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Introduction to Positive Operator Value Measures

(POVMs)

o M:=[M; M, ..... M,]. Each M; are called effect of M.
o Vi M,'ZO Zl-M,':]I
@ Set of all POVM in dimension d with n outcomes := P(d, n)

X Born rule
A —L A’\; p(ilp) = tr(M;p)

p {Ml}f\il
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Introduction to Positive Operator Value Measures

(POVMs)

o Projective POVM:= YV, j M,'Mj = M;&,‘j
o Examples : For d =2; My = 3|0)(0| + 1|+)(+| and
My = 31011+ 3=~

e Set of POVM P(d, n) is convex. For A € [0, 1] convex combination of
two POVM M, N € P(d, n), is defined as AM + (1 — A\)N € P(d, n)
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Free POVM and Resource POVMs

P(d,n)

o Free POVMs: Any POVM N € F. F is convex and closed.
e Free Operation: Q : P(d,n) — P(d, n) such that Q(F) C F
@ Resource POVMs: Any POVM which is not free.
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Resource theory of Informativeness

o Free POVM: M = {1} ; with Vi oy > 0and Y /i =1

o Free Operation: Classical post processing. M’ = OM where Q is a
stochastic matrix.

@ Resource POVM: POVM whose effect are not proportional to
Identity.

Skrzypczyk, Linden PRL 122, 140403 (2019)

Tanmoy Biswas (KCIK) UMK Torun June 16, 2019 6 /22



Resource theory of Non-projective simulability

Given N and M are POVM we can have two classical manipulations on
them
o Randomisation : The mixture of two projective measurement
gN + (1 — g)M with effect [gN + (1 — g)M]; = gN; + (1 — q)M;
o Classical post-processing : We can apply a stochastic matrix
Q = q(i]j) on a POVM M which gives a POVM
[QM]); = ;q(il/)M;
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Resource theory of Non-projective simulability

o Free POVM: Projective simulable measurement which can be
described as randomisation and classical post-processing of projective
measurement.

o Free Operation: Classical post-processing

@ Resource POVM : POVM which are not projective simulable. For
example P(d = 2, n = 3) trine POVM.

M3

M,y M,

Oszmaniec et. al Phys. Rev. Lett. 119 (19), 190501
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Quantum state discrimination problem

g - 0<p

&= {p’ual}z 1 Z {M'L}i\il

0 &= {p,,a,} *; is a quantum source which produce quantum state o;
with probability p;.

e Given a POVM M € P(d, n) , the success probability of
discriminating quantum state o; from that source

Psucc(ga M) = Zf‘;l Pi TI’(M,’U,’)

Tanmoy Biswas (KCIK) UMK Torun June 16, 2019 9 /22



Witnessing a resource POVM via quantum state
discrimination

Given any resource POVM M ¢ F(d,n) 3 A := {pj,o;} such that

Psucc (.A’M)
maxNe}-(d,,,)Psucc(A,N

)>1

Proof sketch:

P(d,n)
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Witnessing a resource POVM via quantum state

discrimination

o W = [Wy W, .... W,] such that >, Tr(W;M;) > 0 and
> Tr(WiN;) <0V N e F(d,n)

e Vi W; is Hermitian operator.
° VNV,-::W,- + |AilL, ¥V i where \; is the minimum eigenvalue W;.

) _Tr(W) Vi
° A'_{z,- TH(W)’ mw,.)}
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Robustness of a POVM

e RrP(d,n) — Ry such that

RF(M) := minNep(d,n) {5| MEsN ¢ F(d, ”)}

P(d,n)
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Properties of robustness

e Faithfulness: Rx(M)=0iff M e F

e Convexity: Rr(AM; + (1 — A\)M3)) < ARx(M1) + (1 — )Rz (My)
for A € [0,1]

@ Non increasing under any free operation O:
R#(Q(M)) < Rx(M)
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Operational relevance of robustness quantum state
discrimination

Psucc(AvM) _
kA maxne 7 (d,n) Psucc (A,N) 1+ R]:(M)

Proof sketch: LHS < RHS
e M+ Rz(M)N = (14 Rx(M))N’ for some N’ € F(d, n)
0 Paee(A,M) < (1 + Rr(M))Pascc( A, N') <
(1 + Rx(M)) maxnez(d,n) Psucc(A; N)

Tanmoy Biswas (KCIK) UMK Torun June 16, 2019 14 / 22



Operational relevance of robustness quantum state

discrimination

Proof Sketch : LHS > RHS
@ Find one ensemble for which equality holds.

°
maximize Z Tr(ZiM;) — 1

subjectto Z;>0,i=1,...,n.
Y THZN)<1YNeF

I
o Strong Duality: From the Slater's condition, this point

Z=(%,...,2]) strictly satisfies the constraints .
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Incoherent measurement

o POVM S with effect S, = 2%, q(ali)|i) (il
o Rzc(M) :=

minimize s
M+ N _

s.t
1+s

> atallinil va

Ny>0,a=1,...,n Y N,=I

a
q(ali)>0,a=1,...,n. Zq(a|i):1
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Incoherent measurement

@ Dual characterization of the problem of robustness

o RIc(M) =
n
maximize Y Tr(Z.M,) — 1
a=1
subject to Vi, a, (i|Za|i) = (i|Z,]|i)
Tr(Z,) =1

@ Rzc(M) is upper bounded by d — 1
° Maximal ch( ) is achieved for the measurement given by
l27rjk
=Ly

e For POVM W|th n>d, Maximal ch( ) is achieved only for the
measurement given by |/} = \F Zk - el@k’k>
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Separable measurement

@ POVM F is called separable whose effects are separable
Fi = Zk Qlk ® Qlk
o Easy to characterize the superset of LOCC measurement.

e What is the maximal robustness (advantage in quantum state
discrimination) that general measurements offer over separable
measurements

e For bipartite case in C? ® C¢

min{dA, dB} -1 < m'\‘;‘I‘XRSep(AB)(M) < min{dA, dB}

o For multi-partite case in (C?)®N

2N
CW < mléllx R(N)(M) < 2

Nlw

N-1 _ 1
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Conclusions and outlook

Quantum state discrimination as a witnessing task for showing
resource POVM advantageous over free POVM.

@ Introducing robustness as a quantifier to characterize the gap between
free and resource POVM.

@ This result will hold for any resource theory whose free state is convex
and closed.

@ Operational interpretation in terms of other noise model like "white
noise”

@ Charecterizing robustness for projective simulable measurement and
separable measurement.

Oszmaniec, Biswas Quantum 3, 133 (2019)
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Operational relevance of robustness quantum state

discrimination

(]
maximize Z Tr(ZiM;) — 1
subjectto Z; >0, i=1,...,n.
Y THZN)<1YNeF
(]

-minimize Z Tr(XiM;) + 1

subjectto X; <0,i=1,...,n.
> THXiN) =1YN € F
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Operational relevance of robustness quantum state

discrimination

-minimize Z Tr(X;M;)
. o I .
subject to X;gg, i=1...,n.
> TrH(XiN) = 0VN € F

@ The corresponding Lagrangian of the problem with Lagrange
multiplier G = (Gi,...,G,) > 0 and k(N) >0

LX,G, {k(N)}) =) (Tr()?;M,-) + Tr(X; — %)G,-
i=1

—/de(N)Tf(N:’Xi)> :
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Operational relevance of robustness quantum state

discrimination

minimize = Z(G,-)

subject to G+ M = [ k(N)dN ,

k(N)>0 VYN e F.

@ This problem is equivalent to the R x(M)

:(&7' &)

Strong Duality: From the Slater’s condition, this point Z cH g

strictly satisfies the constraints .
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