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Dephasing

Dephasing
Decay of coherences in a preferred basis,
usually eigenstates of the system Hamiltonian,
without energy transitions (pure dephasing)

Decoherence
Any process that may cause loss of coherence

Mathematical Models of Markovian Dephasing



Dephasing
Markovian models

Can dephasing be ascribed to classical noise?
Purely Brownian dilations

Outlook

Dephasing

System. Hilbert space h, Hamiltonian HS =
∑

n εnPn

State. Density matrix ρ

Evolution. ρ→ ρt := T∗t(ρ), T QMS, GKSL generator L
Dephasing. Decay of coherences: Pm ρt Pn →t→∞ 0 for all m 6= n

without energy transitions: tr(ρtPn) constant

Example: phase damping. T QMS on M2(C) generated by

L(x) = γ (σzxσz − x) γ > 0

Tt
[
x11 x12
x21 x22

]
=

[
x11 x12 e−γt

x21 e−γt x22

]
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Definition

p and q two Tt -invariant orthogonal projections mutually
orthogonal to each other dephase under a QMS T if

lim
t→∞

Tt(p x q) = 0 for all x ∈ B(h).

T is maximally dephasing if ∃ rank-one orthogonal projections
(pn)n with

∑
n pn = 1l,

Tt(pn) = pn for all t, n,

pn, pm dephasing for all n 6= m.

Schrödinger picture (Baumgartner & Narnhofer, J. Phys. A (2008))

lim
t→∞

pmT∗t(ρ)pn = 0, whenever n 6= m
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Maximally dephasing QMSs

1. Tt(pn) = pn for all t ≥ 0, for all n

2. GKSL generator

L(x) = i[H, x ]− 1

2

∑
`

(L∗`L`x − 2L∗`xL` + xL∗`L`)

H = H∗, 1l, L1, L2, . . . linearly independent

3. pnL` = L`pn, pnH = Hpn ∀n
4. basis (en)n s.t. pn = |en〉〈en|

L` =
∑
n

λ`,n|en〉〈en|, H =
∑
n

εn|en〉〈en|

λ`,n ∈ C, εn ∈ R
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Maximally dephasing QMSs

L(x) = i[H, x ]− 1

2

∑
`

(L∗`L`x − 2L∗`xL` + xL∗`L`)

L` =
∑
n

λ`,n|en〉〈en|, H =
∑
n

εn|en〉〈en|

Tt (|em〉〈en|) = e

(∑
`

(
−
|λ`,m|

2

2
−
|λ`,n|

2

2
+λ`,mλ`,n

)
+i(εm−εn)

)
t|em〉〈en|

= e(− 1
2
|λ•,m−λ•,n|2+i=〈λ•,m,λ•,n〉+i(εm−εn))t|em〉〈en|
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Maximally dephasing QMSs

L(x) = i[H, x ]− 1

2

∑
`

(L∗`L`x − 2L∗`xL` + xL∗`L`)

L` =
∑
n

λ`,n|en〉〈en|, H =
∑
n

εn|en〉〈en|

Tt (|em〉〈en|) = e

(∑
`

(
−
|λ`,m|

2

2
−
|λ`,n|

2

2
+λ`,mλ`,n

)
+i(εm−εn)

)
t
|em〉〈en|

= e(− 1
2
|λ•,m−λ•,n|2+i=〈λ•,m,λ•,n〉+i(εm−εn))t |em〉〈en|
decay
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Maximally dephasing QMSs

L(x) = i[H, x ]− 1

2

∑
`

(L∗`L`x − 2L∗`xL` + xL∗`L`)

L` =
∑
n

λ`,n|en〉〈en|, H =
∑
n

εn|en〉〈en|

Tt (|em〉〈en|) = e

(∑
`

(
−
|λ`,m|

2

2
−
|λ`,n|

2

2
+λ`,mλ`,n

)
+i(εm−εn)

)
t
|em〉〈en|

= e(− 1
2
|λ•,m−λ•,n|2+i=〈λ•,m,λ•,n〉+i(εm−εn))t |em〉〈en|

phase
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Another definition

J. E. Avron, M. Fraas, G. M. Graf, ... Commun. Math. Phys. (2012)

call L dephasing iff

ker( [H, · ] ) ⊆ ker(L) i.e. {H }′ ⊆ ker(L)

p projection.
L(p) = 0 iff and only if [ L`, p ] = 0 ∀` and [H, p ] = 0.

If H has simple spectrum, then {H }′ = {H }′′ and both
definitions are equivalent.
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Open Syst. Inf. Dyn. 24 (2017)

Aim. Characterize those QMSs that cannot be described as a
unitary dilation using only classical, commutative noise processes
and need the full Hudson-Parthasarathy theory.
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Dilations

HE

l
HS ←→

Htot = HS ⊗ 1lE + 1lS ⊗ HE + interaction, eit Htot  Ut

Tt(x) = TrE (U∗t (x ⊗ 1lE )Ut)
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Essentially commutative (classical) dilation

Maassen & Kümmerer, Commun. Math. Phys. (1987)

Definition

A dilation is essentially commutative if the algebra generated by
U∗t (x ⊗ 1lE )Ut with x ∈ B(h) is isomorphic to

B(h)⊗ C

with C commutative.

i.e. the environment is commutative.
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QMSs with essentially commutative dilations

Theorem

(Kümmerer & Maassen, Comm. Math. Phys. 1987) A QMS T on
Mm(C) generated by L(x) = G ∗x +

∑
` L
∗
`xL` + x G admits an

essentially commutative† if and only if

L(x) = i[H, x ]− 1

2

∑
`

(
L2`x − 2L`xL` + xL2`

)
+
∑
j

κj
(
V ∗j xVj − x

)
where H = H∗, L` = L∗` , κj > 0 and Vj unitaries.

† HP dilation with Brownian and Poisson noises only
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QMSs with essentially commutative dilations

Theorem

(Kümmerer & Maassen, Comm. Math. Phys. 1987) A QMS T on
Mm(C) generated by L(x) = G ∗x +

∑
` L
∗
`xL` + x G admits an

essentially commutative† if and only if

L(x) = i[H, x ]− 1

2

∑
`

(
L2`x − 2L`xL` + xL2`

)
+
∑
j

κj
(
V ∗j xVj − x

)
where H = H∗, L` = L∗` , κj > 0 and Vj unitaries.

† HP dilation with Brownian and Poisson noises only
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Hudson-Parthasarathy dilations

HE = Γ(L2(Rd ;C)) symmetric (Boson) Fock space on L2(Rd ;C)

dUt =

(∑
jk

(Sjk − δjk 1l)dΛjk(t)

+
∑
j

LjdAj(t)† −
∑
jk

L∗j SjkdAk(t)−
(
iH +

1

2

∑
k

L∗kLk

)
dt

)
Ut ,

H, Lj from GKSL, (Sjk)jk unitary matrix of operators on h
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Hudson-Parthasarathy dilations

HE = Γ(L2(Rd ;C)) symmetric (Boson) Fock space on L2(Rd ;C)

dUt =

(∑
jk

(Sjk − δjk 1l)dΛjk(t)

+
∑
j

LjdAj(t)† −
∑
jk

L∗j SjkdAk(t)−
(
iH +

1

2

∑
k

L∗kLk

)
dt

)
Ut ,

H, Lj from GKSL, (Sjk)jk unitary matrix of operators on h

(Ak(t)† + Ak(t))t≥0, i(Ak(t)† − Ak(t))t≥0 Brownian motions
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Hudson-Parthasarathy dilations

HE = Γ(L2(Rd ;C)) symmetric (Boson) Fock space on L2(Rd ;C)

dUt =

(∑
jk

(Sjk − δjk 1l)dΛjk(t)

+
∑
j

LjdAj(t)† −
∑
jk

L∗j SjkdAk(t)−
(
iH +

1

2

∑
k

L∗kLk

)
dt

)
Ut ,

H, Lj from GKSL, (Sjk)jk unitary matrix of operators on h

(Λkk(t) + ξkAk(t)† + ξkAk(t) + |ξk |2t)t≥0 Poisson processes
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Brownian/Poisson noises? Commutative environment?

G := −
(
iH + 1

2

∑
k L
∗
kLk
)

dUt =

(∑
jk

(Sjk−δjk 1l)dΛjk +
∑
j

LjdA
†
j −
∑
jk

L∗j SjkdAk +Gdt

)
Ut

Example.

Lj := i
∑
n

λj ,n|en〉〈en|, λj ,n ∈ R H =
∑
n

εn|en〉〈en|, Sjk = δjk 1l

dUt =

(∑
j

iλj ,•dA
†
j +

∑
j

iλj ,•dAj + Gdt

)
Ut

=

(∑
j

iλj ,• d
(
A†j + dAj

)
+ Gdt

)
Ut

Mathematical Models of Markovian Dephasing



Dephasing
Markovian models

Can dephasing be ascribed to classical noise?
Purely Brownian dilations

Outlook

Problems

Can maximal dephasing be ascribed only to commutative noises?
i.e.
Does a maximally dephasing QMS admit a dilation with
commuting Brownian and Poisson noises?
and related problems
When does it admit a dilation with commuting Brownian noises
only?
When does it admit a dilation with commuting Poisson noises only?

Keep in mind non-uniqueness of L`, H in the GKSL representation

L(x) = i[H, x ]− 1

2

∑
`

(L∗`L`x − 2L∗`xL` + xL∗`L`)
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T both maximally dephasing and essentially commutative

L(x) = i[H, x ]− 1

2

dd∑
`=11

(L∗`L`x − 2L∗`xL` + xL∗`L`)

Maximally dephasing ((1, .., 1)t , ..λ`,•, .. linearly independent) ⇒

L` =
∑
n

λ`,n|en〉〈en|, λ`,n ∈ C H =
∑
n

εn|en〉〈en|

Also essentially commutative if, ... after rotation and translation ...
L`,H −→ L′`,H

′ s.t., for all `,

either λ′`,n = r`,n ∈ R, or λ′`,n = ν
1/2
j eiθ`,n νj > 0, θ`,n ∈ R, θ`,• 6= 0
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T both maximally dephasing and essentially commutative

L′` =
∑
k

u`kLk + v`, H ′ = H +
1

2i

(∑
`,k

v`u`kLk − h.c.
)

+ ct1l

Theorem

Max dephasing and essentially commutative if and only if there
exists a unitary (u`k)1≤`,k≤dd ∈ Mdd(C), v ∈ Cdd s.t., for all `

L′` =
∑
n

λ′`,n|en〉〈en|, H ′ =
∑
n

ε′n|en〉〈en|

either λ′`,n =
∑

k u`kλk,n + v` = r`,n ∈ R,

or λ′`,n =
∑

k · · ·+ v` =ν
1/2
j e i θ`,n , ν` > 0, θ`,n ∈ R, θ`,• 6= 0
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Dilation by Brownian motions only

H =
∑
n

εn|en〉〈en|, L` =
∑
n

λ`,n|en〉〈en|, λ`,• ∈ Cm, ` = 1, . . . , d

m = 2 (⇒ d = 1) : can always find a basis s.t. λ1,• ∈ R2

If λ11 = λ22 immediate, if not

φ := Arg(λ1,1 − λ1,2), v = −e−iφλ12

e−iφ
[
λ1,1
λ1,2

]
+

[
v
v

]
=

[ ∣∣λ1,1 − λ22∣∣
0

]
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Obstruction for m ≥ 3

Tt (|em〉〈en|) = e(− 1
2
|λ•,m−λ•,n|2+i=〈λ•,m,λ•,n〉+i(εm−εn))t |em〉〈en|

If In,n′ := =
〈
λ•,n′ , λ•,n

〉
+ (εn′ − εn)

satisfies In,n′ = ωn′ − ωn

then, ∀ n, n′, n′′ ∆n,n′,n′′ := In,n′ + In′,n′′ + In′′,n = 0

Theorem

∆n,n′,n′′ is intrinsic, i.e. independent of the GKSL representation

Sketch. If λ′`,n =
∑

k u`kλk,n + v` then

=
〈
λ′•,n, λ

′
•,n′
〉

= =
〈
λ•,n, λ•,n′

〉
+
∑
k

=
(∑

`

v `u`k

)
(λk,n − λk,n′)
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Obstruction m = 3, d = 1

In,n′ := =
〈
λ•,n′ , λ•,n

〉
+(εn′−εn), ∆n,n′,n′′ := In,n′ + In′,n′′ + In′′,n

λ1,• =

 1
i
−1

 , H = 0

∆1,2,3 = 2

Essentially commutative dilation: NO Brownian, YES Poisson
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Obstruction m = 3, d = 2

In,n′ := =
〈
λ•,n′ , λ•,n

〉
+(εn′−εn), ∆n,n′,n′′ := In,n′ + In′,n′′ + In′′,n

λ0,• =

 1
1
1

 , λ1,• =

 1
i
1

 , λ2,• =

 1
i
−1

 , H = 0

λ•,1 =

[
1
1

]
, λ•,2 =

[
i
i

]
, λ•,3 =

[
1
−1

]
∆1,2,3 = I1,2 + I2,3 + I3,1 = 2 6= 0

no “Brownian only” ess. comm. dilation but
ess. comm. dilation “ 2 Poisson” or “1 Poisson + 1 Brownian”
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Max dephasing QMSs with classical Brownian dilations

If In,n′ := =
〈
λ•,n′ , λ•,n

〉
+ (εn′ − εn) = ωn′ − ωn

then,∀ n, n′, n′′ ∆n,n′,n′′ := In,n′ + In′,n′′ + In′′,n = 0

Theorem

A maximally dephasing QMS on Mm(C) admits an essentially
commutative dilation only with Brownian motions if and only if

∆n,n′,n′′ = 0, ∀n, n′, n′′ (no obstruction)
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Counterexample: no Brownian, no Poisson

There exist maximally dephasing QMSs that do not admit an
essentially commutative dilation.
m = 4, d = 1

λ1,• = [0, 1, i, 2]T , ∆1,2,3 = −1, ⇒ NO Brownian

Poisson if and only if, after translation by v ∈ C

|λ1,j + v |2 = |λ1,1 + v |2 = |v |2, for j = 2, 3, 4

<(λ1,j)
2 + 2<(v)<(λ1,j) +=(λ1,j)

2 + 2=(v)=(λ1,j) = 0,∀j = 2, 3, 4

i.e.
(
<(λ1,j ,=(λ1,j)

)
, j = 2, 3, 4 and (0, 0) lie on the same circle
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Open problems

Pb. 1. Obstructions to essentially commutative dilations with
Brownian AND Poisson ?

Pb. 2. Obstructions to essentially commutative dilations with
Poisson noises only?

Pb. 3. The infinite dimensional case.

THANK YOU!
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