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Quantum Control
Given a system whose evolution is generated by some generic Hamiltonian 𝐻, 

we are interested in achieving a controlled evolution of the system 

characterized by superselection sectors among which transitions are avoided.,

Intermediate Situation

For 𝛼 = 0 we recover the case 1. There is continuous coupling without 

strong coupling limit, hence no control. For 𝛼 = 1 we recover the pulsed 

evolution, which gives control.

We investigate the intermediate case 0 < 𝛼 ≤ 1.

Two completely different 

procedures give rise to the same 

evolution in their respective limits. 

To compare them, we can study an 

intermediate situation:

1. 𝐾 = 𝐾0 ⇒ Continuous coupling

2. 𝐾 = 𝑛𝐾0 ⇒ Pulsed evolution

3. 𝐾 = 𝑛𝛼𝐾0, 0 ≤ 𝛼 ≤ 1
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Generalized Pulsed Control
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− 𝑒−𝑖𝑡𝐾𝑛𝑉𝑒−𝑖𝑡𝐻𝑍 = 𝒪
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Generalized Trotter Formula

𝑒−𝑖
𝑡
𝑛
𝐾𝑛𝑉𝑒−𝑖

𝑡
𝑛
𝐻
𝑛

− 𝑒−𝑖𝑡𝐾𝑛𝑉+H = min 𝒪
1

𝐾𝑛
, 𝒪
𝐾𝑛
𝑛

Scaling time vs Scaling strength
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Two possible interpretations:

1. Alternating Hamiltonians with different strength 
with the same duration (figure on the right)

2. Alternating Hamiltonians with  same strength and 
different duration (figure below)

Qubit Example: a tight bound

𝑈𝑛 = 𝑒
−𝑖𝑛𝛼𝑍/𝑛𝑒−𝑖𝑋/𝑛

𝑛
= 𝑒−𝑖𝑛𝜃𝑛𝑢𝑛⋅𝜎𝑛 V𝑛 = 𝑒

−𝑖 𝑛𝛼𝑍+𝑋 = 𝑒−𝑖𝜙𝑛𝑣𝑛⋅𝜎𝑛

We show a particular analytical example where we prove the strict bound 

𝒪(1/n) considering a qubit and the Pauli matrices as alternating 

Hamiltonians. In particular, we compare the two evolutions:

For large 𝑛 the asymptotic for the differences between the angles and the 

directions yields:
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The leading error comes therefore from the difference between the directions

𝑢𝑛 and  𝑣𝑛. We obtain therefore the explicit asymptotic behaviour: 

𝑈𝑛 − 𝑉𝑛 ∼ −
i

n
sin𝜙𝑛Y

The controlled evolution

𝑈𝑍 = 𝑒
−𝑖𝑡𝐻𝑍 ,

is generated by the Zeno Hamiltonian:

𝐻𝑍 =  

𝜇=1

𝑚

𝑃𝜇𝐻𝑃𝜇 ,

whose structure  determines a partitioning 

of the Hilbert space into Zeno subspaces:

ℋ =⊕𝜇=1
𝑚 ℋ𝜇 ℋ𝜇 = 𝑃𝜇ℋ

Two control procedures

The controlled evolution can be 

achieved through a continuous 

coupling with a control potential:

𝑉 =  

𝜇=1

𝑚

𝜆𝜇𝑃𝜇 ,

with a strong coupling constant, i.e: 

𝑒−𝑖𝑡 𝐾𝑉+𝐻 = 𝑒−𝑖𝑡𝐾𝑉𝑒−𝑖𝑡𝐻𝑍 + 𝒪
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𝐾 → ∞

The controlled evolution can be 

achieved by kicking the system with a 

unitary:

𝑈𝑘𝑖𝑐𝑘 =  

𝜇=1

𝑚

𝑒−𝑖𝜙𝜇𝑃𝜇 ,

at high frequency, i.e:
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(𝑛 → ∞)

Strong Continuous Coupling Pulsed evolution

Our analytical result, valid for 𝑛 → ∞, 𝐾𝑛→ ∞, 𝐾𝑛 = 𝑜 𝑛 :

Numerics for 𝐾𝑛 = 𝑛
𝛼 shows that our bound is tight (𝜀𝛼

𝑍 𝑛 is the error):

Our analytic result, valid for 𝑛 → ∞, 𝐾𝑛= 𝑜 𝑛 :

Numerics for 𝐾𝑛 = 𝑛
𝛼 shows that the error 𝜀𝛼

𝑇 𝑛 is 𝒪(1/n) for every 0 ≤ 𝛼 ≤ 1


