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Definition

In Cd a SIC-POVM is a family of tΠku
d2

k“1 such that Πk “ |ψky xψk | {d @k ,

|〈ψk |ψl〉|2 “
dδkl ` 1
d ` 1

thus
d2
ÿ

k“1

Πk “ I (1)

One can decompose a state ρ P B
`

Cd
˘

ρ “ d pd ` 1q
d2
ÿ

k“1

pk Πk ´ Id , pk “ TrρΠk ,
d2
ÿ

k“1

pk “ 1. (2)

Trρ2 “ d pd ` 1q
d2
ÿ

k“1

p2
k ´ 1 ñ

d2
ÿ

k“1

p2
k “

1` Trρ2

d pd ` 1q
ď

2
d pd ` 1q

(3)
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ESIC criterion

Proposition

Measuring in CdA b CdB with tΠA,Bud
2

α“1 SIC-POVM in CdA,B the outcomes are

Pαβ “ TrρΠA T
α b ΠB

β . (4)

Theorem

If ρ P B
`

CdA b CdB
˘

is separable, one has

||P||tr “ Tr
?
P:P ď 2

a

dA pdA ` 1qdB pdB ` 1q
. (5)



Preliminaries Comparison Calculations Conclusions End

Proof of ESIC Criterion

For product states ρ “ σA b σB, we use "singular value decomposition"

Pαβ “ pA
αpB

β Ñ P “ |pAy xpB| “ |pA||pB|
looomooon

||P||tr

|p̃Ay xp̃B| , (6)

and Eq.(4). Therefore

||PpσA b σBq||tr “ |pA||pB| ď

d

2
dApdA ` 1q

d

2
dBpdB ` 1q

. (7)

For any separable state

||P
´

ÿ

i

piσ
A
i bσ

B
i

¯

||tr ď
ÿ

i

pi ||PpσA
i bσ

B
i q||tr ď

ÿ

i

pi

loomoon

1

d

2
dApdA ` 1q

d

2
dBpdB ` 1q

.

(8)
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Realignment criterion (CCNR)

Proposition

A bipartite density state in CdA b CdB with tGA,Bud
2

α“1 BON in CdA,B is

ρ “
d2
ÿ

α“1

d2
ÿ

β“1

CαβGA
α bGB

β , Cαβ “ TrρGA T
α bGB

β . (9)

Theorem

If ρ P B
`

CdA b CdB
˘

is separable, one has

||C||tr “
d2
ÿ

k“1

λk ď 1, λ1ks singular values of C. (10)
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Proof of the trace norm of C

Proof.
Comparing the decomposition by covariance matrix C and by Schmidt
decomposition

ρ “
d2
ÿ

α“1

d2
ÿ

β“1

CαβGA
α bGB

β , ρ “
d2
ÿ

k“1

λkG1Ak bG1Bk (11)

writing C “ UΛV T , with U,V unitary and Λ “ diagtλku
d2

i“1 yields

||C||tr “ max
WPOpd2q

〈C|W 〉HS “ max
WPOpd2q

〈
Λ|V T WU

loomoon

I

〉
HS

“

d2
ÿ

k“1

λk (12)
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Comparison CCNR and ESIC by Entanglement witnesses EWs

Comparing by EWs with O P Opd2q for pdA “ d “ dBq

WO “Id b Id `
d2
ÿ

α,β“1

OαβGA
α bGB

β , CCNR EWs (13)

WO “Id b Id `
dpd ` 1q

2

d2
ÿ

α,β“1

OαβΠA
α b ΠB

β , ESIC EWs (14)

Requiring 〈Gα|Gβ〉HS “ δαβ with Eq. (1) yield d2 equations

G “
a

dpd ` 1qΠ`
´
?

d ` 1˘ 1
?

d3
I. (15)
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Criterion by EWs (Example on CCNR)

For any separable state

max
OPOpd2q

〈C|O〉HS “ ||C||tr ď 1, (16)

@O P Opd2q we have

d2
ÿ

α,β“1

CαβOαβ “

d2
ÿ

α,β“1

Tr
´

ρGA
α bGB

β

¯

Oαβ ď TrρI. (17)

ρ is separable: @O Trρ
´

I `
d2
ÿ

α,β“1

GA
α bGB

βOαβ
¯

“ TrρWO ě 0. (18)
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EWs criteria

From Eq. (19)

TrρWO “ 1`
1
2

d2
ÿ

α,β“1

OαβXαβ, (19)

with α “ p
?

d ` 1´ 1q and |1̃y normalized ones,

X “ pI ` α |1̃y x1̃|qCpI ` α |1̃y x1̃|q. (20)

ESIC and CCNR criterion are rewritten respectively as

ρ separable: TrWOρ ě 0 ùñ }X}tr ď 2^ }C}tr ď 1. (21)
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ESIC ñ CCNR ?

Question: is ESIC stronger than CCNR?

@ρ P BpCd b Cdq : 2 ě }X}tr ùñ 1 ě }C}tr?

2 ě||UT pI ` α |1̃y x1̃|q C
loomoon

UΛV T

pI ` α |1̃y x1̃|qV ||tr

“||pI ` α |ay xa|qΛpI ` α |by xb|q||tr

ě||C||tr ` α
ÿ

i

λipa2
i ` b2

i q ` α
2pb ¨ aq

ÿ

i

λiaibi

where we used ||p¨q||tr ě |Trp¨q| ě Trp¨q, |ay “ UT |1̃y , |by “ V T |1̃y.
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Calculations

XC-symm and positive, ||p¨q||tr “ Trp¨q and ai “ bi . Then 2 ě ||C||tr ` 1 .
7 C-symm, ai “ ˘bi .

2 ě ¨ ¨ ¨ “||C||tr ` α
ÿ

ai‰bi

λipai ´ biq
2 ` αp2` αb ¨ aq{d

“||C||tr ` 1` 4α
ÿ

ai‰bi

a2
i

ě0?Ñgap!,λi“´li
hkkkkkkkkkkkikkkkkkkkkkkj

´

λi ´

?
d ` 1´ 1

2d

¯

looooooooooooooooomooooooooooooooooon

ě0?ÑNo!

eigenvalues
li R r´

?
d`1´1

2d ,0s
sounds strange!
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Numerical counterexample

We checked for d “ 2,

ÿ

ai‰bi

a2
i

´

λi ´

?
d ` 1´ 1

2d

¯

“

A

1̃
ˇ

ˇP´p´C ´ α1IqP´
ˇ

ˇ 1̃
E

ě 0? (22)

with P´ is the projector onto negative eigenvalues of C and α1 “ α{2d .
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〉 ANSWER: False.

The maximum value is 0.001,
therefore we lose too much here
||p¨q||tr ě |Trp¨q|.
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Numerical outcomes ||X ||tr ´ ||C||tr of the stronger conjecture

Figure: d=2

Figure: d=3

Figure: d=4

Stronger conjecture: @ρ
1`εpdA,dBq ě ||X ||tr´||C||tr ě 1
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Numerical outcomes x||X ||tr ´ ||C||try of the stronger conjecture
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C´ symmetric and positive

We solved the problem for symmetric and positive C, but we observe

Conjecture

C symmetric and positive ùñ ρ is PPT.

Figure: d=2,3,4. We never find entanglement by PPT criterion.
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ρ bosonic and C ď 0

Question

What does mean C´ symmmetric and positive?

Example

ρ´ bosonic and separable ρ “ 1
2pσ b η ` η b σq.

Cαβ “ TrρGα bGβ “
1
2
pTrGασTrGβη ` TrGαηTrGβσq “

1
2
pxαyβ ` yαxβq (23)

x “
„

a
b



, y “
„

b
a



, C “

«

ab pa2`b2q
2

pa2`b2q
2 ab

ff

, detC “ ´pa
2 ´ b2q2

4
ď 0. (24)
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Reference:Enhanced entanglement criterion via SIC measurements,
O.Gühne et al. arXiv:1805.03955v3,(2018).

Question

Is ESIC stronger than Realignment criterion?
Probabily yes, but just a little bit.

END. . . (for today)

PS: tomorrow I hope to switch the "e" into "a". . .

GS.
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