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1 Linearity: ®(t)[aX + BY] = a®(t)[X] + 8P(¢)[Y]

2 Trace preservation: tr[®(t)[X]] = tr[X]

3 Complete positivity (CP): ®(t) ® Idy, is positive for all
k=1,2,...
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D(t) = e = d(at)

The change t — at streches (shrinks) the timeline



By time deformation we understand the transformation
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where «(t) is a positive real function quantifying the local time
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®(t) = exp (L /O t a(t’)dt’> =l = o(7(t))

®(t) is not a semigroup in general, but it is still CP
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If V(ta,t1) is P for all t2 > t1 > 0, then the process ®(t) is called
P divisible.
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Denote o(t) = po(7(t))
A modified (non-equivalent) master equation

di(:(%)) = L(t)[a(r(t))]

in terms of the original time ¢ reads
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O(t) — B(t)
trace preservation —» trace preservation

CP — not CP in general
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Lt)le) = 3 Yot oigm — o),

where o1, 09,03 is the conventional set of Pauli operators,
71(t) = 72(t) = 1, and y3(t) = — tanh(t).

o(t)[X] =

DN | =

3
<tr[X]I + Z )\k(t)tr[okX}ak>

k=1
A1(t) = Aa(t) = % (1 4 6*215) . As(t) = o2t

®(t) is CP because A1 (t), A2(t), A3(t) satisfy the Fujiwara-Algoet
condition [ () + A2(f)| < 1 £ A3(2).

M. J. W. Hall, J. D. Cresser, L. Li, and E. Andersson, Phys. Rev. A 89,
042120 (2014).






Constant time deformation

di]it) = aL(t)[o(t)]

results in the map ®(t) with parameters

() = Xa(t) = e P cosh®(t), Ag(t) = e 2

®(t) is CP (satisfies the Fujiwara-Algoet condition
IM(t) + A2(t)| < 14 A3(t)) if and only if a > 12. Thus, if
0 < a < 1, then the map ®(¢) is not CP.

2F. Benatti, D. Chruscinski, S. F., Phys. Rev. A 95, 012112 (2017).
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P[X] = % (tr[X]I +) )\ktr[akX]ak)

k=1




A time deformation
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for the above generator results in CP map if and only if

cosh < /0 t a(t’)dt'> > exp < /0 t a(t') tanh(t’)dt’>
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A time deformation

di’;f) = a(t)L(t)[o(t)]

for the above generator results in CP map if and only if

cosh <]€ta(ﬂ)dﬂ> > exp </£ta(ﬂ)tanh(ﬂ)dﬂ>

1, f0<t<ty,
a, ift>tg,
violated when 0 < a < 1 regardless to tg.

In particular, if a(t) = { the latter condition is

Reason = 7

Reason = eternal CP indivisibility, i.e., V(to, 1) is not CP for any
to >t > 0.



Theorem (3)
do(t)

Master equation =5~ = L(t)[o(t)] with nonsingular generator L(t)
describes CP divisible dynamics if and only if the deformed map

remains CP under any time deformation dfl(f) = a(t)L(t)[o(t)].

3S. F. and D. Chruscinski, Phys. Rev. A 98, 022123 (2018).



Theorem (3)

Master equation d%g) = L(t)[o(t)] with nonsingular generator L(t)
describes CP divisible dynamics if and only if the deformed map

remains CP under any time deformation dfl(f) = a(t)L(t)[o(t)].

Necessity
Suppose the process ®(t) is CP divisible and L(t) is not singular,
then L(t) has GKSL form

H0ld = ~iH®, o+ 32w ) (A0eal0) - sialoa.0)).

where all the rates 7 (t) > 0. Multiplication of the Hamiltonian
H(t) by a(t) preserves its Hermicity, and a(t)7yx(t) > 0, so
a(t)L(t) is still a valid generator of the dynamical map.

3S. F. and D. Chruscinski, Phys. Rev. A 98, 022123 (2018).



Sufficiency

i <
Let a(t) = { :_O’ :157(5];;1< > then the deformed map

~ Id if0<t<ty
/ ) ’

O(t) = T exp <f0 JL(t )dt) { Vit th), ift>t.

Therefore, if the deformed map ®(t) remains CP under any

deformation, then V(¢,t1) is CP too for all ¢ > t;, i.e., the original
map ®(¢) is CP divisible.



Sufficiency
+0, fo<t<ty,

Let a(t) = { 1, ift>t,
N Id, if 0 <t <ty
O(t) = T exp (fo (t’)dt) {V(t,tl), if t > . 1

Therefore, if the deformed map ®(t) remains CP under any
deformation, then V'(¢,t1) is CP too for all t > ¢, i.e., the original

map ®(¢) is CP divisible.
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Remark. Nonsingularity of generator L(t) is needed to guarantee
invertibility of ®(¢). If ®(¢) is not invertible, then CP divisibility of
®(t) does not require positivity of rates 7 (¢)*>. However, the
generator is not uniquely defined by the dynamical map ®(t) in this
case. In particular, if the process is CP divisible, then there exists a
corresponding (possibly singular) time-local generator with
non-negative rates. Theorem holds true for such generators too.

“E. Andersson, J. D. Cresser, and M. J. W. Hall, J. Mod. Opt. 54, 1695
(2007).

®D. Chruscinski, A. Rivas, and E. Stgrmer, Phys. Rev. Lett. 121, 080407
(2018).
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Convolution master equation
do(t t
e
0

is defined through a memory kernel map K(¢,t') : B(H) — B(H).
Let us assume that the same kernel K(¢,t') is applied at deformed
time moments 7(t) and 7(t'):

| e N | .
0t t, t
e Koo
0 7, T, T

We obtain a time deformation

d@(T(t» _ (®) INT / /
= [ ke an)




In terms of the original time ¢

dfi(tt) _ /0 a(t)a(t)K(t,¢)[o(t))dt



In terms of the original time ¢

dfi(tt) _ /0 a(t)a(t)K(t,¢)[o(t))dt



In terms of the original time ¢

diz(tt) _ /0 a(t)a(t)K(t,¢)[o(t))dt

/ \”/

Note that




Consider CP indivisible Pauli dynamical map ®(¢) as in Example
before, but now in terms of the convolution equation®

d® t
— = / Kt —t)o(t)dt
dt 0

The uniform time deformation K (t) — oK (t) leads to the
deformed eigenvalues

1+ a2e—(1+a?)t

1+ra2 Aa(t) = e 27
(6

Ai(t) = Xo(t) =

The deformed map ®(t) is never CP for ¢ > 0 and 0 < a < 1 since
the corresponding set of eigenvalues violates the Fujiwara-Algoet
conditions for complete positivity.

®N. Megier, D. Chruscinski, J. Piilo, and W. T. Strunz, Sci. Rep. 7, 6379
(2017).
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e - / a(t)at )KL, ) o(t)dt

Kt,t)=K({t—t)

Denote

(AxB)(t) = /Ot At —tYB(tdt'

d
(1) = (K + B)()
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Laplace transform
[e.e]
P, = / O(t)e Stdt
0

d, = (sld — K,)~!

A uniform time deformation 7(t) = at, o = const

The deformed map ®(¢) satisfies

P, = (sId — a’K,) !

b, = (sld— K, —(a* = 1)Ko= (2,1 — (o* - 1)K,)™?
= (Id—(® - 1)K,®,)"'®, = i(oﬂ — 1)K D) Dy

n=0



In time domain:

B(t) = B()+H(a®—1)(22xd) () 4. . A (@2 =1)" (D 5 ... % W 4P) (1) ..

n times
Analogously:
Ao ,dd 5,  dD dP s ., dD do
nl Y el 1) == 1" == -
ar = O g T ) g e (o) T T
—_——
n+1 times

Commutative maps: ®(¢1)®(t2) = D(t2)P(¢1) for all ¢1,t2 > 0.
®(t) is Hermitian if ®(¢) coincides with its dual map ®f(¢)
d>\k( ) 07

P divisibility of Hermitian commutative map —

"D. Chruscinski, C. Macchiavello, and S. Maniscalco, Phys. Rev. Lett. 118,
080404 (2017).



Proposition (?)
Suppose the commutative Hermitian dynamical map ®(t) is given

by a memory kernel K (t). If the uniform time deformation
K(t) = o?K(t) with0 < a <1 and (1 —a?)|| (%2) o1 <1

results in a map ®(t) such that 92 has at least one positive
eigenvalue at some time t, then the original map ®(t) is not P
divisible.

8S. F. and D. Chruscinski, Phys. Rev. A 98, 022123 (2018).



Pauli qubit map:

3
2(1)le) = (tr[gu +3 Ak<t>tr[ak@1ak)

k=1



Pauli qubit map:

Corollary

Suppose the Pauli map ®(t) is given by a memory kernel K (t). If
the uniform time deformation K (t) — o?K(t) with 0 < a < 1 and
(L—a?)(1—s [y Mp(t)e 5dt) < 1 results in a map ®(t), which is
not positive, then the original map ®(t) is not P divisible.



Proof.

Condition (1 — a?)(1 — s [~ Ag(t)e *dt) < 1 guarantees the
validity of series expansion. Let ®(t) be non- positive. Since the
Pauli map ®(#) is positive if and only if —1 < i(t) < 1, either
Ak(t) > 1 or A\g(t) < —1 for some time ¢. Note that at the initial
moment \,(0) = 1.

Suppose Ag(t) > 1, then there exists a time moment ¢ € (0,?)
such that d)"“( )(to) > 0. By Proposition, ®(¢) is not P divisible.
Suppose /\k( )N < —1, let us show that \;(t) # 0. Using the
expansion for ®(t) one finds that if A\x(¢) > 0 and % <0, then a
time deformation with 0 < a < 1 guarantees Ni(t) = 0. As we
consider the case \;(¢) < —1, this contradiction proves that

Mie(t) 2 0. As a result, the original Pauli map ®(t) is not P
divisible. O




Example. ®(t)[o] = 1 (tr[g][ +3%, )\k(t)tr[akg]ak),
Ai(t) = Aa(t) = 1 —2Tte 1t and A3(t) = 1.

/




Such a map is a solution of the convolution master equation

dot) - _ /t (T6(t — ') = T?sinT(t — t'))
0

dt
x[o,0(t)o, — o(t')]dt .
Condition (1 — a?)(1 — s [~ Ap(t)e™*dt) < 1 is fulfilled
automatically if 0 < a? < 1. Uniform deformation of the memory
kernel K (t —t') — a®K (t — ') results in the deformed Pauli map
O (t) with
sin <\/ 1—at Ft)
Viat

(1) = Aa(t) = 1 — 22T

and A3(t) = 1.
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Example:
Consider a qubit evolution, where the rescaling of the memory
kernel is compatible with P divisibility of the dynamical map.
Following 9 consider a memory kernel
13
K@) =5 > sa(t)ontrlogel,
k=1
where the time-dependent eigenvalues s (t) are defined (in the
Laplace transform domain) via
_st

(”k)s - ar — fs.

Positive numbers {a1, as, a3} satisfy triangle inequality
-1, —1 ~1 . o
a; +a; > a; forall permutations of {i,j,k}, and the real
function f(t) satisfies f(t) > O together with
fo= I f)dt <4 (ai + a3 + agl)_l The corresponding

eigenvalues of () are given by i (1) ot fo f(&Hat'.
°F. A. Wudarski, P. Nalezyty, G. Sarbicki, and D. Chruscmskl Phys Rev. A
91, 042105 (2015).




The dynamical map ®(t) is known to be P divisible if additionally
f(t) satisfies the requirement

fo= /OOO f(t)dt < Gmin,

where apin = min{ay,ag,as}. Suppose condition (36) is fulfilled,
then fs < amin for all s > 0. The deformed eigenvalue

) n
(= —— s =1 (1-2) Sa-ar (L)
ey U Ta) L m
in time domain is a convolution of two non-negative functions: the
original eigenvalue \;(¢) € (0, 1] and the inverse Laplace transform
of 00 (1 — a?)" (f;—;)n Hence, Ap(t) = 0. If 0 < a < 1, then
the latter function is less or equal than the inverse Laplace
transform of >~ >° (L>n = (1 - 5—2)_1. Therefore, Aj(t) is less

ag
or equal than the inverse Laplace transform of function
-1 ~
(Ak)s (1 — ({—;) = % i.e. \p(t) < 1. Thus, the deformed map is
positive if 0 < o < 1 and the original map is P_divisible.



Interestingly the map <A13(t) being positive and trace-preserving is in
general not completely positive and hence the kernel deformation
K(t) = o®K(t) does not lead to the legitimate dynamical map. In
fact, consider the behavior of A\;(t) when ¢t — oo and a — +0. By
the final value theorem

A Nel0) = o)

1 fO 2
:7:1—012 +OO[ . ].
1+ a2 ar — fo (e%) S

ar—fo

Suppose a1 < az < az. The deformed map is CP if the condition
i+ A <1+ i is fulfilled for permutations of indices {3, j, k}. |
the ||m|t a — +0 this condition reduces to inequality
1 1 1
+ = b
az —fo azs—fo  a1— fo

which is surprisingly equivalent to CP divisibility of the original map
®(t). Thus, the dynamical map given by the memory kernel is CP
divisible if and only if the deformed map is CP for all 0 < o < 1.



The considered examples allows us to make a conjecture that a
general Pauli dynamical map ®(t), defined by a convolution master
equation, is CP divisible if and only if the deformed map ®(¢t) is CP
forall 0 < a < 1.



Summary

» The original convolutionless master equation is shown to
describe a completely positive divisible dynamics if and only if
the deformed map is completely positive under any time
deformation; if the deformed map is not completely positive,
then the original dynamics is at least weakly non-Markovian.

> We have found a necessary condition for positive divisibility of
a Hermitian commutative dynamical map given by a
convolution master equation.

» Proper time deformations of the memory kernel for Pauli
dynamical qubit maps preserve positivity of the deformed map
if the original convolution master equation describes a positive
divisible process; if the deformed map is not positive, then the
original qubit dynamics is essentially non-Markovian.

» Physical implementation of time deformations via initial
system-environment correlations?



Thank you for attention!



Equivalent master equation reads

da(r()  dt da(r(t) 1

i) Car) @ ag - er®)
> dg(r) _ 1 _
dr - Q(t(T))L(t(T))[Q(T)]
Lobibolsbubsbolsls
0t t, t, t, t, t, t, t, t
0 T, L LLTLT T T T



