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Gaussian states

Consider the n-particle continuous variable system.

o Infinite-dimensional Hilbert space # = @) _, L*(R).

@ Vector states R = (q1,p1,---,qn, pn) | satisfying the commutation relations
R = 200 (0 1
[Ri, RI] = 2iQ;, QkEBl(‘l 0), (1)

with the symplectic form Q.
@ Density operators are given by

o= [ @9 ©)

7-(-I'l
with the displacement (Weyl) operators

D(¢) = eR™9. (3)
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Gaussian states

Definition 1
A density operator

is a Gaussian state if its characteristic function x (&) is a Gaussian function.

A Gaussian characteristic function is represented by
1
X(©) = ew | -3eTRETe 4 i (5

where

@ ¢, = Tr[pRy] is the displacement vector;

o ¥; = 3 Tr[p(R:R; + R;R;)] — {i{; is the covariance matrix.
Y is the covariance matrix of a Gaussian state if and only if

Y 4+ iQ > 0. (6)
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Gaussian channels

Definition 2

A Gaussian channel A is a quantum channel that transforms Gaussian states into
Gaussian states.

@ Representation in the Heisenberg picture:
1 .
ND(O] = D(ME)exp | ~56TNE +icTe] 7

@ Each channel is completely characterized by a triple (M, N, ¢), and it acts on
the Gaussian state p(X, ¢) as follows,

Y= M'EM+N, L—Mil+tc. (8)
@ The complete positivity condition:

N —iMTQM +iQ > 0. (9)
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Choi-Jamiotkowski isomorphism

Theorem 3

There exists a one-to-one correspondence between the bipartite Gaussian states
pag with a common marginal o = Tra pag and the Gaussian channels
N :Hg — Ha, such that

pag = (N@1g)(pa), (10)

where the Gaussian state pq is characterized by

s, STzs, -
ZQZ(SUTZUSU z ) lo =1L, &L, (11)

J. Kiukas, C. Budroni, R. Uola, and J.-P. Pellonpda, Phys. Rev. A 96, 042331 (2017).

@ S, is the symplectic matrix diagonalizing ¥, ;

@k 1934/ V ok -1

@ v,y are the symplectic eigenvalues of X,.
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Line and volume element

The Hilbert-Schmidt distance is defined by d s? = Tr(d p?).
@ For the Gaussian states p(X, ¢ = 0), one has

2

1
=
16v/det X

@ The volume element corresponding to ds> =d X7 G d X reads

{2 Tr(Z 1dE)? + [Tr(z—le)F}. (12)

2

4n
dV = VdetG [[d =, (13)
k=1

where d X = vecd X, and G is the metric.

Link and W. T. Strunz, J. Phys. A: Math. Theor. 48, 275301 (2015).
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Line and volume element

Consider the one-mode Gaussian channels (n = 1), which correspond to the
two-mode CJ Gaussian states with

s _ Ya I7 Yo =N+MTE M,
\r =)’ r =S8Iz,5,M, (14)
0 =Llpddl,, la :C+MT£0.

@ The purity-seralian coordinates:
1 1
n= y  HA/e = 3
VdetX Vdet g/,

@ The volume element:

A =detX s +dety, +2detl. (15)

11/2
dV H

:mdm\dydAdﬁdm(SA), (16)
Ao

where d m(S,) is the measure of the non-compact symplectic group Sp(2).

G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. Lett. 92, 087901 (2004).

Siudzifska, Luoma, Strunz On the geometry of one-mode Gaussian channels 7/ 17



Volume of Gaussian channels

@ The range of coordinates that define a physical Gaussian state:

HAls
Haps + I:uA - /f"o|7

17)

(2 Fu 1 (

mln{——l-w,l—i-Q}.
H MAH’O' H

OSI‘LA/US]') IU'AMJS/J’S

2 — 1ig)?
2, (ma—po)

<A
1 oA

IN

@ The volume of all one-mode Gaussian channels is equal to

11/2 4 9/2¢q,2 1
/// dpndpda = c it One =13) g
cp 64\/ 2u3u2 18018243

where CP is the region determined by conditions (17), and the infinite

constant )
C:/ dm(SA)/ 40, (19)
M 0
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Volume of entanglement breaking channels

Definition 4
A quantum channel A : Hg — Ha is entanglement breaking if and only if

pas = (A®1s)(p) (20)

is separable for all states p.

For the Gaussian channels, it is enough that pag is separable for pg with a
marginal 0 = Tra pas.

The two-mode Gaussian state pag is separable if and only if it satisfies the
Peres-Horodecki criterion

det(prT + IQ) >0, (21)

where X ppr = ©X O and © = diag(—1,1,1,1).
R. Simon, Phys. Rev. Lett. 84, 2726 (2000).
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Volume of entanglement breaking channels

@ In the seralian-purity coordinates, condition det(Xppr + i2) > 0 reads
1 2 2
1+ =4+A—-——-——>0. (22)
It 145

@ The volume of all entanglement breaking one-mode Gaussian channels is
equal to

L1172
VEBC—C/// dpadpdA
SEP 64\[MAMU

C\/ ua( B ua)2(11 + 9:“0)
18018+/2

(23)

)

where SEP is the physicality region CP with the additional constraint (22).
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Incompatibility breaking channels

A quantum channel A : Hg — Ha is incompatibility breaking if and only if

pas = (N®1g)(p) (24)

is non-steerable for all states p.

| A

Theorem 7

A one-mode Gaussian channel \ : Hg — Ha is incompatibility breaking if and
only if

Y +i(0®w) >0, w:<_°1 é) (25)

T. Heinosaari, J. Kiukas, and J. Schultz, J. Math. Phys. 56, 082202 (2015).
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Incompatibility breaking channels

@ In the purity-seralian coordinates, condition X + /(0 & w) > 0 is equivalent to

< pA- (26)

@ The volume of all incompatibility breaking one-mode Gaussian channels is
equal to

11/2
VICBC—C/// dpadpdA
NS 64[.“A:“’a
Vg (=134 + 9p3 — BFITLe) )
C
18018+/2

(27)

)

where NS is the physicality region CP with the additional constraint (26).
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Volume ratio

%

V(o) = Vicse/Vec _ 29
08 (to) = Vicee/ Vac
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Partial knowledge about the system

Assume that our knowledge about a two-mode CJ Gaussian state is limited to the
values of total y and marginal p14/, purities.

patly <p < —Ale (separable states) (28)
HA + fo — HAMG
_ HARe o< adalal (coexistence region) (29)
e e VG + pE — pip2
Halg <pu< Fialio (entangled states) (30)

HARG + |/1*A - MU'

VHA T 15 = 1513

In the coexistence region, it is impossible to distinguish between the separable and
entangled states without the full knowledge about the system.

G. Adesso, A. Serafini, and F. llluminati, Phys. Rev. Lett. 92, 087901 (2004).
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Partial knowledge about the system
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© The geometrical properties of the Gaussian channels A can be determined by
analyzing the properties of the corresponding Choi-Jamiotkowski states paz.

@ The volume element of the one-mode Gaussian channels depends on the total
and marginal purities of pag, and it is flat in the seralian.

© The volume ratios of the one-mode entanglement and incompatibility
breaking Gaussian channels are monotonically increasing functions of (.

@ In many cases, it is possible to say whether a given one-mode Gaussian
channel is entanglement or incompatibility breaking from the purities p, pa/»
alone.
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More on the topic soon on the ArXiv:

K. Siudzinska, K. Luoma, and W. T. Strunz, On the geometry of
one-mode Gaussian channels.

This work was supported by the Polish National Science Centre project No.
2018/28/T/ST2/00008.
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