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@ Dephasing

© Markovian models
© Can dephasing be ascribed to classical noise?

@ Purely Brownian dilations

© Outlook
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Dephasing

Dephasing

Dephasing

Decay of coherences in a preferred basis,
usually eigenstates of the system Hamiltonian,
without energy transitions
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Dephasing

Dephasing

System. Hilbert space h, Hamiltonian Hs = €,Pp
State. Density matrix p
Evolution. p — pr := Tut(p), T QMS,  GKSL generator £
Dephasing. Decay of coherences: Pp, pt P —¢—00 0 forall m=#n

without energy transitions: tr(p:P,) constant

Example: phase damping. 7 QMS on M;(C) generated by
L(x) =7 (0zx0, — X) v >0

—vt
X1 x12 | X11 xppe 7
- —vt
X21 X2 xo1 €77 X22
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Markovian models

Definition

p and g two T;-invariant orthogonal projections mutually
orthogonal to each other dephase under a QMS 7T if

tILm Te(pxq) =0 for all x € B(h).

T is maximally dephasing if 3 rank-one orthogonal projections
(Pn)n with >~ pp =1,
e Ti(pn) = pn for all t,n,

@ pPn, Pm dephasing for all n # m.

Schrodinger picture (Baumgartner & Narnhofer, J. Phys. A (2008))

lim mekt(P)Pn = 0, whenever n 75 m
t—o0
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Markovian models

Maximally dephasing QMSs
1. Te(pn) = pn  forall t >0, for all n
2. GKSL generator

1
L(x) =i[H.x] =5 > (LiLex — 2Ljxky + xLj Ly)
l

H=H* 1, Ly, Ly,... linearly independent
3. poly = Lypn, poH = Hp, Vn
4. basis (en)n s.t. pn = |en)(en]

Le=> Aealenlen,  H=enlen)(en]

Mn€C,epeR
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Markovian models

Maximally dephasing QMSs

1
‘C(X) = i[HaX] — 5 Z (LZL(X — 2LZXL@ + XLZL@)
V4

LE = Z)\E,n‘en><en’7 szen‘enxen‘
n n

ey = o= (T BTN e e
t m n -

— e(—% |)\o,m—)\o,n‘2+i%<)\o,m7)\o,n>+i(5m—€n))t‘em> <en‘
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Markovian models

Maximally dephasing QMSs
. 1 . . .
L) = ilH.x] -5 zg: (LiLox — 2L5xLy + xL}Ly)

Z)\Z,n‘en><en’7 szen‘enxen‘
n n

T(lempten) = el P (Tt

— e(* 2 p\o‘m*)\otn‘ +i%<)\o,m7)\o,n>+i(€m—€n))t

|em) {enl

|em) (enl
decay
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Markovian models

Maximally dephasing QMSs
. 1 . . .
L) = ilH.x] -5 zg: (LiLox — 2L5xLy + xL}Ly)

Z)\Z,n‘en><en’7 szen‘enxen‘
n n

1Ae,ml” m\ \)‘e a2
Z +)‘Z m)\e n 1(Em_"fn) t
T: (lem)(enl) = ( Z( ) ) lem) (en]
_ ( IA. m—Xe,n|2HiS(Ne,m,Ne.n)Fi(€m— cn)) ’e ><en’

phase
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Markovian models

Another definition

J. E. Avron, M. Fraas, G. M. Graf, ... Commun. Math. Phys. (2012)

call £ dephasing iff

ker([H,-]) C ker(£) i.e. {H} Cker(L)

p projection.
L(p) =0 iff and only if [Ls,p] =0 V¢ and [H,p] = 0.

If H has simple spectrum, then { H}' = { H}" and both
definitions are equivalent.
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Can dephasing be ascribed to classical noise?

~
= Can decay be ascribed to classical noise?
- 1 33 X T \
[ Daniel Burgarth', Paolo Facchi®®, Giancarlo Garnero™*, Hiromichi Nakazato®,
= Saverio Pascazio™ and Kazuya Yuasa®
o ! Inst » of Mathematics, Physies and Computer Science, Aberystwyth University.
Aberystwyth SY23 3BZ, UK
= * Dipartimento di Fisica and MECENAS, Universita di Bari, I-70126 Bari, Italy
e
T ® INFN, Sezione di Bari, I-70126 Bari, Italy
-
o * Department of Physics, Waseda University, Tokyo 169-8555, Japan
= (Received: August 28, 2018)
-]

Open Syst. Inf. Dyn. 24 (2017)
Aim. Characterize those QMSs that cannot be described as a

unitary dilation using only classical, commutative noise processes
and need the full Hudson-Parthasarathy theory.
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Can dephasing be ascribed to classical noise?

Dilations

Hiot = Hs ® 1 + 1s ® Hg + interaction, et Het s

Te(x) = Tre (Uf (x @ 1) Uy)
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Can dephasing be ascribed to classical noise?

Essentially commutative (classical) dilation

Maassen & Kiimmerer, Commun. Math. Phys. (1987)

Definition

A dilation is essentially commutative if the algebra generated by
Ui (x ® 1g) U with x € B(h) is isomorphic to

B(h)®C

with C commutative.

i.e. the environment is commutative.
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Can dephasing be ascribed to classical noise?

QMSs with essentially commutative dilations

Theorem

(Kiimmerer & Maassen, Comm. Math. Phys. 1987) A QMS T on
Mm(C) generated by L(x) = G*x+ >, LyxL¢ + x G admits an
essentially commutative' if and only if

L(x) = i[H,x] - %Z (L%X — 2LyxLy + XL%)

l
+ > (VixV; —x)
7

where H = H*, L, = L}, k; > 0 and V; unitaries.
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Can dephasing be ascribed to classical noise?

QMSs with essentially commutative dilations

Theorem

(Kiimmerer & Maassen, Comm. Math. Phys. 1987) A QMS T on
Mm(C) generated by L(x) = G*x+ >, LyxL¢ + x G admits an
essentially commutative' if and only if

L(x) = i[H,x] - %Z (L%X — 2LyxLy + XL%)

l
+ > (VixV; —x)
7

where H = H*, L, = L}, k; > 0 and V; unitaries.

t HP dilation with Brownian and Poisson noises only
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Can dephasing be ascribed to classical noise?

Hudson-Parthasarathy dilations

He = T(L?(R?;C)) symmetric (Boson) Fock space on L?(RY; C)

dU, = (Z(Sjk — O M)dNji(t)

jk

. 1 X
+ZL dA;() = L3 SpdA(t) — <1H+ 2ZLkLk) dt) U,
k

jk

H, Lj from GKSL, (Sjk)jk unitary matrix of operators on h
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Can dephasing be ascribed to classical noise?

Hudson-Parthasarathy dilations

He = T(L?(R?;C)) symmetric (Boson) Fock space on L?(RY; C)

dU, = (Z(Sjk — O M)dNji(t)

jk

. 1 X
+ZL dA;() = L3 SpdA(t) — <1H+ 2ZLkLk) dt) U,
k

jk
H, Lj from GKSL, (Sjk)jk unitary matrix of operators on h

(Ac(t)T + A(t)) >0, i(Ak(t)T — Ak(t))r>0 Brownian motions
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Can dephasing be ascribed to classical noise?

Hudson-Parthasarathy dilations

He = T(L?(R?;C)) symmetric (Boson) Fock space on L?(RY; C)

dU, = (Z(Sjk — O M)dNji(t)

jk

. 1 X
+ZL dA;() = L3 SpdA(t) — <1H+ 2ZLkLk) dt) U,
k

jk

H, Lj from GKSL, (Sjk)jk unitary matrix of operators on h

(Aric(t) + E-AR(E)T + ELAK(E) + |€k|?t) >0 Poisson processes
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Can dephasing be ascribed to classical noise?

Brownian /Poisson noises? Commutative environment?

G:=—(iH+ 3> LiLk)

dU, = <Z(51 — O DdAj+ Y LidAl =" LiSydA+ Gdt) Ut
Jjk J ik

Example.

Li:=1Y_ Ainlen){enl, Ain € R H= enlen){enl, Sk =01l

du, = <Z i) o dAl + Z iAo dA; + Gdt) Uy

J J
_ (Zixjv. d(Al + dA}) + Gdt) U,
J
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Can dephasing be ascribed to classical noise?

Problems

Can maximal dephasing be ascribed only to commutative noises?
ie.

Does a maximally dephasing QMS admit a dilation with
commuting Brownian and Poisson noises?

and related problems

When does it admit a dilation with commuting Brownian noises
only?

When does it admit a dilation with commuting Poisson noises only?
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Can dephasing be ascribed to classical noise?

Problems

Can maximal dephasing be ascribed only to commutative noises?
ie.

Does a maximally dephasing QMS admit a dilation with
commuting Brownian and Poisson noises?

and related problems

When does it admit a dilation with commuting Brownian noises
only?

When does it admit a dilation with commuting Poisson noises only?
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Can dephasing be ascribed to classical noise?

T both maximally dephasing and essentially commutative

d
1
L(x) =i[H,x] = 5 Y (LjLex — 2LixLg + xLjLy)
Maximally dephasing ((1,..,1)%,..\¢e, .. linearly independent) =

L= ZAK,n|en><en‘7 A@,n cC H= Zen‘en><en‘
n n

Also essentially commutative if, ... after rotation and translation ...
Ly, H— L), H' s.t., for all ¢,

either A}, = rp, € R, 0r Xy, = 1'% 1, > 0,05, €R, Og0 #0

Mathematical Models of Markovian Dephasing



Can dephasing be ascribed to classical noise?

T both maximally dephasing and essentially commutative

L%ZZuékLk'f‘Vb H':H+%(ZWUMLk7h.(-.>+(-1'H
k 0,k

Max dephasing and essentially commutative if and only if there
exists a unitary (ugk)1<ek<d € Ma(C), v € C9 s.t., for all ¢

Ly = Z)‘Z7n|en><en|v H = Zemen)(en‘

n

@ either )\/&n e Zk Uk A en + Ve = rpn €R,
1/2
o or Xy, =+ v =v1"%ei%n 1y, >0, 6, €R, G0 # 0
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Purely Brownian dilations

Dilation by Brownian motions only

H=> enlen)lenl, Le=> Menlen)(enl, Aea €C™, £=1,....d

m=2 (= d=1): can always find a basis s.t. \;, € R?

If A11 = Ao» immediate, if not

¢ = Arg()\l 1— A1 2) —e_’¢A12

= e
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Purely Brownian dilations

Obstruction for m > 3

T (‘em><en|) _ 6(7%‘)\.’mi)\""‘2+i%<)\.'m’)\.’">+i(6m76"))t|em><en’

it Jpw =S <)\.7,,/, )\.7n> + (€ — €n)
satisfies J,, = wy —wp
then, A n, n', n” A”v”/m” = 3”7”/ —+ jn’,n” + j””ﬂ" =0

A, o IS intrinsic, i.e. independent of the GKSL representation

If AZ,n = Zk UpkAk,n + Ve then

S (Ao Xer) = S Qam o) + D0 (D Voo ) ko = M)
k

L
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Purely Brownian dilations

Obstruction m=3,d =1

~ . Cx .~ ~ ~
Jn,n’ = </\c,n’7 )\o,n>+(€n’_€n)7 An,n/,n” -= Jn,n/ + Jn/,n” + Jn”,n

Ajp3 =2

Essentially commutative dilation: NO Brownian, YES Poisson
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Purely Brownian dilations

Obstruction m =3, d =2

~ . Cx .~ ~ ~
Jn,n’ = </\c,n’7 )\o,n>+(€n’_€n)7 An,n/,n” -= Jn,n/ + Jn/,n” + Jn”,n

A1p3=T12+To3+T31=2#0
no “Brownian only” ess. comm. dilation but

ess. comm. dilation “ 2 Poisson” or “1 Poisson 4+ 1 Brownian"
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Purely Brownian dilations

Max dephasing QMSs with classical Brownian dilations

If jn,n’ =9 <)\o,n’a )\o7n> + (Gn’ - 6n) = Wp — Wp

then,V n, n’, n" An’n/’n// = jn’n/ —+ jn/m// + jn”,n =0

A maximally dephasing QMS on M,,(C) admits an essentially
commutative dilation only with Brownian motions if and only if

DApw =0, Vo' n" (no obstruction)
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Outlook

Counterexample: no Brownian, no Poisson

There exist maximally dephasing QMSs that do not admit an
essentially commutative dilation.
m=4 d=1

Ae=1[0,1,i,2]", A;23=-1, = NO Brownian
Poisson if and only if, after translation by v € C
M+ v =D+ v =|vf?,  forj=234
R(AL)? +2R(V)R(A1y) + S(A1)? +23(v)S (M) = 0,¥) = 2,3, 4

ie. (?R()\U, %()\Lj)), J=2,3,4 and (0,0) lie on the same circle
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Outlook

Open problems

Pb. 1. Obstructions to essentially commutative dilations with
Brownian AND Poisson ?

Pb. 2. Obstructions to essentially commutative dilations with
Poisson noises only?

Pb. 3. The infinite dimensional case.
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Outlook

Open problems

Pb. 1. Obstructions to essentially commutative dilations with
Brownian AND Poisson ?

Pb. 2. Obstructions to essentially commutative dilations with
Poisson noises only?

Pb. 3. The infinite dimensional case.

THANK YOU!
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Outlook
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