t9 > t; > 0 and no other photons in |0, )
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POVM For a fixed time ¢ we arrive at 3-element POVM labelled by
the number of counts ( v = —2:Ag + g):
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